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Abstract. In binary classification framework, we are interested in mak-
ing cost sensitive label predictions in the presence of uniform/symmetric
label noise. We first observe that 0-1 Bayes classifiers are not (uniform)
noise robust in cost sensitive setting. To circumvent this impossibility re-
sult, we present two schemes; unlike the existing methods, our schemes
do not require noise rate. The first one uses a-weighted y-uneven margin
squared loss function, la,usq, which can handle cost sensitivity arising
due to domain requirement (using user given «) or class imbalance (by
tuning «) or both. However, we observe that o usq Bayes classifiers are
also not cost sensitive and noise robust. We show that regularized ERM
of this loss function over the class of linear classifiers yields a cost sen-
sitive uniform noise robust classifier as a solution of a system of linear
equations. We also provide a performance bound for this classifier. The
second scheme that we propose is a re-sampling based scheme that ex-
ploits the special structure of the uniform noise models and uses in-class
probability 7 estimates. Our computational experiments on some UCI
datasets with class imbalance show that classifiers of our two schemes
are on par with the existing methods and in fact better in some cases
w.r.t. Accuracy and Arithmetic Mean, without using/tuning noise rate.
We also consider other cost sensitive performance measures viz., F mea-
sure and Weighted Cost for evaluation.

If the noise is adversarial then, one can interpret not requiring the noise
rates as a dominant strategy and cross-validation over noise rates as
a search for a dominant strategy. Also, the required restriction of the
hypothesis class to the linear class can be interpreted as an implicit form
of regularization. As our re-sampling scheme requires estimates of n, we
provide a detailed comparative study of various 7 estimation methods
on synthetic datasets, w.r.t. half a dozen evaluation criterion. Also, we
provide understanding on the interpretation of cost parameters o and ~
using different synthetic data experiments.

1 Introduction

We are interested in cost sensitive label predictions when only noise corrupted
labels are available. The labels might be corrupted when the data has been
collected by crowd scouring with not so high labeling expertise. We consider the
basic case when the induced label noise is independent of the class or example,
i.e., symmetric/uniform noise model. In real world, there are various applications
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requiring differential misclassification costs due to class imbalance or domain
requirement or both; we elaborate on these below.

In case 1, there is no explicit need for different penalization of classes but the
data has imbalance. Example: Predicting whether the age of an applicant for a
vocational training course is above or below 15 years. As the general tendency is
to apply after high school, data is imbalanced but there is no need for asymmetric
misclassification cost. Here, asymmetric cost should be learnt from data.

In case 2, there is no imbalance in data but one class’s misclassification cost
is higher than that of other. Example: Product recommendation by paid web
advertisements. Even though the product is liked or disliked by approximately
equal proportions of population, losing a potential customer by not recommend-
ing the product is more costlier than showing paid advertisement to a customer
who doesn’t like it. Here, the misclassification cost has to come from the domain.

In case 3, there is both imbalance and need for differential costing. Example:
Rare (imbalance) disease diagnosis where the cost of missing a patient with dis-
ease is higher than cost of wrongly diagnosing a person with disease. The model
should incorporate both the cost from domain and the cost due to imbalance.

In Section 1.1, we provide a summary of how these 3 cases are handled. For
cost and uniform noise, we have considered real datasets belonging to cases 2
and 3.

Contributions

e Show that, unlike 0-1 loss, weighted 0-1 loss is not cost sensitive uniform
noise robust.

e Show a-weighted y-uneven margin squared loss [, ,sq With linear classifiers
is both uniform noise robust and handles cost sensitivity. Present a perfor-
mance bound of a classifier obtained from [ s, based regularized ERM.

e Propose a re-sampling based scheme for cost sensitive label prediction in the
presence of uniform noise using in-class probability estimates.

e Unlike existing work, both the proposed schemes do not need true noise rate.

e Using a balanced dataset (Bupa) which requires domain cost too, we demon-
strate that tuning v on such corrupted datasets can be beneficial.

e Provide an extensive comparative study on synthetic datasets of in-class
probability 7 estimation methods like the link function based approach ([18]),
LSPC ([21]), KLIEP ([22]), k-NN based estimation. Also, a variety of metrics
like MSE, MAD, Accuracy, KL divergence, Difference between maximum
(minimum) value, etc., of the estimated and actual 7 values are computed.

e Identify the role of the two cost parameters for different scenarios of dif-
ferential costing, viz., cost from domain or cost due to class imbalance or
both. The interpretation is supported by synthetic data experiments w.r.t.
Accuracy, AM and F measure.

Remark 1. Let us consider the case when there is an adversary who adds uniform
noise to the data. Different levels of uniform noise is the strategy set of the
adversary. The two schemes we propose are our strategies against the adversary.
As we do not need true noise rates and hence indifferent to the adversary’s
strategy, our strategies would be always a dominant strategy. However, if one



cross validates over the noise rates, like in some existing work, the cross validation
can be interpreted as a search for the dominant strategy or best response. Also,
we consider differentital costing (class based as well as margin based) of the
misclassifications.

Remark 2. Restricting the search space for the classifiers from hypothesis class
of all measurable functions to the class of linear functions can be viewed as
a classical form of regularization. The intuition behind this is as follows: In
the space of all measurable functions, the classifier is probably over-fitting and
learning the noisy data. Whereas, when the hypothesis class is restricted to the
class of linear functions, the generalization of the classifier learnt on noisy data
is better.

Related work For classification problems with label noise, particularly in
Empirical Risk Minimization framework, the most recent work ([11, 15,23, 16, 6])
aims to make the loss function noise robust and then develop algorithms. A major
roadblock one has to get around in label noise algorithms is the non-robustness
of linear classifiers from convex potentials as given in [10]. We circumvent this
problem by using squared loss function which is not a convex potential and hence
a candidate for label noise robustness. We indeed show that a-weighted y-uneven
margin squared loss with linear classifiers is SLN robust. Cost sensitive learning
has been widely studied by [5,12,19] and many more. An extensive empirical
study on the effect of label noise on cost sensitive learning is presented in [25].
The problem of cost sensitive uniform noise robustness is considered in [14] where
asymmetric misclassification cost « is tuned and class dependent noise rates are
cross validated over corrupted data. However, our work incorporates cost due
to both imbalance () and domain requirement («) with the added benefit that
there is no need to know the true noise rate.

Organization Section 1.1 has some details about weighted uneven margin loss
functions and in-class probability estimates. In Section 2, weighted 0-1 loss is
shown to be non cost sensitive uniform noise robust. Sections 3 and 4 present two
different schemes that make cost sensitive predictions in the presence of uniform
label noise. Section 5 has empirical evidence of the performance of proposed
methods. Some discussion and future directions are presented in Section 6.

Notations Let D be the joint distribution over X x Y with X € X C R"
and Y € Y = {—1,1}. Let the in-class probability and class marginal on D be
denoted by n(x) := P(Y = 1|x) and 7 := P(Y = 1). Let the decision function
be f : X — R, hypothesis class of all measurable functions be H and class of
linear hypothesis be Hyi, = {(w,b),w € R",b € R : ||w|j2 < W}. Let D denote
the distribution on X x Y obtained by inducing noise to D with Y € {~1,1}.
The corrupted sample is S = {(x1,71), ..., (Xm,¥m)} ~ D™. The noise rate
p = P(Y = —y|Y = y,X = x) is constant across classes and the model is
referred to as Symmetric Label Noise (SLN) model. In such cases, the corrupted

in-class probability is 7(x) := P(Y = 1|x) = (1 —2p)n(x) + p and the corrupted

class marginal is 7 := P(Y = 1) = (1 — 2p)7 + p. Symmetric and uniform noise
are synonymous in this work.



1.1 Some relevant background

The first choice of loss function for cost sensitive learning is that of a-weighted
0-1 loss defined as follows:

lo—1,a(f(%),y) = (1 —a)lyy—1, fx)<0} + @liy——_1 fx)>0}, Vo€ (0,1) (1)

Let the a-weighted 0-1 risk be Rp o := Ep[lo—1,o(f(x),y)]. The minimizer of
this risk is f*(x) = sign(n(x) — «) and referred to as cost-sensitive Bayes clas-
sifier. The corresponding surrogate [, based risk and the minimizer is defined
as Rp, = Ep[la(f(x),y)] and f € H respectively. Consider the following
notion of a-classification calibration.

Definition 1 (a-Classification Calibration [19]) For a € (0,1) and a loss
function 1, define the a-weighted loss:

la(f(%),y) = (1 = )l (f(x)) + al 1 (f (%)), (2)

where 11 () := 1(-,1) and I_1(-) := I(-, —1). lo is a-classification calibrated (a-
CC) iff there exists a convez, non-decreasing and invertible transformation vy,
with z/lel(O) =0, such that

Y. (Rp,o(f) = Bp,a(fa)) < Rpa. (f) = BRpa. (1)) (3)

If the classifiers obtained from o-CC losses are consistent w.r.t [,-risk then they
are also consistent w.r.t a-weighted 0-1 risk. We consider the a-weighted uneven
margin squared loss [19] which is by construction a-CC and defined as follows:

lousg(F(%),y) = (1—a)1{y:1}(1—f(X))2+a1{y:_1}%(1+7f(><))2, >0 (4)

Interpretation of a and ~ The role of @ and v can be related to the three
cases of differential costing described at the start of this paper. In case 1, there
are 3 options: fix @ = 0.5 and let tuned ~ pick up the imbalance; fix v = 1 and
tune «; tune both « and «. Our experimental results suggest that latter two
perform equally good. For case 2, « is given and  can be fixed at 1. However,
we observe that even in this case tuning v can be more informative. For case 3,
v is tuned and « is given a priori. There would be a trade-off between o and
v, i.e., for a given «, there would be an optimal v in a suitable sense. Above
observations are based on the experiments described in Supplementary material
Section D.

Choice of 7 estimation method As 7 estimates are required in re-sampling
scheme, we investigated the performance of 4 methods: Lk-fun [18], uses clas-
sifier to get the estimate 7); interpreting n as a conditional expectation and
obtaining it by a suitable squared deviation minimization; LSPC [21], density
ratio estimation by I norm minimization; KLIEP [22], density ratio estimation
by KL divergence minimization; k-nearest neighbour based estimation method.
We chose to use Lk-fun with logistic loss [;,4 and squared loss l54, LSPC, and



Tinorm, & normalized version of KLIEP because in re-sampling algorithm we are
concerned with label prediction and these estimators performed equally well on
Accuracy measure. Another method to estimate 7, based on k-nearest neigh-
bours, is available in [2]. This is a simple and computationally cheap method.
However, it might be affected by the curse of dimensionality and mislead when
not used with a carefully chosen value of k. A detailed study is available in
Supplementary material Section F.

2 Cost sensitive Bayes classifiers using lo_1,o & lq,usq
need not be uniform noise robust

The robustness notion for risk minimization in cost insensitive scenarios was
introduced by [11]. They also proved that cost insensitive 0-1 loss based risk
minimization is SLN robust. We extend this definition to cost-sensitive learning.

Definition 2 (Cost sensitive noise robust) Let f; , and f(j,A be obtained

from clean and corrupted distribution D and D using any arbitrary scheme A,
then the scheme A is said to be cost sensitive noise robust if

Rp.o(fia) = Rpal(fin)

If f&.4 and [ 4 are obtained from a cost sensitive loss function | and noise
induced is symmetric, then [ is said to be cost sensitive uniform noise robust.

Let the lg_1 o risk on D be denoted by Rp o (f). If one is interested in cost
sensitive learning with noisy labels, then the sufficient condition of [6] becomes
(1 = a)lfx)<0] + aljfx)>0) = K. This condition is satisfied if and only if
(1 —a) = K = « implying that it cannot be a sufficient condition for SLN
robustness if there is a differential costing of (1 — a, ), « # 0.5.

Let f* and f* be the minimizers of Rp o (f) and Rp o (f)- Then, it is known
that they have the following form:

(1—2p)
The last equality in (6) follows from the fact that 77 = (1 —2p)n+ p. In Example

1 below, we show that ly_1 , is not cost sensitive uniform noise robust with #.

Fr(x) = sign (n(x) —a) (5) f;(x) = sign(n(x) — a) = sign (ﬂ(x) — ﬁ) (6)

Ezample 1. Let Y has a Bernoulli distribution with parameter p = 0.2. Let X C
R be such that X|Y =1 ~ Uniform(0,p) and X|Y = —1 ~ Uniform(1l —p,1).
Then, the in-class probability n(x) is given as follows:

nx)=PY =1X=x)=p=0.2

Suppose p = 0.3. Then, 7j(x) = (1 — 2p)n(x) + p = 0.38. If & = 0.25, f3(x) =
—1 and fX(x) = 1,Vx € X. Consider the a-weighted 0-1 risk of f*(x) and fZ(x):

Rp,a(fa) = Epllo-1,a(fa(x),9)] = (1 — a)p, since fo(x) <0 Vx
Rp.o(fa) = Epllo-1.a(fi(x),y)] = a1 - p), since fo(x) >0 Vx



Therefore, Rp o (f%) # Rp,o(f:) implying that the a-weighted 0-1 loss function
lo—1, is not uniform noise robust with H. Details are in Supplementary material
Section B.1. Note that due to p < 0.5, D is linearly separable; a linearly insepara-
ble variant can be obtained by p > 0.5. Another linearly inseparable distribution
based counter-example is available in Supplementary material Section B.4.

In view of the above example, one can try to use the principle of inductive
bias, i.e., consider a strict subset of the above set of classifiers; however, Example
2 below says that the set of linear class of classifiers need not be cost sensitive
uniform noise robust.

Ezample 2. Consider the training set {(3, —1), (8, —1), (12, 1)} with uniform prob-
ability distribution. Let the linear classifier be of the form fI = sign(x + b). Let
a = 0.3 and the uniform noise be p = 0.42. Then,

flio, = argn}iln Epllo—1,a(y, f1)] =b" € (=8,—12) with Ra,p(fls)=0.

fr, = argn}ilnEf)[lo_l,a(g, )] =b" € (=3,00) with Ra.p(fl,)=0.2.

Details of Example 2 are available in Supplementary material Section B.2 To
avoid above counter-examples, we resort to convex surrogate loss function and
a type of regularization which restricts the hypothesis class. Consider an a-
weighted uneven margin loss functions lq . [19] with its optimal classifiers on
D and D denoted by f7 . and fl*a .., respectively. Regularized risk minimization
defined below is known to avoid over-fitting.

RD 1 (f) = Epllayun(f(x),9)] + AllfI3,  where A >0 (7)

Let the regularized risk of [y 4, on D be R}) (f). Also, let the minimiz-

sba,un

ers of clean and corrupted lq un-regularized risks be fr; ~—and fI, . Now,
Definition 2 can be specialized to [ .» to assure cost sensitivity, classification
calibration and uniform noise robustness as follows:

Definition 3 ((«,7, p)-robustness of risk minimization) For a loss func-
tion lo, un and classifiers fi" and f}' . risk minimization is said to be (a,7,p)-
robust if ' '

RD,a(fl*

a,un

)=Rp.alfi..) (®)

Further, if the classifiers in equation (8) are Iri, .. and f::la_w then, we say
that regularized risk minimization under lo un s (o, 7, p)-robust.

Due to squared loss’s SLN robustness property [11], we check whether Iy ysq
is (a,7,p) robust or not. It is not with H as shown in Example 3; details of
Example 3 are available in Supplementary material Section B.3.

Ezxample 3. Consider the settings as in Example 1. Let a = 0.25 and v = 0.4.
Then, for all x,

. _ n(x) — « _ % ) — (%) —«a _
fiausa ™) = Sr Ty ¥ el —ne) — 020 Jiewed ™ = ST Ty y et —ae) - 05T




And, RDa(famq):(lfoz) =0.15, RDa(fl

Hence, Rp a(fla ubq) # Rp O((fla veq ). implying that Iy 4sq based ERM may not
be cost sensitive uniform noise robust.

=a(l—p)=0.2.

ausq)

We again have a negative result with l, s when we consider hypothesis class
‘H. In next section, we present a positive result and show that regularized risk
minimization under loss function lq usq is (@, 7, p)-robust if the hypothesis class
is restricted to Hyp,-

3 (la,usm len) is (aa RE p) robust

In this section, we consider the weighted uneven margin squared loss function
lousq from equation (4) with restricted hypothesis class H;;,, and show a positive
result that regularized cost sensitive risk minimization under loss function lq ysq
s (a,~, p)-robust. A proof is available in Supplementary material Section A.1.

Theorem 1. (Iyusq, Hiin) @5 (o, 7y, p)-robust, i.e., linear classifiers obtained from
a-weighted y-uneven margin squared 10ss 1y usq based regularized risk minimiza-
tion are SLN robust.

Remark 3. The above results relating to counter-examples and Theorem 1 about
cost sensitive uniform noise robustness can be summarized as follows: There are
two loss functions, lg—1,o and [, s and two hypothesis classes, Hy, and H. Out
of the four combinations of loss functions and hypothesis classes only I, 4sq With
Hiin is cost sensitive uniform noise robust, others are not.

Next, we provide a closed form expression for the classifier learnt on cor-
rupted data by minimizing empirical I, ,sq-regularized risk. We also provide a
performance bound on the clean risk of this classifier.

3.1 l,,usq based classifier from corrupted data & its performance

In this subsection, we present a descriptive scheme to learn a cost-sensitive linear
classifier in the presence of noisy labels, by minimizing I, 4sq based regularized
empirical risk, i.e.,

[r = arg fg%_g{” RD dousq (f)a (9)
where R (f) = =+ Z lousq(F(x:),7i) + Al fII3, o is user given, v and

D la ,usq i=1
regularization parameter A > 0 are to be tuned by cross validation. A proof is
available in Supplementary material Section A.2.

(f) of

lousq- Then, the optimal (a7, p)-robust linear classifier fr = (w,b) € Hin with
w € R" has the following form:

fr=w"=(A+X)"'c, A>0 (10)

Proposition 1. Consider corrupted reqularized empirical risk R%

ala.ua'q



where W = [w1,wa, ..., wn, b7, a n+ 1 dimensional vector of variables; A, a
(n+1xn+1) dimensional known symmetric matriz and ¢, an+1 dimensional
known vector are as follows:

- m m m m - - M -
S ahai + A Y vaziea ... Y TaTinai Y Tia 3 zite
i=1 171 i=1 ) i=1

m m m m
> wioxiras Z rha; + X ... Y TioTimai Y. Tioai ST mine;
i=1 i=1 i=1 1= i=1
Avx=| T e
m m 2 m m
Z TinTi1A; Z TinZi2Q5 - . . Z Tin@i + A Z TinQs Z TinC;
=1 i=1 i=1 i=1 i=1
m m m m
Z Ti1Q; S xisa; ... D Tinai Y. ai+ )\ S
L = i=1 i=1 i=1 L =

with a; = (l[gi:”(l — Oé) + 'yal[gi:,l]) and ¢; = (1[@1.:1](1 — a) — Of]-[ylz—l])

Next, we provide a result on the performance of fr in terms of the Rademacher
complexity of the function class H;;,. For this, we need Lemma 1 and 2 whose
proofs are available in Supplementary material Section A.3 and A.4 respectively.

Lemma 1. Consider the a-weighted uneven margin squared 108s ly ysq(f(X),y)
which is locally L-Lipschitz with L = 2a + 2 where |f(x)| < a, for a > 0. Then,
with probability at least 1 — 6,

log(1/6)
max |RDZ o,

fEHIin ausa

(f) - RD,za,wq(fﬂ < 2LR(Hiin) +

)

where R(Hiin) = Exo

m
sup L+ 3 o;f(x;)| is the Rademacher complewity
feHin =1

of the function class Hym with o;’s as independent uniform random variables
taking values in {—1,1}.

Lemma 2. For a classifier f € H and user given a € (0,1), the ly ysq Tisk on
clean and corrupted distribution satisfy the following equation:

Rp o ved F) = B0t oy (F) +4pED[yf (X)[(1 — ) Lpy—yy + 0dp——y]].  (11)

Theorem 2. Under the settings of Lemma 1, with probability at least 1 — 4,

RD la,usq (fr) < fg%-lt? Rp o usq (f) + 4Lm(7‘llm) +2 w + 2)\W2—|—
Bl ., (0~ (120, (0) ) — )

where fl* weq is the linear minimizer of Rp dousg and 1n(x) is the in-class prob-

ability for x. Furthermore, as ly ysq 15 0- CC there exists a non-decreasing and



invertible function 1, with wl_alwq (0) = 0 such that,

a,usq

r * —1 . .
Rp,o(fr) — Rp,a(fa) < Yl wsq (fg?l_}lrin Rp 1y e (f) — min RD 1y eq (f) + ALR(H1in)

+2 l092(71n/6) ta i/;p) Ex((Fif.. .. (%) — F-(x)(n(x) — )]
8p° N )
+mEx [fr(x)(n(x) — a)] + 2AW ) . (12)

A proof of Theorem 2 is available in Supplementary material Section A.5. The
first two terms (involving the difference) in the right hand side of equation (12)
denotes the approximation error which is small if H;;, is large and the third
term involving the Rademacher complexity denotes the estimation error which
is small if H;;,, is small. The fourth term denotes the sample complexity which
vanishes as the sample size increases. The bound in (12) can be used to show
consistency of I, ,sq based regularized ERM if the argument of wl tends to
zero as sample size increases. However, in this case, it is not obvious because the
last two terms involving noise rates may not vanish with increasing sample size.
In spite of this, our empirical experience with this algorithm is very good.

4 A re-sampling based Algorithm (77, )

In this section, we present a cost sensitive label prediction algorithm based on
re-balancing (which is guided by the costs) the noisy training set given to the
learning algorithm. Let us consider uneven margin version of a-weighted 0-1 loss
from equation (1) defined as follows:

o
lo—t,0(f(2),y) = (1 — ) Liy=1 fx)<0} + ;I{Y:—l,'yf(x)>0}7 Va € (0,1)

where « is user given cost and <y, tunable cost handles the class imbalance.
This definition is along the lines of the uneven margin losses defined in [19]. Let
lo—1,a,5-1isk on D be Rp o (f) and corresponding optimal classifier be f5_; , .,

* . . «
fo-1,a,y = arg 5}%171} Rp,aq(f) = sign (TI(X) - m) : (13)

Also, let lo—1,q,,-risk on Dbe R Do 'v( f) and the corresponding optimal classifier

be fofl,a,fy as given below:

Fitins = sian (160 - 52 ). (14)
We propose Algorithm (7], &) which is mainly based on two ideas: (i) predic-
tions based on a certain threshold (p*) can correspond to predictions based on
threshold (pp) if the number of negative examples in the training set is multiplied
by r* = 13;* 1=p0 (Theorem 1 of [5]) (ii) for a given x, 7(x) and 7(x) lie on
the same side of threshold 0.5 when noise rate is p. We first formalize the latter
idea in terms of a general result. A proof is available in Supplementary material

Section A.6.




Lemma 3. In SLN models, for a given noise rate p < 0.5, the clean and cor-
rupted class marginals m and 7 satisfy the following condition:

T505=705
Further, the above monotonicity holds for n(x) and 7(x) too.

In our case, the cost sensitive label prediction requires the desired threshold
to be ——*—7 (= p*) but the threshold which we can use is 0.5 (= pg) implying
that for us r* = ﬁ
examples in my,., then we should re-sample such that the size of balanced dataset

If m; and m_ are number of positive and negative

is mypp = my+ %J . As we have access to only corrupted data, the learning

scheme is: re-balance the corrupted data using r* and then threshold 7 at 0.5.
Since, for SLN model, predictions made by thresholding 7 at 0.5 are same as
the predictions made by thresholding n at 0.5, for a test point x¢ from D,
predicted label is sign(f(xg) — 0.5). The main advantage of this algorithm is
that it doesn’t require the knowledge of true noise rates. Also, unlike Section 3’s
scheme involving [, s based regularized ERM, this algorithm uses 7 estimates
and hence is a generative learning scheme.

Since, we do not want to lose any minority (rare) class examples, we reassign
positive labels to the minority class WLOG, if needed, implying that negative
class examples are always under-sampled. The performance of Algorithm (7}, )
is majorly dependent on sampling procedure and 77 estimation methods used.

Algorithm (7}, &) 7 based scheme to make cost sensitive label predictions from
uniform noise corrupted data

Input: Training data Sy = {(z1,7:)}™7, test data Sie = {(zi, i)}, cost a, per-
formance measure PM € {Ace, AM,F,WC'}
Output: Predicted labels and 7 estimate on test data Sie

D90 = 125 +0.001, since for under-sampling r* = ﬁ <1l=v >
I={:% +ix005 i=1,..,12}
: for vy € I" do
Under-sample the —ve class to get S'mb such that |Str,b‘ =m4 + b?lnfa)J .

Use 5-fold CV to estimate 7 from S’M,b via Lk-fun or LSPC or KLIEP.
Compute 5-fold cross validated PM from the partitioned data.
end for
~v* = argmax PM if PM = {Acc, AM, F'} otherwise v* = arg min WC.
yer yer

RSP e

9: Under-sample the —ve class to get Szr,b such that |.§tr,b| =my + {W;J .

v*(1-a)
10: Estimate 7 from S't,n,b using Lk-fun method or LSPC or KLIEP.
11: for i =1,2,...,m¢ do
12: Compute 77(x;)
13: 9i = sign(n(x;) — 0.5)
14: end for

10



Remark 4. Algorithm (7], ) exploits the fact that sign(ﬁ—ﬁ) = sign(f—
0.5) where 7, is learnt on re-sampled data. This implies Rp o(sign(i, — 0.5)) =

Rp o (sign(n— ﬁ)) but due to counter-examples in Section 2, these risks

may not be equal to Rp (sign(n — ﬁ)) Hence, this scheme is not in

contradiction to Section 2. However, as 7 estimation methods use a subset of
H (e.g., LSPC and KLIEP use linear combinations of finite Gaussian kernels as

basis functions), these risks may be equal to Rp (sign(f. — m» where

7le is estimate of 77 obtained from strict subset of hypothesis class. Also, based on

very good empirical performance of the scheme, we believe that Rp (sign(f. —

Taa)) = Bp.al(sign(ne — 5355)) where 7 is an estimate of .

5 Comparison of [, ,s, based regularized ERM and
Algorithm (7, «) to existing methods on UCI datasets

In this section, we consider some UCI datasets [3] and demonstrate that [, ysq is
(a7, p)-robust. Also, we demonstrate the performance of Algorithm (7, ) with
7 estimated using Lk-fun, LSPC and KLIEP. In addition to Accuracy (Acc),
Arithmetic mean (AM) of True positive rate (TPR) and True negative rate
(TNR), we also consider two measures suited for evaluating classifiers learnt on
imbalanced data, viz., F measure and Weighted cost (WC) defined as below:

2TP

F=— "  .d WC=(1-a)FN+2Fp
2TP 1 FP + FN ~

where TP, TN, FP, FN are number of true positives, true negatives, false posi-
tives and false negatives for a classifier.

To account for randomness in the flips to simulate a given noise rate, we

repeat each experiment 10 times, with independent corruptions of the data set
for same noise (p) setting. In every trial, the data is partitioned into train and
test with 80-20 split. Uniform noise induced 80% data is used for training and
validation (if there are any parameters to be tuned like 7). Finally, 20% clean
test data is used for evaluation. Regularization parameter, A is tuned over the set
A ={0.01,0.1,1,10}. On a synthetic dataset, we observed that the performance
of our methods and cost sensitive Bayes classifier on clean data w.r.t. Accuracy,
AM, F and Weighted Cost measure is comparable for moderate noise rates;
details in Supplementary material Section E.3. In all the tables, values within
1% of the best across a row are in bold.
Class imbalance and domain requirement of cost We report the accuracy
and AM values of logistic loss based unbiased estimator (MUB) approach and
approach of surrogates for weighted 0-1 loss (S-WO0-1), as it is from the work
of [14] and compare them to Accuracy and AM for our cost sensitive learning
schemes. It is to be noted that [14] assumes that the true noise rate p is known
and cost « is tuned. We are more flexible and user friendly as we don’t need the
noise rate p and allow for user given misclassification cost a and tune +.

It can be observed in Table 1 that as far as Accuracy is concerned Algo-
rithm (77, &) and Iy 4s¢ based regularized ERM have comparable values to that
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from MUB and S-WO0-1 on all datasets. As depicted in Table 2, the proposed
algorithms have marginally better values of AM measure than that of MUB and
S-W0-1 method. Due to lack of a benchmark w.r.t. F and WC, on these mea-
sures, we compared our schemes to the SVMs trained on clean data and observed
that our schemes fare well w.r.t to these measures too. However, due to space
constraint the details are presented in Supplementary material Section E.1.

o usq

Dataset |[Cost| p Algorithm (7}, &): 7] estimate from RegERM MUB|S-W0-1
Lk-fun LEk-fun
(n,my,m_) a with I, | with [y LSPC KLIEP liog liog
g;ﬁijfr 0.2 02| 0.71£0.06 |0.72+0.04|0.7240.04| 0.612:0.09 | 0.7240.04 | 0.70 | 0.66
(9,77.186) 2 10.4| 0.45+0.15 | 0.46 +0.16|0.52+ 0.11 | 0.54+0.13 | 0.66+0.06 | 0.67 | 0.56
k) k)
Diabotes 0.16 0-2] 0.742£0.02 | 0.74£0.03 | 0.712£0.04 | 0.63+0.03 | 0.77+0.03 | 0.76 | 0.73
(8,268,500 | |0-4| 0-70+0.06 |0.7120.04| 0.5140.09 | 0.5740.07 |0.714 0.04| 0.65 | 0.66
b b
German | —"[0.2[0.74%£0.02[0.74£0.02[ 0.72%0.01 | 0.70£0.03 [ 0.74£0.03 [ 0.66 | 0.71
(20,300,700)| V% |0.4| 0.6440.05 | 0.64+0.05 | 0.58+0.04 |0.66+0.02| 0.64+0.03 | 0.55 | 0.67
Thyroid | ~-"[0.2[ 0.84F0.04 | 0.85£0.05 [0.89+F0.03| 0.76=0.13 | 0.84£0.03 | 0.87 | 0.82
(5,65,150) | Y*° 0.4 0.7040.15 | 0.67+0.15 | 0.61+0.07 | 0.70+0.12 | 0.824+0.06 | 0.83 | 0.76

Table 1. Averaged Acc (£ s.d.) of the cost sensitive predictions made by Algorithm
(17, @) and la,usq based regularized ERM on UCI datasets corrupted by uniform noise.

lo usq

Dataset |[Cost| p Algorithm (7}, a): 7] estimate from RegERM MUB|S-W0-1
LEk-fun Lk-fun
(n,my,m_) e with l,, | with [, LSPC KLIEP liog liog
g';ﬁisei 0.2 |0-2]0.62£0.06 (0.64+0.05| 0.60+0.07 |0.56:£0.09| 0.59+0.04 | 0.59 | 0.63
(9.77.186) 2 10.4| 0.49£0.04 | 0.50+0.03 | 0.54+0.05 |0.52+0.05|0.56+0.05| 0.51 | 0.56
b b
Dg‘g’;i‘es 0.16 [0-2] 0.71£0.02 | 0.7240.02 | 0.71+0.02 |0.6540.01/0.73+0.03| 0.63 | 0.74
(8,268.500) | |0-4]0-67:0.06|0.68-0.07| 0.54::0.03 |0.57+0.06|0.6840.05| 0.56 | 0.67
9 9
German | —"[0.2[ 0.67%£0.02 [ 0.66£0.01 | 0.63F0.03 [0.59£0.04( 0.65£0.04 | 0.67 | 0.69
(20,300,700)| V% [0.4| 0.5740.06 | 0.56+0.06 | 0.57+0.03 |0.53+0.04|0.60+0.03| 0.51 | 0.56
Thyroid | ~-"[0.2[ 0.78%£0.06 | 0.80£0.05 [0.85£0.06(0.72%0.18| 0.75£0.05 | 0.82 | 0.78
(5,65,150) | Y“° [0.4| 0.6340.14 | 0.62+0.11 | 0.64+0.06 |0.63+£0.19|0.7440.08| 0.53 | 0.72

Table 2. Averaged AM (£ s.d.) of the cost sensitive predictions made by Algorithm
(17, @) and la,usq based regularized ERM on UCI datasets corrupted by uniform noise.

Class balanced and domain requirement of cost We consider the Bupa
dataset [3] with 6 features where the label is +1 if the value of feature 6 is
greater than 3 otherwise —1 (my = 176, m_ = 169). We learn a cost sensitive
classifier by implementing Algorithm (77, &) with o = 0.25 and 7 estimated
using Lk-fun with logistic loss. When comparing tuned 7 case (from the set
I' ={0.5,0.8,1,1.2,1.5}) and v = 1 case, we observed in Table 3 that tuning ~
is favorable for all measures. Increase in noise rates from (0.1/0.2/0.3) to 0.4 leads
to change in « values from 0.5 to 1 or 1.5 due to imbalance induced by noise.
Results for 7] estimated using Lk-fun with [y, are available in Supplementary
material E.2.

6 Discussion

We considered the binary classification problem of cost sensitive learning in the
presence of uniform label noise. We are interested in the scenarios where there
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Algorithm (7}, &): 77 estimate from Lk-fun with l;4

~ tuned ~y=1

o Acc AM F WC Acc AM F WC

0.0/ 1.0£0.0 1.0+0.0 1.0+0.0 0.0£0.0 [0.99£0.00]0.9940.005[0.99£0.005| 0.05+0.1

0.1/0.96+0.02{0.96+0.03|0.96+0.04|2.36+1.01|0.88+0.88| 0.88+0.07 | 0.89+0.05 |2.22+1.29

0.2]/0.91+0.03[0.90+0.03|0.914+0.02[4.09+1.33]0.68+0.11| 0.684+0.11 | 0.77£0.06 | 5.954+1.88

0.3/0.88+0.03|0.88+0.03| 0.82+0.1 {5.47+0.32(0.55+0.05| 0.554+0.05 | 0.69+0.02 | 8.02+0.96

0.4/0.61+£0.11]/0.58+0.09[/0.67+0.00(5.64+0.29[0.51+0.01| 0.51+0.01 [0.67+0.01| 8.3+0.475

Table 3. Dataset: BUPA Liver Disorder (6,176,169). The above table depicts the
performance of Algorithm (77, &) when 7} estimate is from Lk-fun with ;4 based reg-
ularized ERM (A tuned via CV). Here, a« = 0.25 and -y is tuned.

can be two separate costs: «, the one fixed due to domain requirement and -~y
that can be tuned to capture class imbalance. We first show that weighted 0-1
loss is neither uniform noise robust with measurable class of classifiers nor with
linear classifiers. In spite of this, we propose two schemes to address the problem
in consideration, without requiring the knowledge of true noise rates.

For the first scheme, we show that linear classifiers obtained using weighted
uneven margin squared loss I, ysq i uniform noise robust and incorporates cost
sensitivity. This classifier is obtained by solving [, s based regularized ERM,
that only requires a matrix inversion. Also, a performance bound with respect to
clean distribution for such a classifier is provided. One possible issue here could
be weighted uneven margin squared loss function’s susceptibility to outliers.
However, in our experiments, this scheme performed well. The second scheme
is a re-sampling based algorithm using the corrupted in-class probability esti-
mates. It handles class imbalance in the presence of uniform label noise but
it can be heavily influenced by the quality of 7} estimates. However, we chose
the 77 estimation method based on their label prediction ability (as discussed in
Supplementary material Section F.6) and obtained good empirical results.

We provide empirical evidence for the performance of our schemes. We ob-
served that the Accuracy and AM values for our schemes are comparable to
those given by [14]. Our schemes have other measures like F and Weighted Cost
comparable to that of SVMs trained on clean data; details are in Supplementary
material Section E.1. The two proposed schemes have comparable performance
measures among themselves.

An interesting direction to explore would be cost sensitive learning in Class
Conditional Noise (CCN) models without using/tuning noise rates p; and p_.
We could invoke Elkan’s result [5] in the re-sampling scheme due to the uniform
nature of noise. However, the estimation of 77 induces an iota of approximation
bias in the scheme. A theoretical proof for correctness of re-sampling scheme
could provide directions in dealing with CCN models, including perhaps a bound
on the error in SLN models; see Remark 4. Even though the constant term
appears in the upper bound of Theorem 2, it would be interesting to understand
whether it is due to the affect of noise on the systemic component of risk or
something else. Also, using synthetic data, one can comment on the tightness
of the bound. A more fundamental question would be “Is lack of guarantee on
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consistency a price that one has to always pay while learning to get away without
requiring the knowledge of noise rate?”
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Supplementary Material

Cost Sensitive Learning in the Presence of Symmetric Label Noise

A Proofs

A.1 Proof of Theorem 1

Proof. Let the linear classifier be of the form xTw, + b = W.x where W, =

[Wo b7 and % = [x 1]7 trained on clean data D and W, trained on D with
noise rate p. For A > 0, the weighted clean regularized risk is

1 .
R 10 usg(Wa) = Epl(1 — )11y (f(x) — v)* + al{y;l};(w‘(X) -9’1+ AlfI3
1
= Ep[(1 = a)1(ymy (X Wa —)° +algy=—1) ;('yiTV”va —9)°] + AlWall3(15)
Differentiating (15) w.r.t. w, and equating to 0, we get

Ep[2%(1 — a)1{ye1) (X Wa — y) + 2%alpye 13 (7% Wa — )] + 2AWa = 0
Ep[(1 — a)ly=1} (XX Wa — Xy) + alpye 1) (VXX Wa — Xy)] + AWa =0

Wi = [Ep[(1 — a)1{ym3 XX + yalyy—_1;XX"]
AT Ep|(1 - a)1gy=1pXy + algy——13Xy] (16)

where I is n+ 1 xn+ 1 dimensional identity matrix. Now, consider the
weighted corrupted regularized risk as:

r ~ ~T ~ ~\2 1 ~T ~ ~\2 ~ 2
Btaus (W) = Epl(l = )11y (K7W p0 = )7 + ol ppmsy = (0% W0 = )] 4 A0 2

T~ 1 7.
(1—-p)Ep[(1— a)l{yzl}(xTWp,a - ?J)2 +oaliy——13 ;(’YXTWP,G - y)z]
T~ 1, 7. -
+PED[(1— a)1ym1y (X Wpia +9)? +alpy—_1y ;(wawp,a +9)°] + Allw, @3
Differentiating (17) w.r.t. W, o, we get

(1 - P)Ep[2%(1 — a)liy—1} (X Wpa — 4) +2%aly—_1} (VX Wpa — ¥)]

+ PED[2%(1 — a)1y—1y (KT Wp o + ) + 2%al (=13 (7% Wp,a +y)] + 2A[[Wp,al =0

(1= P)Ep[(1 — a)lyyey XX W + yalpy—_ 13 %X W] + pEp[(1 — a)lpy—1} X" W + valy,— %% W]
+AMWpall =1 = p)Ep[(1 — a)lyy—1}3Xy +alyy,—_13Xy] — pEp[(1 — a)1y—1)} Xy + algy—_1)Xy]

Therefore, we get the optimal noisy weighted classifier as

Wi o= (1-2p)[Ep[(1 — )13 %%" +valy,_ 1y %X ]+ A7 Ep[(1 — a)ly,_1y %y + aly,__13%y]

= (1- 20w}, (18)
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Taking the transpose in above equation and post multiplying by X, we get

wiT % = (1 -2p)w’Tx and hence,

p,o
flrg =1 =2p)fl (19)

Tvla,usq’

where fI7, ed and fl:,l(,.usq are the optimal liner classifiers learnt using ly ysq On
D and D respectively. Since the noise rate p < 0.5, sign(fl;la q) = sign(fl;, q)
This implies that (8) holds for (In usq, Hiin)-

A.2 Proof of Proposition 1

Proof. Consider the empirical noisy regularized risk R (f) as follows:

ala,usq

R (f) =

D,lo,usq

-

..]
Il
—

«
[1[gi:1](WTxi +b—y)?(1—a)+ ;1[Q,i:—1]("/WTxi + b — y:)?] + Al(w, b) 13

2=

3

m

(a3
Mg —y (W% +b— 11— @) + ;1[@:,1](7&1 + b+ 1) + Xl[(w, b)[30)

3=

-
1

1

Differentiating equation (20) w.r.t. w; and equating to 0, we get

1 n
E ZZU |:<Z WETik + b) (1[gi:1](1 — Oé) + ’Yal[gi:_ll) — (1[,‘,;7::1](1 — OL) — al[gi:_ll)] +)\wj =0
=1 k=1

(21)
Differentiating equation (20) w.r.t. b and equating to 0, we get

L [
s KZ WPk + b) (Lg=11(1 = @) +yaly——1) = (=1 (L — ) — al[m?u)} +Ab=0
i=1 k=1

(22)

Let a; = (1[171:1](1 - Oé) + ’}/Oz]_[gi:_ }) and C; = (1[gi:1](1 - Oé) — al[gi:_l]).
Writing equation (21) and (22) in matrix form, we get the following system of
linear equations:

- m 2 m m m - - M -
S zhai+ A Y Tamieai ... Y. TiaTinGi Y TilGi S e
i=1 i=1 i=1 i=1 i=1

S Tioxitai Y Tigai + A ... Y TioTinGi Y Ti2Gs > Tioc
i=1 i=1 i=1 i=1 w2 i=1
. = : (23)
D TinTi1@i Y TinTi2i ... » Tini + X D Tinly " > Tinti
i=1 i=1 i=1 i=1 b i=1
m m m m m
~——
Ti1Q; D Xi2@i .. D TinQi YL ai + A W > Ci
L =1 i1 i1 i1 J I
S

A+AI

[¢]

where A is a (n+ 1 x n+ 1) dimensional known symmetric matrix, w is n + 1

dimensional vector of variables and c is n 4+ 1 dimensional known vector. The
above linear system of equations can be written as (A + AI)w = ¢ and the
cost-sensitive and («, v, p)-robust classifier fr is as follows:

fr=w"=(A+))"'c (24)
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A.3 Proof of Lemma 1

Proof. Consider the difference between corrupted true risk and corrupted em-
pirical risk, i.e., Rp, (f) — Rp,, vea (f) Now, using the Rademacher bound
([13]) on the maximal deviation between risks and empirical risks over f € Hy;pn,

we get with probability at least 1 — 9

a,usq

- log(1/9)
- — ~ < .
frengl)fn |RD7la,u,sq (f) RDaln‘usq (f)| - 2m(la,usq ° th) + 2’”L ’ (25)

where R(lq usq 0 Hiin) = Ep, l sup % > Oilausq(f(xi,3:)) | - Now, using the

feHiin i=1
Lipschitz composition property of the Rademacher averages, we have R(ln,usq ©
Hiin) < LA(Hyin). Hence, the inequality in lemma statement follows.

A.4 Proof of Lemma 2

Proof. Consider the corrupted I, 4,44 risk of a classifier f € H as given in equation
(17).

Rty 1) = (1= D)L = )10, (F30) = 9)° + 0y = (3(x) = 1))
+ PED[(1 = )1y () )" + 0Ly ~ (1) + )
= Bol(1 = )1y (/%) = )" + 0Ly (1) — )
+PED (1= )Ly (160) + ) + a1y (1) + 9)°

—u—anwdmﬂm—yf—auw}uiwﬂm—yﬁ

= RD 1y g (f) +4pED[yf(x)[(1 — a)1(y=1) + algy=—1)]

A.5 Proof of Theorem 2

Proof. Let fll*a weq € ‘Hiin, be the minimizer of Rp
of fr is

Then, the excess D risk

a,usq”’

RDJa,usq (fT') - RDJ(x,usq (fl:,layusq)
= RDvla,usq (fT) - RTDJ(X’uSq (f'f‘) + Rrﬁ’la’usq (f'r‘) - R%Ja,usq (fl;;,uﬁq)
+R%,la,usq (fl;;,usq) - RDJa,usq (fl:,layusq)

< 0+ RD)la,usq (fT) - R%,la,usq (fT> + ngla,usq (flz,usq) - RD)la,usq (fl:,lu,usq)
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The last inequality holds because f,. is the minimizer of R’ (f). Using

D,la,usq
Lemma 2, we get
RD.1g,usq (Fr) = BD,ta wsq (Flta eg)
< Rfy,lmusq(ﬁ') —4pEp[fr(x)[(1 — a)lpy—y — alj—_q]] — R%,laqu(ﬂ-)
= Bp 1o g (Pl ag) FA4PEDIFL, |, GOl = a)lymy — ol ]l + RE o (Fl, )

<2 o 1B 10 sg ) = Bt g (DI +4pED[(1 = a)1pymny + ol )y (f17, o, — F2)]

=2 max |Rp, 0 (D) = Rp g ey () A SIS+ 4pEp (1= a)ly—y + aly=—)y (L7, ., — )]
lin ’ ’ ’

<2 R A — R~ 2 2

£2 max [R5 10 weq () = Bb 1 eg (D + s Lf12

+4pEp[((1 — a)1y=1] + alpy——_1))y(fI] — )l

la,usq

log(1/6 fi .
< ALR(Hiin) + 21/% +2AW? + 4pEp {((1 —a)1py=1) + o= 1))y ( - i*;;q —f

Last second inequality follows by using Triangle’s inequality for absolute devi-
ations. The last inequality follows from Lemma 1 and equation (19). Next, we
simplify the term including expectation

s vee
Ep | (1 —a)ly=1 + aly——1)y (12; —fr

[ [ fIr X .
= FEx (fllwsgg) - fr(X)> EY\X [y((l - 0‘)1[11=1] + al[y——ll)]:|

[ [ fr X .
~ Bx (W - mx)) (1= @) — a1 - n(X))}]

[ [ flr X R
= Ex (fl‘““’() - fr(X)> (n(x) — a)]

1-2p

Substituting it back in the upper bound we get,

~ . 109(1/5) 2
R < R LR(H,:
D,la,usq(fr) > fen";‘-lulzlm D,la,usq(f) +4 ( lm) +2 om + 22\

4p
-2
8p? ;
gy XG0 1) — )

Subtracting ?1171{1 Rp,., ..,(f) from both sides of above inequality and invoking
= jus

Ex[(f1}, ,.,(x) = [r(x)(n(x) = )]

equation (3) we get the second result in the theorem statement.

A.6 Proof of Lemma 3
Proof. Consider the case when m < 0.5 and p < 0.5 as follows:

71<05=(1-2p)r+p<(1—2p)0.5+p since p<0.5
m<05=7m<0.5
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The case of 7 > 0.5 = 7 > 0.5 can be proved in similar lines as above by
reversing the inequality.

Since, 7(x) = (1 — 2p)n(x) + p has the same coefficients as those relating 7™
and 7, monotonicity w.r.t. 0.5 holds for n(x) too.

B Details about various counter-examples

B.1 Details of the counter-example 1

Let Y has a Bernoulli distribution with parameter p = 0.2. Let X C R be such
that such that X|Y =1~ Uniform(0,p) and X|Y = —1 ~ Uniform(l —p,1).
Then, the in-class probability 7(x) is given as follows:

PY =1)P(X=x|Y =1)
P(X =x)
PY =1)P(X=x|Y =1)
PY=1)PX=x]Y =1)+P(Y =-1)P(X=x|]Y =-1)

n(x) =P =1X =x)

1

p

=P p=02
py+(1-p);

Suppose uniform noise rate be p = 0.3. Then, 7(x) = (1 — 2p)n(x) + p = 0.38.
Now, if we are given that positive class is more important with misclassification
costs with a = 0.25, then the corresponding ly_; o based optimal classifier on D
and D are as follows:

fo(x) =—1 and fc’:(x) =1 vxeX.

Consider the a weighted 0-1 risk of the above classifiers as below :

Rp,a(f2) = Epllo—1,a(f5(x), )]

= 2 [Qtzes00=110 + Ligg o= (1~ )PX =xIY =) P(Y = y)dx
Yy x

1 P
= / (1{fé(x)>o}o¢)P(X =x|Y = —1)(1 — p)dx + /(1{f(§(x)§0}(1 —a))P(X =x|Y = 1)pdx
15p 0
=(1-a)p since fi(x) <0 Vx

Rp.o(fi) = Epllo—1,a(F(x),9)]

=> /(1{f'z;<x)>o,y:—1}a T frm<oy=1) (1 ) PX =x|Y = ) P(Y = y)dx
Y ox

1 P

= [ Qim0 @PX =xIY = ~01 = p)ix+ (1700 (1 = )PX =x]¥ = Dpdx
15p 0
= a(l —p) since f1(x) >0 Vx

Therefore, Rp (%) # Rp.o(f}) implying that the o weighted 0-1 loss func-
tion lg_1,o is not uniform noise robust. Note that in this example D is linearly
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separable because of p < 0.5. The counter-example suggests that even in the
easiest case when the clean distribution is linearly separable, lg_1, is not uni-
form noise tolerant. If p > 0.5, D will be linearly inseparable and by changing «
value another counter-example can be generated.

B.2 Details of counter-example 2

Consider the training set {(3, —1), (8, —1),(12,1)}. Let the probability distribu-
tion on the feature space be uniformly concentrated on the training dataset. Let
the linear classifier be of the form fI = sign(x+b). Let @ = 0.3 and the uniform
noise be p = 0.42. Then,

fl, = arg n}lln Epllo-1,a(y, f1)]

o1
= argmin g[a1{3+b>0,y:—1} +algipsoy=—13 + (1 — ) lpiatp<o,y=13]
Therefore, fI =b* € (=8,—12) with R4, p(fI}) =0. Also,

flj; = arg n}iln ED [lo-l,a(gv fl)]

= arg H;.iln(l — p)Epllo-1.a(y, f1)] + pEpllo-1,a(—y, f1)]

. 1-p
= argmin —g (a5 ho0y=—1) T O isiim0y=—1p T (L= )15 500,14

p

+§[(1 - a)1{3+zgo,y:1} +(1- 0‘)1{8+E§0,y:1} + a1{12+5>0,y:—1}]
e

C ey [(1 =) aiisoy=—1y T Lsiizoy=—1y) + p1{12+5>0,y=—1}}

11—«
T [p(1{3+13§0,y:1} + g ii<oy=13) + (1 - p)l{l2+5§0,yzl}}

. 0474 when be (=3,00)

= arg min ~
b [0.994 when be (—o0,—12)

Therefore, fl: = b* € (—3,00) with RmD(le) = 0.2. Hence, R, p(fl}) #
Ro.pl( f ZZ) implying that weighted 0-1 loss is not uniform noise robust even with
a classifier in Hy;p.

B.3 Details of counter-example 3

Consider the minimizer of Rp (f), the clean Iy 4sq-risk of f given below:

a,usq

* —_ . R
f arg min Dilausq (f)

lo,usq
= arg ?g{l Ep[(1 —a)lyy—1y(1 - f(x))2 + 0‘1{1/:—1}%(1 + ’Yf(x))Q]
= argmin Bx By jx[(1 = )n() (/(x) = 4)* + = (1 =) (1+ /)]
_ nx) -«
11— a) +7a(l —n(x))

(26)
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Given x, the optimal decision would be sign(f;’ )= sign(n(x) — a) since the
denominator in the RHS of equation (26) is always positive. In similar lines as
above, one can show that the minimizer of Rp,  (f) is as follows:

o %) —
fla,usq - 7(x)(1 — ) + ya(l —7(x)) 0

We show using following counter-example that clean weighted risks of f and

Jusq

ff;usq need not be equal.
‘Consider the settings as in Example 1. Let o = 0.25 and v = 0.4. Then, from
equation (26) and (27), we get
fi  =-021<0 ff ey =037>0 Va.

la,usq lo,us

Now, we need to check for the clean ly_;  risk of above two classifiers. This can
be computed in the same way as in Example 1. Therefore, we get

RD,a(fl*

a,usq

)=(1—-a)p=0.15, Rp..(f

a,usq

)=a(l—p)=0.2

Hence, Rp o (f; usq) #+ RD’a(f[‘; uSq) implying that the classifiers f € H learnt

from I 4sq based ERM may not be both cost-sensitive and uniform noise robust.

B.4 Another counter-example to show that weighted 0-1 loss, lo_1,o
is not cost sensitive uniform noise robust

Following example shows that cost sensitive risk minimization under lo_; o is
not uniform noise tolerant.

Ezample 4. Let Y has a Bernoulli distribution with parameter p = 0.8. Let
X C R be such that X|Y =1 ~ N(2,1) and X|Y = —1 ~ N(—2.5,1). Then,
using Lemma 4, the in-class probability n(x) is given as follows:

1
1+ 0.25exp(—1.125 — 4.5x)

1(x) (28)
Suppose we are given that the negative class is more important with mis-
classification cost o = 0.65. Also, let the uniform noise rate to corrupt the
data be p = 0.3. Now, using equation (5) and (6), the thresholds correspond-
ing to n(x) are 0.65 and 0.875. Then, the optimal classifiers are as follows:

i 11 if p(x) > 0.65 . 11 if n(x) > 0.875
fi0) = i i) Fix) = # n(x)
-1 if n(x) <0.65 -1 if n(x) <0.875
1 if 0.195629 1 if 0.490489
_ + 1 X > (29) _ + 1 X > (30)
—1 if x<0.195629 —1 if x<0.490489

The last equality is obtained by substituting the value of 7n(x) in (28) and
solving for x. Now we compute the weighted 0-1 risks of these classifiers show
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that they are different.

Bpa(fa) = Epllo-1,a(fa(x),y)]
= 3 [ (zeom0s-na+ Lyzmny-n(1 = @) PX = xIY = y)P(Y = y)dx
v X

[ee]

= / (1{f;(x)>0}a)P(X =x|Y =-1)P(Y = -1)dx

+ [ Az (1= )PX =xIY =Y = Dix

0o 0.1956

=(1-p / \/%exp(f%(x+2.5)2)dx+p(lfa) / \/%exp(f%(xfmz)dx

0.1956
= 0.13(1 — ¢(2.69)) + 0.280(—1.81) where ®(x) is the c.d.f of standard normal dist at x.
= 0.0103

Rp,a(f3) = Epllo-1,a(fa(x),v)]
= Z /(1{f(§(x)>07y:71}a + 1 <0,y=13 (1 — @) P(X =x[Y = y) P(Y = y)dx
Y o x

oo

= / (1{f~;(x)>0}a)P(X =x|Y = -1)P(Y = -1)dx

—o0

+ / (15 <oy (I — @) P(X =x|Y = 1)P(Y = 1)dx

=(1-p / \/%exp(f%(x+2.5)2)dx+p(lfa) / \/%exp(f%(xf%%dx

= 0.13(1 — ©(2.99)) + 0.28¢(—1.51) where ®(x) is the c.d.f of standard normal dist at x.
= 0.0185

Therefore, Rp.o(f:) # Rp.o(ff) implying that the risk minimization under
weighted 0-1 loss lp_1,q is not uniform robust.

C Explicit form for n when conditional distributions are
normally distributed

Here, we present a result which provides the explicit from of in-class probability
7 when the conditional distributions X|Y are normally distributed.

Lemma 4. Let Y has Bernoulli distribution with parameter p. Let X C R™ be
such that X|Y =1 ~ N(p,,X;) and X|Y = —1 ~ N(pu_,X_). Then, the
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in-class probability n(x) = P(Y = 1|X = x) is given as follows:

1

n(x) =
1= _ _ _ _ _ _
1+ 228 [zt exp(— 5 (xT(Z2 - Z)x = 2xT(E-p_ = S p ) +pf 8 p_ —pTZ py)

(31)

where X7 and X~ are the inverse of Xy and X_ respectively.

Proof. Consider the in-class probability n(x) given below:

P(Y =1,X =x)
P(X =x)
P(X =x|Y = )P(Y = 1)

> PX=x|Y =P —y)
ye{—1,1}

PY =1X=x) =

ﬁ exp(—5(x — Hur)TEJ: (x—py)) Xp

,/27r1\2+ i exp(—g(x = py )T I (x = py)) X p+ /%1'27‘ exp(—3(x —p_)TI°(x—p_)) x (1-p)
1

14 222 [ ep(— 3 (x — )T EZ(x — ) — (x — 1y )T EF (x — )

The last second equality uses the fact that P(Y = 1) = p and X|Y is normally
distributed. Now, expanding the product terms in exponent of the last equality
and collecting the common terms, we get equation (31).

This result was used in synthetic data experiments to get the get the Bayes
classifiers using 7.

D Experiments demonstrating the role of a and ~ in cost
sensitive learning on clean data

In this section, our goal is to understand the role of o and v in Iy un(f(X,¥)).
Specifically, we work with a-weighted uneven margin squared loss defined below:

lousg(f(%),y) = (1_a)l{yzl}(1_f(x))2+a1{y:71}%(1"1"7]0()())2’ 7>0 (32)

We counsider 3 performance measures, viz., Accuracy (Acc), Arithmetic mean
(AM) and F measure.

Every dataset is partitioned into training and test set with 80-20 split. Fur-
ther, for tuning the parameters like vy, we split the training data into 65-15 and
use 15% as validation set for tuning the parameters To account for the ran-
domness while partitioning of the data, this process is repeated 10 times. The
reported values are performance measures averaged over 10 trials along with
their standard deviation. To choose the value of the regularization parameter \,
we perform a CV over the set A = {.01,.1,1,10}. Next, we separately provide
examples for the cases where there is a need for differential costing of misclassi-
fications.
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D.1 Data has only class imbalance and no user given cost

This is the case when there is only imbalance in the dataset and there is no
explicit requirement of costing by the domain. In literature, researchers use only
a to account for the imbalance, i.e., use surrogate loss function I, (f(x),y) given
below:

la(f(x%),y) = (1 =)l (f (%)) + al 1 (f(x))

where a > 0 is tuned. However, as stated in [19], uneven margins v # 1
have been found to yield improved empirical performance in classification prob-
lems involving imbalanced data. With this motivation, we demonstrate the per-
formance of cost sensitive linear classifier from [, 54 based regularized ERM
on two synthetic datasets across different level of imbalances given in the set
Im ={0.2,0.3,0.4,0.5,0.6,0.7,0.8} with 3 approaches given below:

(33)

1. Apl : o is tuned and v =1
2. Ap2 : v is tuned and a = 0.5
3. Ap3 : a and v both are tuned

Results on the following two synthetic datasets w.r.t. Accuracy, AM, and F
measure are presented in Table 4, 5 and 6 respectively.

Syn-datasetl We first generate 1000 binary class labels Y from Bernoulli
distribution with parameter 7 € Im where 7 = P(Y = 1). Then a 2-dimensional
feature vector X for each label is drawn from two different Gaussian distri-
butions: X|Y =1 ~ N([1,0],%) & X|Y = -1 ~ N([-1,0],%) where X =
[[1,—0.25];[-0.25, 1]].

Syn-dataset2 We first generate 1000 binary class labels Y from Bernoulli
distribution with parameter 7 € Im where 7 = P(Y = 1). Then, a 2-dimensional
feature vector X for each label is drawn from two different Gaussian distribu-
tions: X|Y =1 ~ N([0.9,—-0.5], %) & X[|Y = -1 ~ N([-0.9,—0.8], %) where
X =1[1,0.5];[0.5,1]].

Syn-datasetl

Syn-dataset2

T

« tuned;
y=1

v tuned;
a = 0.5

a & v
tuned

« tuned;
y=1

~v tuned;
a=0.5

a & v
tuned

0.2

0.877 £+ 0.017

0.873 + 0.017

0.877 £ 0.018

0.877 £ 0.018

0.872 + 0.016

0.871 + 0.014

0.3

0.853 + 0.024

0.852 + 0.025

0.853 £ 0.025

0.852 £ 0.022

0.856 + 0.025

0.854 £ 0.024

0.4

0.850 + 0.016

0.852 + 0.016

0.852 £ 0.016

0.841 £ 0.018

0.843 + 0.014

0.841 £ 0.012

0.5

0.851 + 0.016

0.849 + 0.0160

0.852 £ 0.016

0.825 £ 0.018

0.834 + 0.018

0.8325 £+ 0.0172

0.6

0.859 £ 0.018

0.857 + 0.019

0.857 £ 0.019

0.852 £ 0.022

0.85 £ 0.021

0.852 £ 0.022

0.7

0.885 £ 0.020

0.884 + 0.016

0.882 £ 0.017

0.869 £ 0.015

0.872 + 0.023

0.874 £ 0.018

0.8

0.895 £ 0.009

0.900 + 0.010

0.9015 £ 0.0105

0.892 £ 0.0120

0.890 + 0.014

0.895 + 0.013

Table 4. Averaged accuracy over 10 trials of the linear classifiers obtained from lqo,usq
based regularized ERM on two synthetic datasets. The 3 columns for each dataset
correspond to the three approaches mentioned when there is no user given cost but
imbalance in the data.
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Syn-datasetl

Syn-dataset2

K

a tuned;
y=1

~v tuned;
a=0.5

a & vy
tuned

« tuned;
=1

v tuned;
a=0.5

a & v
tuned

0.2

0.812 + 0.033

0.8195 £ 0.03

0.782 + 0.034

0.8136 + 0.028

0.78 + 0.041

0.816 £ 0.024

0.3

0.831 + 0.0270

0.839 £ 0.0281

0.828 + 0.032

0.830 £ 0.036

0.829 + 0.031

0.840 £ 0.034

0.4

0.842 + 0.021

0.847 + 0.018

0.849 + 0.016

0.821 £ 0.017

0.827 £ 0.020

0.827 £ 0.019

0.5

0.850 + 0.0170

0.848 + 0.016

0.848 + 0.014

0.831 £ 0.019

0.837 + 0.0186

0.837 £ 0.018

0.6

0.841 + 0.023

0.850 + 0.024

0.849 + 0.019

0.846 + 0.023

0.840 + 0.026

0.842 + 0.023

0.7

0.859 + 0.025

0.862 + 0.019

0.867 + 0.018

0.838 &+ 0.018

0.843 + 0.031

0.844 + 0.027

0.8

0.845 + 0.031

0.846 + 0.032

0.850 + 0.029

0.844 + 0.024

0.841 + 0.030

0.843 £ 0.024

Table 5. Averaged AM over 10 trials of the linear classifiers obtained from [l sq based
regularized ERM on two synthetic datasets. The 3 columns for each dataset correspond
to the three approaches mentioned when there is no user given cost but imbalance in

the data.

Syn-datasetl

Syn-dataset2

™

« tuned;
y=1

a & vy
tuned

a tuned;
y=1

~ tuned;
a=0.5

a & v
tuned

0.2

0.671 + 0.054

0.677 £ 0.057

0.661 + 0.034

0.659 £ 0.057

0.670 £ 0.052

0.3

0.744 + 0.039

0.753 + 0.040

0.751 + 0.043

0.748 £ 0.035

0.746 £ 0.044

0.745 £ 0.041

0.

4]0.807 £ 0.023

0.812 + 0.021

0.815 + 0.020

0.782 + 0.020

0.787 + 0.023

0.788 + 0.021

0.

5/0.847 + 0.011

0.846 + 0.013

0.849+ 0.010

0.833 + 0.018

0.837 £+ 0.017

0.837 £ 0.017

0.

6/0.885 + 0.015

0.886 + 0.013

0.885 + 0.015

0.886 + 0.015

0.882 + 0.016

0.882 + 0.015

0.

710.919 + 0.015

0.919 + 0.013

0.919 + 0.013

0.909 + 0.013

0.909 + 0.010

0.909 + 0.01

0.

8/0.936 + 0.005

0.939 + 0.006

0.939 + 0.006

0.935 + 0.007

0.934 £ 0.007

0.936 £ 0.008

Table 6. Averaged F measure over 10 trials of the linear classifiers obtained from lq,usq
based regularized ERM on two synthetic datasets. The 3 columns for each dataset
correspond to the three approaches mentioned when there is no user given cost but
imbalance in the data.

Observations In Table 4, we observe that when there is only imbalance in
the data and no user given cost, all three approaches, i.e., Apl, Ap2 and Ap3
have almost equal accuracy on both the synthetic datasets considered. When
AM measure is used for evaluation, one can observe in Table 5 that Ap2 has
marginally better performance for some values of 7. Again with F measure,
deciding on one approach to handle only class imbalance is not easy. We believe
that one can consider either tuning o with v = 1 or tuning v with a = 0.5. Also,
as can be seen in Table 4, Accuracy values exhibits convexity w.r.t the imbalance
7. This provides us with an evidence that Accuracy is not the correct measure
when there is imbalance in the data. It will lead to high values of Accuracy in
the presence of imbalance.

D.2 Data has no class imbalance but there is a user given cost

This is the case where there a user given cost o and + can be set to 1. However,
using Bupa dataset [3] we show that, in this case also tuning 7 can lead to
improvement in the performance of the classifier.

26



v tuned & a =025y =1 & a=0.25
Acc 0.971 £ 0.019 0.915 £ 0.035
AM 0.971 + 0.019 0.914 + 0.035

F 0.966 + 0.017 0.923 + 0.029

Table 7. Averaged accuracy, AM and F measures of the linear classifiers obtained
from lo,usq based regularized ERM on Bupa dataset. The dataset has 6 features and is
balanced. This is the case when there is a user given cost but the data has class imbal-
ance. The above results show that in this case too tuning « improves the performance
w.r.t all 3 measures.

D.3 Data has class imbalance and there is a user given cost too

This is the scenario when there is a domain requirement of differential costing
and the dataset available is imbalanced too. In this case, we fix the value of
« and let the data decide the value of . Here, we present the performance of
linear classifiers learnt from [, ,,s; based regularized ERM on Syn-dataset 2. The
results are presented across different level of imbalances from the set I'm with the
corresponding cost set as C' = {0.25,0.35,0.45,0.4,0.55,0.65,0.75}, i.e.,, a € C.

« Acc AM F

p

0.2

0.25

0.870 + 0.014

0.816 + 0.030

0.678 + 0.040

0.3

0.35

0.853 + 0.023

0.841 £+ 0.033

0.746 + 0.039

0.4

0.45

0.836 + 0.019

0.825 + 0.018

0.786 + 0.020

0.5

0.4

0.829 + 0.015

0.834 + 0.017

0.833 £ 0.019

0.6

0.55

0.853 + 0.020

0.842 £+ 0.024

0.879 + 0.014

0.7

0.65

0.870 + 0.019

0.846 + 0.025

0.909 + 0.013

0.8

0.75

0.882 + 0.018

0.842 £+ 0.027

0.926 + 0.012

Table 8. Averaged accuracy, AM and F measures of the classifiers obtained from lqo,usq
based regularized ERM on Syn-dataset2. This is the case when there is a user given
cost a and there is imbalance also in the dataset as given by p.

Observations In this case, the user given cost is « and the value of v is
tuned to account for the class imbalance in data. We observe that the values of
~ picked up when evaluation measure was Accuracy are almost complementary
to the value of 7 picked up when evaluation measure is AM. Specifically, with
Accuracy measure, for p < 0.5 the « value is less than 1 and for p > 0.5, it is
more than 1. However, with AM measure, for p < 0.5 the « value is greater than
1 and for p > 0.5, it is less than 1. Based on the functional form of Iy n, the
correct thing would to choose the value of v as given by AM measure. The F
measure based evaluation leads to ~ values lying somewhere between the values
obtained from Accuracy and AM measure. For p < 0.5, there is a mix of both ~y
less than 1 and more than 1 but for p > 0.5, all values of v are more than 1.
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E Additional experimental results when there is a need
for differential costing and data has uniform label noise

E.1 F and Weighted Cost measure of [, ,sq-regularized ERM based
classifiers and Re-sampling based algorithm on UCI datasets

In this section, we present the performance of Algorithm (7}, o) and Iy .54 based
regularized ERM on UCI datasets w.r.t. F measure and Weighted Cost measure.
Due to lack of a benchmark for F and WC measure of our cost sensitive label
predictions, we make a comparison with the F and WC measure of linear clas-
sifiers learnt on clean data using SVM. From Table 9 and 10, we conclude that
for Breast Cancer and German dataset, at least one of the proposed methods
using noisy data is better than SVM classifier trained on clean data. For other
two datasets, the predictions made using our schemes fare well keeping in mind
that they have been learnt from noisy data..

. - - Too,us
Dataset |Cost SVM o L ;XlgorlthLl:f(n, a): 7} estimate from RegEng
-Jun -Jun
(n,my,m_)| « p=0 with Iy, | with [,y LSPC KLIEP
Breast
0.2]0.49-0.02|0.5040.04| 0.46220.07 | 0.45+0.06 | 0.3520.10
(gc.f;‘clesre) 0.2 10.28+0.07 |'4|0.44%+0.01|0.4340.01|0.44+0.03|0.4340.02 | 0.32+0.14
9 b
ma
: 0.2] 0.602£0.03 | 0.6240.04 | 0.58-20.03 | 0.5840.02 |0.64-:0.04
(?;‘).ge;gf)) 0.16 10.63+0.05|4 | ('51+0.01 | 0.5240.61 | 0.5140.04 | 0.52+0.37 |0.58+0.07
R 9
German 0.2[0.52£0.01|0.53F0.02[0.5220.03| 0.4850.02 | 0.49E0.72
0.3 |0.5040.05
(20,300,700)| 23 |0- 0510 4| 0.4640.1 |0.46%0.01| 0.45+£0.01 |0.46+0.01 | 0.45-+£0.04
Thyroid | | 5= 0.79+0.07|0-2| 0-63£0.12 | 0.63E0.10 [0.7620.06 0.5620.26 | 0.650.09
(5,65,150) | - . -0710.4| 0.44£0.04 | 0.46£0.02 | 0.4640.0 | 0.43%+0.13 |0.63+0.14

Table 9. Averaged F measure of the cost sensitive predictions made by Algorithm
(17, @) and la,usq based regularized ERM on UCI datasets corrupted by uniform noise.

la,usq

Dataset |Cost SVM o Algorithm (7}, &): 7] estimate from RegBERM
_ LEk-fun Lk-fun
(n,my,m_) a p=0 with I, with {04 LSPC KLIEP
Breast
0.2] 8.40+1.16 | 8.95+0.91 |9.88+ 1.41| 7.89-+0.27 | 12.30+1.75
(90737‘“;98‘%) 0.2 | 10.67£1.93 |57%| 9.9330.09 | 9.98+0.0 |9.96% 0.07| 8.66-+1.13 |15.09 £2.62
k) k)
ma
I 0.2|22.34+2.84(22.01+2.76(28.2140.11|21.83+1.6226.22 +3.36
(8[)521;9;8(5)) 0.16 |20.37+£2.76 |7 | "3 19+0.51 | 28.07+0.61 |28.26+3.55|24.09+0.89| 33.02+5.09
b b
German | (= | 21004283 |0-2] 27-07EL 11 | 26.9851.07 [29.51£0.97|24.5620.50| 43.60£5.56
(20,300,700)| % : 83 10.4| 30.0340.45 | 30.20+0.14 |30.16+0.08|24.65+0.37| 59.54%5.10
Thyroid | 1 >-1 3 010.08 |02| 5035236 | 6.29E2.79 [3.07£0.69] 7.5452.17 | 4.68£0.99
(5,65,150) | 9 -0£0.98 |04l 9:5740.78 | 9.3440.58 | 9.18+0.0 | 9.90 + 2.22 | 5.38+1.87

Table 10. Averaged Weighted Cost of the cost sensitive predictions made by Algorithm
(17, @) and la,usq based regularized ERM on UCI datasets corrupted by uniform noise.
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E.2 Result of Algorithm (7, ) on Bupa dataset when 7} is estimated
using Lk-fun with squared loss

In this section, we obtained the classifiers from Algorithm (77, &) when 7 is
estimated using Lk-fun with l5, on Bupa datasets. We compared the cases when
the classifiers are learnt by tuning v and when v = 1. We observed that tuning
v is always better than fixing v at 1 because all the classifiers have improved
value of all performance measures with the former.

Algorithm (7, &): 7 estimate from Lk-fun with [
~ tuned y=1
P Acc AM F WC Acc AM ¥ WC
0.96F£0.020.97£0.02[0.96£0.02[T.49£1.02[0.90F£0.03] 0.90£0.03 [0.91F0.02[1.67E£0.84
0.96+£0.02[0.96+0.03]0.97+0.02[3.70£2.05[0.71£0.88 0.70£0.09 [0.77£0.05[6.12F1.61
0.9£0.03 [0.89£0.03]0.90£0.03[5.65F£0.05[0.56£0.05 | 0.550.06 [0.69F0.02[7.95£0.79
.3]0.85+0.04]0.85+0.04| 0.81+0.1 | 5.4£1.74 [0.51£0.01| 0.50£0.01 [0.67£0.01| 8.5F0.23
0.4]0.59+0.09]0.58+0.09[0.67£0.00[5.66£0.00| 0.51£0.0 |0.50 £0.01|0.67£0.01[8.32F£0.37

Table 11. Dataset: BUPA Liver Disorder. The above table depicts the performance
of Algorithm (7, &) when 7] estimate is from Lk-fun with ls4 based regularized ERM
(X tuned via CV). Here, a = 0.25 and + is tuned.

EEEE
Wl N = D

E.3 Performance of l, ,sq-regularized ERM based classifier and
Re-sampling based algorithm on Synthetic dataset

Syn3Dimp (adapted from [4]): Generate 4000 binary class labels Y ~ Bern(0.35).
Then, a 3-dimensional feature vector X for each label is drawn from two dif-
ferent Gaussian distributions: X|Y = 1 ~ N([1.5;0;-1], %) & X|Y = -1 ~
N([-1.5;1;1],X) where X = [[2,-0.3,—0.3];[-0.3,2, —0.3]; [-0.3,—0.3, 2]].

For o = 0.3 and v tuned suitably for the measure in consideration, we com-
pare the quality of cost sensitive predictions from Algorithm (77, ) and lo ysq
based regularized ERM implemented on corrupted data with cost sensitive Bayes
classifier fg5_; , . (x) = sign(n(x) — m) learnt on clean data.

It can be observed in Table 13 that Accuracy and AM values for Algorithm
(1, @) and [ 54 based classifiers are comparable to that of f7_; , ., till the noise
rate p does not cross 0.4 after which it starts deteriorating. However, as shown
in Table 14, for F measure and Weighted Cost, this threshold is reached at close
to p = 0.3 implying that these measures are more sensitive to noise.

f3-1,a,~ Performance
AC AM F WC
p = 0]0.90£0.01]0.88+0.01|0.854+0.01|42.91+4.01
Table 12. Performance of cost weighted Bayes classifier on Syn3D;mp w.r.t. various
performance measures. The misclassification cost « is taken as 0.3 and ~y is tuned.
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Accuracy AM

Algorithm (7, a): 7 from Algorithm (7, a): 7 from
Link-func la,usq |Link-func la,usq
P | with I, LSPC  |RcgERM| with li,, | “°FC  |RegERM

0.1 | 0.904+0.01 | 0.89£0.01 |0.904+0.01|0.89+0.01 | 0.89£0.01 |0.88+0.01
0.2 | 0.894+0.01 | 0.89£0.00 |0.904+0.01|0.88+0.01 | 0.88+£0.01 |0.89+0.01
0.3 | 0.8940.01 | 0.89+0.01 [0.89+0.01[0.884+0.01| 0.88£0.01 [0.88£0.01
0.4 | 0.884+0.01 | 0.71+0.04 [0.89+0.01|0.874+0.01 | 0.69£0.03 |0.88£0.01
0.45| 0.83+0.03 | 0.604+0.06 |0.80+0.06|0.81+£0.07| 0.574+0.05 |[0.81+0.07
0.49| 0.46+£0.16 | 0.384+0.02 |0.48+0.16|0.53£0.14| 0.51+0.01 [0.54£0.15

Table 13. Comparison of Algorithm (7], &) and la,usq based regularized ERM’s linear
classifier on Accuracy and AM measure. The value of & = 0.3 and ~ is tuned.

F measure ‘Weighted Cost
Algorithm (7, a): 7 from Algorithm (77, a): 7 from
Link-func lo,usq Link-func lo,usq
P | with Lo, LSPC IR ceERM| with U, LSPC | gegERM

0.1 | 0.85+0.02 | 0.85+0.01 |0.85+0.02| 45.62+3.37 | 40.164+3.61 | 44.06+3.58
0.2 | 0.84+0.01 | 0.83£0.01 |0.84+0.01| 60.40+4.14 | 58.01+7.14 | 58.09+4.75
0.3 | 0.69+0.03 | 0.61£0.01 [0.68+0.01| 106.9£7.35 |109.77+£11..24[107.47+6.84
0.4 | 0.534+0.01 | 0.5240.01 [0.53£0.01|187.414+6.45| 158.76£1.76 [190.1046.20
0.45] 0.514+0.00 | 0.51£0.00 [0.52+0.00|200.374+0.24| 159.554+0.0 [200.49=+0.00
0.49| 0.51+0.00 | 0.524+0.02 |0.52+0.00 [200.49+2.84| 159.55+0.0 |200.4940.00

Table 14. Comparison of Algorithm (7], &) and la,usq based regularized ERM’s linear
classifier on F and Weighted Cost measure. The value of a = 0.3 and + is tuned.

F Various in-class probability estimation methods

In this section, we present a comparative study between 3 existing in-class prob-
ability n estimation methods and a minimum squared deviation method. The
later method is based on our idea that 7 is a conditional expectation and hence
a minimizer of a suitable expected squared loss. We first present the details of 3
existing 1 estimation methods viz., Link function based method, LSPC, KLIEP
and k-Nearest Neighbour (k-NN). Then, we present our method and various
estimators based on KLIEP.

F.1 Link function based approach [18]

This method is the most commonly used approach for getting the in-class prob-
abilities from a given dataset. In this method, first a classifier is learnt from the
data using a special class of loss functions and then a suitable transformation
is used to get the n estimates. This special class of loss functions is the class of
strongly proper loss functions defined below:

Definition 4 (Strongly proper loss [1]) Let ¢ : {£1} x [0,1] — R4 be a
binary Class probability estimation (CPE) loss and let A\ > 0.Then, c is A-
strongly proper if ¥n,n € [0,1]



where H.(n) = inf C.(n,7n').
n€f0,1]

Therefore, a loss I : {+1} x R — R, is said to be strongly proper composite
if it can be written as

for some strongly proper loss ¢ and and strictly increasing link function % :
[0,1] — R.

Given a strongly proper loss function [/, one can obtain an optimal classifier
f*(x) by minimizing [ based empirical risk minimization (ERM). Then, the in-
class probability can be computed as n;(x) = 1; '(f(z)). Some examples of
strongly proper composite loss functions along with their corresponding inverse
link function ¢ ~1(-) [1,24] are as follows:

L. Logistic loss: liog(f(x),y) = log(1+e~%/®9)/log(2), v (£ (%)) = 520

2. Squared loss: Isq(f(x),y) = (1 — yf(x))% ¥ (f(x)) = %(X)

sq

3. Mod-squared loss: lnsq(f(x),y) = (max{0,(1 — yf(x))}), wl‘mﬂq (f(x) =
LTUEI) wwhere T(p) = min{max{p, —1},1}

4. Exponential loss: lezp(f(x),y) = e ¥/, 1/)17019(]0(3()) = ﬁ

It is shown in [1] that if [ is a strongly proper loss then the L, distance
between ;' (f(X)) and 7;(X) can be upper bounded in terms of l-regret of f.
Some special cases of this result are also presented in [24], [20] (for logistic loss).
In this method, for some loss functions like squared loss and mod-squared loss,
one has to suitably truncate the inverse link function ;- L so that it is a valid
probability.

The quality of 1 estimate will depend upon the quality of the classifier too.
So, whether one uses linear or nonlinear (kernel) classifiers is expected to make a
difference. Also, in case of non-linear classifier, regularization parameter tuning
is required.

As hinge loss is not a strongly proper loss, one cannot use the above approach
to get the n(x). It was shown in [17] that one can get the in-class probability
by using a sigmoid transformation and solving an optimization problem in 2
variables. However, in [24], it is shown that SVM formulation doesn’t lead to
reliable probability estimates.

For the sake of convenience, a compact form of this scheme is available in
Algorithm (f, 7).

31



Algorithm (f,7) 7 via classifier scheme

Input: Training data Si = {(x1,9:)}", test data Sie = {(x4,v:)} ", strongly
proper composite loss I(f(z),y), its inverse link ;' (.).
Output: 7 estimate of 1 on test data Ste

1: Compute fDl—arg H}in Z U(f(zi), i)

lin 3=
2: for i =1,2,...,m do R
3: Compute the estimate 7(z;) = w;l(fal(xi)).
4: end for

F.2 Least Squared Probabilistic Classifier (LSPC) [21]

Least Squared Probabilistic Classifier (LSPC) [21] is a classifier which makes
predictions based on the in-class probability 7. This is a direct n estimation
method. Suppose the in-class probability is modeled as follows :

(ylx, @) = Zaquzxy = a’'¢(x,y)

where a, a b-dimensional vector is to be learned from the sample and ¢(x,y)
is non-negative b-dimensional vector of basis functions. The parameter a is ob-
tained so that the following squared error J is minimized:

- %Z/(q(ylxa) — py|x))2p(x)dx (34)

Here, ¢ is the number of classes. Solving a regularized empirical version of the
above optimization problem leads to the following closed form expression for the
optimal value of a,

&= (H+A,) " 'h

S

A c m ~
where H = L Z Z d(xi,yi)0(x5,y;)" and h = L > $(x;, ;) and A is th reg-
y=11i=1 1=1
ularization parameter. The final solution is obtained by normalizing the solution

to get,

max (0, &” ¢(x,y))
> max (0, & ¢(x,y))
y'=1

Pylx) = (35)

In particular, LSPC uses the Gaussian kernels centered at training points.
Use of kernel functions, allows to learn the parameters in a class-wise manner.
The kernel parameters are chosen based on the dataset and the regularization
parameter is chosen by CV. It is claimed that LSPC can be viewed as an appli-
cation of density ratio estimation method called unconstrained Least Squared
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Importance Fitting method (uLSIF [7]) and hence the theoretical guarantees like
consistency and stability will follow.

However, the consistency results of [7] are under the following assumption.
If npy and nge are the data points from the numerator and denominator density
respectively, then n,,, = w(n?,). This means that there exists ¢ such that [cn2 | <
[ny|. Now, the density ratio in case of in-class probability is n(x) = %.
Therefore, the number of sample points in numerator and denominator would
be equal i.e., Ny = Nge and the assumption of uLSIF is not satisfied.

Centiles from the data are known to be good candidates for Gaussian kernel
width. Pseudo code given in Pseudocode Centile method is borrowed from the
code made available by [21]. It generates the set of kernel width o to be chosen

from for tuning Gaussian kernel’s parameter o.

Pseudocode Centile method Method for generating a set of o values for
Gaussian kernels.
Input: Sample points x;,7 = 1,...,m, Centile Vector C of size k eg. C =
{10,20,...,90} implies k=9.
Output: Y., a vector of size k containing possible o values.
1: Set number of pairs for which the distance is computed as np = min(2000,m) and
Neen = k.
2: randOrderl = 7 (1 : m) and randOrder2 = (1 : m) where 7(-) is a permutation of
(1, ,m).

3: fori=1,2,...,np do

4: dlSt[l] = ||xrandO'rde'r1[i] - xrandOrdET‘Q[i]”%
5: end for

6: Sort the vector dist.

7: fori=1,...,Ncen do

8: out[i] = dist [np X ?O[BJ]

9: end for

10: Return Xse: =+ out.

F.3 Kullback-Leibler Importance Estimation Procedure (KLIEP)
[22]

The in-class probability for a class y can be written as

PUY =glx) = o) = P Py =) (36)

The authors in [22] deal with the problem of estimating importance w(x) :=
%((:)) using {x%¢}74¢ and {x7*}74 from the probability density pge and ppy
respectively. The estimated ratio is given a linear parametric form of w(x) =
b

> aydi(x). Here, ¢; are known non negative basis functions and «; are the
=1

parameters to be estimated. The numerator density can be estimated as P, (x) =
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W(X)pge(x). The parameters are determined by minimizing the KL divergence
between the true and estimated numerator density as follows:

K L[poa (%) [P (x)] = / P (%) log m dx

= /pnu(X) log Pru(X) dx—/pnu(x) log w(x)dx (37)

Dde (X)

The first term in equation (37) is independent of the {c;}?_,, and incorporating
the fact that p,,(x) is probability density, the following optimization problem
is obtained:

N b
max Z log ( ady (x?“)) (38)
I=1

{O‘l}?zl j=1
Nde b

subject to Z Zalqbl(xfe) =nge and ap,...,a5 >0 (39)
i=1 =1

This is a convex optimization problem and the authors have provided an algo-
rithm based on gradient ascent to solve this problem. The solution is claimed to
be sparse and hence leads to a reduction in computational complexity.

F.4 k-Nearest Neighbour method for n estimation [2]

In classical binary setup, k-NN works based on the labels of the neighbours.
Firstly, an estimate of in-class probability is computed and then it is thresholded
to make the label prediction.

k

R 1

Me—nn(X) = 7 E Y(i) (%)
i=1

Here, Y{;)’s are ordered w.r.t. some distance measure p. Choice of k and p are
the two levers available while learning. Also, there is a trade-off between bias
and variance.

F.5 Minimization of Squared Deviation method

This is a direct n estimation method, i.e., it doesn’t involve learning a classifier.
It is known that the expected squared loss is minimized by a suitable conditional
expectation. In particular, given two r.v.s P, @ such that @ is integrable, Z* =
E[Q|P] is the minimizer of E[(Q — Z)?] a.s. among all random variables Z, i.e.,

Vh(P), E[(Q—Z")’] < E[(Q— h(P))’]
where h belongs to the class of all measurable functions. Given (X,Y), X €

R™ Y € {—1,1} and interpretation of n(x) = P(Y = 1/X) as the conditional

34



expectation, we are interested in knowing what is the corresponding P, () in the
binary classification framework.

E[Q|P] = P(Y = 1]X) a.s.
:E[l{y:1}|X} a.s.

Therefore, we have P = X and () = 1;y_;y and the minimization problem is
rnZin Exxy|(ly=1y — 2)? (40)

From above, Z* = = P[Y = 1|X] a.s. and hence Z* € [0, 1] a.s. as a function
of X. This has some resemblance to the squared loss for CPE which is I; =
(1—1)%, 1_; =72 The advantage here is that the minimizer is the conditional
expectation which in our case is the conditional probability. This need not be
true for the log-loss ( 11() = log(n), 1-1(7) =log(1 —1) ), etc.

Consider the class of positive valued functions with an element denoted by
é1(+, ). Let ¢; be called a basis function. Later, we will be specializing this class
to be the class of Gaussian kernels. Now, consider the following functional form
of Z in equation (40),

b

Z = Z adi(X,Y) = o‘Td)(X? Y) (41)
=1

where o € R? is the variable to be optimized over and ¢(X,Y) > 0 is the
vector of basis functions ¢;, [ =1,...,b, i.e., Z is a weighted combination of
the positive basis functions. An Lo regularized version of equation (40) can be
rewritten as follows:

néi& Bxxy|[(liy=1} — a”¢(X,Y))*] + ra"a (42)
[0 %

Here, A > 0 is the regularization parameter which is usually determined using
CV. If one considers the multi-class classification problem with ¢ classes, then
the in-class probability for each class is defined as follows:

ny(x)=PY =y X=x), ye{l,2,...,c} (43)
The idea that expected squared loss is minimized by a suitable conditional ex-
pectation can be extended to multi class problems too by formulating following

optimization problems, one for each class y € {1,2,...,c}, to get the n,(x)’s.

min Exxy [(Ly=y} — aWTHX, V)2 +xa@Ta®  X>0  (44)

Solving for a*) will lead to the following system of equations,

al¥) = [E[p(X,Y)¢" (X, Y)] + A\, " E[p(X, Y )1y -] (45)

reg
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Given the multi-class data (x;,v;), ¢ € {1,2,...,m},x; € R", y € {1,...,c}, we
have the sample versions of the solution as follows:

—1

m

R 1 1
aﬁié = Ez¢(xmyi)¢T(Xiayi)+)\1b o Z D(%i, Yi) Ly, =yy | (46)
=1 1E€EMy,
A aw
= [A+21,]7ta® (47)

where m,, is the index of examples with label y. One important question here is
to decide about the nature of basis functions ¢. Kernel function K (x,x’) comes
as natural choice for the basis functions due to the information they carry. Using
these kernels, the elements of A and & can be written as follows:

. 1 &
Ay = — K 19 K 79 Al
1l m; (x4, %)) K (x4, x17)
aw = 1 Z K(x;,%;)
m 1E€EMy,

Therefore, here we would get ¢ sets of d(y), one from each system of equation.
To get the final estimates of the in-class probabilities, one has to do the max
and the normalization as follows:

m
max{0, 3 & K (x,x,)}
=1 vy e {1,2,...,¢} (48)

Ty (.’E) - "¢ m ,
3 max{0, 3. &K (x,x;)}
y'=1 =1
In-class probability for a binary classification problem can be written as a special
case of equation (48).

Remark 5. It is not necessary that the regularized expected squared loss is min-
imized by conditional expectation. Mathematically,
min E[(1iy—1; — Z2)’] + Aa’ (49)
acR?
where Z = o’ ¢(X,Y). Here, it is not necessary that Z* = n = E[1{y—1;|X]. So,
there would be an approximation error if one tries to use minimizer of regularized
expected squared loss to estimate in-class probability. Let us denote the estimates
of in-class probability from regularized and unregularized version by (40) as 74
and 7 respectively. We expect 79 to have model explaining properties and 7y ¢4
to have good prediction properties due to regularization and avoidance of over-
fitting.

Remark 6. It can be observed that the solution in equation (48) and (35) are
same even though the initial objective is quite different. Therfore, in the exper-
iments, we denote the results by the name of LSPC.
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F.6 Various estimators based on KLIEP

We use KLIEP to estimate w, ratio of two continuous densities. One re-
quirement in this method is that the ratio is such that its product with estimated
class marginal, # = P(Y = y) is a valid probability i.e., P(Y = y|x) < 1. This
condition need not be true in general as we observed in our experiments.

For choosing the number of basis functions b, the authors in [22] suggest to
use b = min(100, n,,). In our case, n,, would be number of points from class
y. As seen in equation (36), one can either use KLIEP with positive class points
in the numerator and get 7 or use KLIEP twice, one with positive class in the
numerator and other with negative class in the numerator and get 7.

Based on these observations, we have come up with following estimates of n
using KLIEP.

1. fpos : This estimator is obtained by implementing KLIEP with positive class

points in the numerator and obtaining the ratio wy.s. That is, the ratio of
P(x|]Y=1)

density to be estimated is PX)

Tlpos (x) = Wpos (x)7

This estimator of 7 integrates to 1 but there is no guarantee that it will
always be less than 1.

2. fneg : This estimator is obtained by implementing KLIEP with negative class
points in the numerator and obtaining the ratio wyeq. That is, the ratio of

density to be estimated is W.

lneg(X) =1 = Wpeq (¥)(1 = 7)

This estimator of 7 integrates to 1 but it is prone to being less than 0.

3. Tnorm : This estimator is obtained by implementing two KLIEPs, one with
positive class in the numerator and other with negative class in the numer-
ator. Then, the estimates are combined as follows:

ﬁpos
ﬁpos + ﬁneg

Nnorm =

This n estimate is a valid density as it integrates to 1 and always lies in the
interval [0, 1].

4. flpos,s : This is a scaled version of 7j,0s. Let fmqer,p be the maximum value of
flpos i the training data. Then,

Mpos

npos,s - =
Nmax,p

This estimator will integrate to 1 and will be in the interval [0, 1] for training
points but for test points it can cross 1.
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5. Tneg,s : This is a scaled version of fj,cq. Let fmaz,n be the maximum value
of fpeg in the training data. Then,

Tineg

Tineg,s ﬁmam,n
This estimator will integrate to 1 and will be in the interval [0, 1] for training
points but for test points it can take values less than 0.
6. Tnorm,s : This is obtained by normalizing the estimators 7j,os,s and fpeq,s as
follows: .
Npos,s
ﬁpos,s + ﬁneg,s

Nnorm,s =

This is a valid probability density estimate as it integrates to 1 and lies in
[0, 1].

7. ficnorm,s : This is also a normalized estimator but the normalizing is different
from fnorm,s- It is given as below:

Tneg,s
Nneg,s + Npos,s

TICnorm,s =

This is a valid probability density estimate as it integrates to 1 and lies in
[0, 1].
8. favg,s : This is the averaged version of scaled estimators fpos,s and fneg,s

and given as follows:

~ o f]pos,s + ﬁneg,s

navg,n - - 5

2

This estimator integrates to 1 but for test data points it is prone to lying
outside the interval [0, 1].

The estimators which does not lie inside the interval [0, 1] can be truncated to
lie inside the interval. However, there performance might be affected. A compact
form of the above estimators is available in Table 15.

7 f(x) € [0,1] for x in test set

Npos (X) = Wpos (X)7 May not

fneg(X) = 1 — Wneg(x)(1 — 7) May not
Nnorm = ﬁp(;“_’,_i“;nw Yes

Npos,s = n:}’;i":p May not

Nneg,s = UZZ% May not
Nnorm.s = g t8 Yes
ﬁcnorm,s = W Yes

ﬁaug,n _ npos,s;nneg,s May not

Table 15. Details about various KLIEP based n estimates and whether they are valid
probability or not. We only check for 7 € [0, 1] as all the estimates integrate to 1.
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The comparison between these estimators w.r.t. various measures is done
in Section F.7. In our implementation, we have used Gaussian kernels as the
basis functions with centres as the sample points from the numerator density
(positive/negative class). The kernel width o is tuned by KLIEP’s inbuilt CV
procedure where the criterion is maximum objective value of the KL based op-
timization problem. The possible candidates for kernel width o to be used in
KLIEP’s CV procedure were generated through Centile method described in
Pseudocode Centile method.

F.7 An experimental comparative study of various in-class
probability estimation methods

In this section, we compare the performance of the 71 estimation methods de-
scribed in Section F.1, F.2 and F.6. We implemented Algorithm (f,#) with
squared loss, logistic loss and modified squared loss and LSPC, KLIEP and k-
NN on 3 synthetic datasets so that we can comment on the quality of n estimates.
In case of k-NN, the value of number of neighbours & to be used is selected by
cross validating w.r.t. the measure to be evaluated on. The dataset generation
scheme is adapted from [4]. We consider 9 performance measures out of which
first 5 (MSE, RMSE, MAD, MD, KL) are purely for 7 estimation, next 2 (Acc,
BS) are for the scenario when these estimates are used in label prediction and
the last 2 measure the algorithms estimation capability at the boundary i.e.,
maximum and minimum. For an estimate 7, when the train data is {(x;, y;) }i
and test data set is {(x;,y;)}io', the details about all these measures are given
below:

1. Mean squared error (MSE): MSE = ﬁ i(ﬁ(xl) —n(x;))?
=1

2. Root mean squared error (RMSE): RMSE \/ MSE

3. Mean absolute deviation (MAD): MAD = Z [7(x;) — n(x;)|

4. Mean deviation (MD): MD = % if(ﬁ(xl) —n(x;))
e &

5. Averaged Kullback-Leibler divergence (KL): Since 7 is a density, we can
compute the KL between its estimate and true value as follows:

Mite

ZKL x;)||9(x:)]

Mte )

- 1 —n(x)
oy ZTZ X log x;) + (1 —n(xi)) logm

6. Accuracy (Acc): Acc = —— Z 1((20(xi)—1)y: <0]

7. Brier Score (BS): Brler score 1s a proper score function which measures the
accuracy of probabilistic predictions and is defined below:

Mte




8. DiffMax: In some applications, one requires how good the estimates are at
the boundary. In such cases, we have to compare the maximum value of true
7 to the maximum value of 7 on the training set. This measure plays an
important role when one is interested in estimating noise rates as some noise
estimating schemes use corrupted n values [9]. Therefore,

i(x:) — max  n(x;)

1=1,..., M

DiffMazx := max
1=1,..., M
9. DiffMin: Similar to DiffMax, this measure is also a deciding factor for quality
of noise rates.

n(xi)

~ min
i=1,....m¢r

DiffMin:= min 7(x;) —

=1,...,m¢p
The synthetic dataset is partitioned into training and test set with 80-20 split.
The first 7 performance measures are computed on the test set and the last
two on the training set. To make the comparisons more robust, this process is
repeated for 10 trials. Finally, the reported values are performance measures
averaged over the 10 trials along with the standards deviation.

Synthetic dataset 1 (Synap) This is a 2 dimensional dataset. We first gen-
erate 1000 binary class labels Y from Bernoulli distribution with parameter
p = 0.5. Then a 2-dimensional feature vector X for each label is drawn from
two different Gaussian distributions: X|Y =1 ~ N([1.2,0],X) & X|Y = -1 ~
N([-1.2,0], X) where ¥ = [[1,0.4];[0.4,1]]. Table 16, 17 and 18 present the
values of various measures for this dataset.

n estimated from
Performance|Algorithm (f,7)|Algorithm (f,7)|Algorithm (f,7
measures with lss ) with llo(g ) with lms(q ) LSPC k-NN
MSE 0.02£0.002 0.0008+0.0007 0.001£0.0003 0.003+0.002 [0.013 £ 0.003
RMSE 0.144+£0.007 0.025+0.012 0.034£0.004 0.054£0.02 [0.114 £ 0.014
MAD 0.123+0.005 0.0184+0.010 0.025+0.002 0.037+0.015 [0.066 £ 0.008
MD -0.0032+0.011 -0.0076£0.001 -0.007£0.002 -0.007£0.004 [-0.007 + 0.005
KL NA 0.004+0.004 NA NA NA
Acc 0.9114+0.016 0.91+0.017 0.91£0.018 0.9140.01 0.906 + 0.016
BS 0.0804+0.004 0.0651£0.010 0.0657+£0.007 [0.06809+0.0068] 0.077 + 0.010
DiffMax 0.5314+0.04 0.0 £0.0 0.0 £0.0 0.0 £0.0 0.0 £0.0
DiffMin -0.49740.042 0.0 £0.0 0.0 £0.0 0.0 £0.0 0.0 £0.0

Table 16. Performance of estimates obtained by Algorithm (f,7) with squared loss,
logistic loss and modified squared loss and LSPC and k£-NN on Synsp dataset. The
cells with NA means that some estimate was 0 and the KL couldn’t be defined. Cells
with 0.0 entry means that the value is less than 1 x 107°.

Synthetic dataset 2 (Synsp) This is a 3 dimensional dataset. We first gen-
erate 1000 binary class labels Y from Bernoulli distribution with parameter
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KLIEP based estimator used
Performance R . R
measures Tlpos Tneg Mnorm
MSE 0.0124 0.003 | 0.01440.007 | 0.001+ 0.00
RMSE 0.108+ 0.015 | 0.118+0.027 | 0.0344+0.009
MAD 0.062+ 0.006 | 0.06940.016 | 0.0214+0.005
MD -0.006+0.008 [-0.006+0.013[-0.003+0.005
KL NA NA 0.005+ 0.002
Acc 0.89 £ 0.02 | 0.90 &£ 0.01 [ 0.91 £ 0.02
BS 0.075 £ 0.011[0.0744 0.006 | 0.065+0.006
DiffMax 0.16+0.02 0.0 £0.0 0.0 £0.0
DiffMin 0.0 £0.0 -0.16 +£0.06 0.0 £0.0

Table 17. Performance of Mpos, Nneg, Nnorm, KLIEP based estimates on Synap dataset.
The cells with NA means that some estimate was 0 and the KL couldn’t be defined.
Cells with 0.0 entry means that the value is less than 1 x 1075.

KLIEP based estimator used
Performance R R R R R
measures npOS,S 77neg7s nnorm7s nCnorm,s navg,s
MSE 0.00940.004 | 0.019+0.01 | 0.001£0.00 [ 0.178+0.004 | 0.009+0.002
RMSE 0.096+0.019 [0.133+0.035| 0.036+0.009 | 0.1334+0.013 | 0.09740.01
MAD 0.09540.008 [0.072+£0.027] 0.021£0.005 | 0.1054+0.014 | 0.072+0.01
MD -0.084+0.008 | 0.06+£0.027 | -0.003+0.007 [-0.019+0.018]-0.012+0.014
KL 0.073 £0.002 NA 0.005 £ 0.002 NA 0.047£0.008
Acc 0.87 £0.02 [ 0.89 £ 0.02] 0.90 &£ 0.01 | 0.90 £0.01 | 0.90 & 0.02
BS 0.086+0.010 [0.084+0.009] 0.066+£0.006 | 0.083+0.006 [0.0748+0.005
DiffMax 0.0 £0.0 0.0 £0.0 0.0 £0.0 0.0 £0.0 -0.003£0.00
DiffMin 0.0 £0.0 0.0 £0.0 0.0 £0.0 0.0 £0.0 [-0.005+0.004

Table 18. Performance of 7pos,s, Nineg,ss Nnorm,ss NCnorm,s, Navg,s; KLIEP based esti-
mates on Synap dataset. The cells with NA means that some estimate was 0 and the
KL couldn’t be defined. Cells with 0.0 entry means that the value is less than 1 x 1075,
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p = 0.5. Then a 3-dimensional feature vector X for each label is drawn from two
different Gaussian distributions: X|Y = 1 ~ N([1.3,0,0], %) & X|Y = -1 ~
N([-1.3,0,0],%) where ¥ = [[1,0.1,0.1];[0.1,1,0.1];[0.1,0.1, 1]]. Table 19, 20
and 21 present the values of various measures for this dataset.

7 estimated from
Performance|Algorithm £, Algorithm (€% Algorithm (£ LSPC K-NN
measures with [, with [o4 with [
MSE 0.02+0.001 0.0008+0.0007 0.001£0.0003 | 0.003£0.002 [0.0108 £ 0.0022
RMSE 0.145+0.007 0.026+0.007 0.035+0.003 0.064+0.003 | 0.103 £ 0.0102
MAD 0.126+0.003 0.018+0.007 0.025£0.002 0.045+0.015 | 0.0612 £ 0.005
MD -0.016£0.008 -0.0078+0.002 -0.006£0.0036 [-0.009+0.005] -0.008 £ 0.007
KL NA 0.004£0.003 NA NA NA
Acc 0.92+0.014 0.923+0.015 0.924+0.014 0.923+0.016 | 0.929 £ 0.0197
BS 0.0820+0.006 0.0638+0.008 0.0663+0.008 [0.0692+0.008[0.0667 £ 0.0127
DiffMax 0.628+0.01 0.0 £0.0 0.0 £0.0 0.0 £0.0 0.0 £0.0
DiffMin -0.458+0.01 0.0 £0.0 0.0 £0.0 0.0 £0.0 0.0 £0.0

Table 19. Performance of estimates obtained by Algorithm (f, ) with squared loss,
logistic loss and modified squared loss and LSPC and k-NN on Synsp dataset. The
cells with NA means that some estimate was 0 and the KL couldn’t be defined. Cells
with 0.0 entry means that the value is less than 1 x 1075,

KLIEP based estimator used
Performance R ~ R
measures Tpos Tneg Tlnorm
MSE 0.0224 0.003 | 0.025+0.005 | 0.002+ 0.00
RMSE 0.146+ 0.010 | 0.158+£0.015 [ 0.050£0.005
MAD 0.097% 0.007 | 0.103£0.007 | 0.040+0.005
MD -0.0004+0.009 |[-0.009+0.019]-0.006+0.004
KL NA NA 0.014£ 0.003
Acc 0.90 £+ 0.02 0.89 +£ 0.0 [0.92 £+ 0.016
BS 0.0793 £ 0.0077[0.084+ 0.010 0.067+0.007
DiffMax 0.3440.02 0.0 £0.0 0.0 £0.0
DiffMin 0.0002 £0.0 [-0.344 £0.02[0.006 £0.002

Table 20. Performance of fjpos, Nineg, norm, KLIEP based estimates on Synsp dataset.
The cells with NA means that some estimate was 0 and the KL couldn’t be defined.
Cells with 0.0 entry means that the value is less than 1 x 107°.

Synthetic dataset 3 (Syniop) This is a 10 dimensional dataset. We first
generate 1000 binary class labels Y from Bernoulli distribution with parame-
ter p = 0.5. Then, a 10-dimensional feature vector X for each label is drawn
from two different Gaussian distributions: X|Y =1 ~ N(p,,Y) & X|Y =
—1 ~ N(p_,X) where X is such that all the diagonal elements (variances) are 1
and the non-diagonal elements (covariances) are 10. Here, the means are pu, =
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KLIEP based estimator used
Performance R R R . .

measures 77[)()575 nneg,s nnorm,s nCnorm,s navg.,s
MSE 0.014£0.004 | 0.044+0.001 0.03£0.005 | 0.041£0.003 | 0.024+0.002
RMSE 0.118£0.014 | 0.209+0.021 | 0.051£0.005 | 0.203+0.01 | 0.154+0.009
MAD 0.164+0.008 | 0.141+0.014 | 0.042+0.005 | 0.18340.010 | 0.136+£0.009
MD -0.15140.004 [0.12240.0151| -0.008+0.015 [-0.01840.009(-0.01440.008
KL 0.150 £0.011 NA 0.015 £ 0.003 NA 0.102+0.009
Acc 0.8535 £ 0.01[ 0.83 £ 0.02 0.92 £ 0.01 0.92 £0.01 | 0.92 £ 0.02
BS 0.1147+0.006 [0.1144£0.011]0.0677+0.0.007| 0.108+0.005 [0.0905+0.005
DiffMax 0.0 £0.0 0.0 £0.0 0.0 £0.0 0.0 £0.0 -0.006+0.02
DiffMin 0.00 £0.0 0.0 £0.0 0.0006 £0.0 0.0 £0.0 [-0.008=£0.002

Table 21. Performance of fpos,s, Nineg,ss Mnorm,ss NCnorm,s, Navg,s; KLIEP based esti-
mates on Synsp dataset. The cells with NA means that some estimate was 0 and the
KL couldn’t be defined. Cells with 0.0 entry means that the value is less than 1 x 1075,

2,1.2,2,2.1,2,2,2,0.2,2,3.6] and p, = [2,-1.2,2,-2.1,2,2,2,-0.2,2,-3.6].
Table 22, 23 and 24 present the values of various measures for this dataset.

7 estimated from
Performance|Algorithm X)) Algorithm (€% Algorithm £ LSPC NN
measures with [, with lo4 with [
MSE 0.026£0.002 0.002+0.0008 0.003+£0.0008 0.011£0.002 | 0.0232 £ 0.002
RMSE 0.161£0.006 0.047+0.009 0.005£0.007 0.106£0.010 | 0.152 £ 0.007
MAD 0.13840.005 0.026+0.005 0.031+0.004 0.077£0.011 [0.0911 £ 0.00756
MD 0.004£0.006 0.002+0.006 0.003£0.006 0.003£0.003 | 0.01434 £ 0.005
KL NA 0.010£0.003 NA NA NA
Acc 0.912+0.018 0.911+0.016 0.908+0.016 0.913£0.017 [ 0.9195 £+ 0.0181
BS 0.0795+0.008 0.0645+0.012 0.0636+0.012 [0.0733£0.0102] 0.0834 £ 0.011
DiffMax 0.463+0.03 0.0 £0.0 0.0 £0.0 0.0 £0.0 0.0 £0.0
DiffMin -0.551£0.024 0.0 £0.0 0.0 £0.0 0.0 £0.0 0.0 £0.0

Table 22. Performance of estimates obtained by Algorithm (f, ) with squared loss,
logistic loss and modified squared loss and LSPC and k-NN on Syniop dataset. The
cells with NA means that some estimate was 0 and the KL couldn’t be defined. Cells
with 0.0 entry means that the value is less than 1 x 1075,

Observations We observe that as far as label prediction is concerned Algo-
rithm (f,7) with squared loss, logistic loss and modified squared loss, LSPC,
k-NN and KLIEP’S fy0rm estimators perform equally well as their accuracy is
the highest in comparison to others. This trend has been observed across all 3
synthetic datasets.

With respect to DiffMax and DiffMin measures, Algorithm (f, 7) with logis-
tic loss and modified squared loss, LSPC, k-NN and KLIEP’S 7,0/ estimators

are good.
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KLIEP based estimator used
Performance R R .

measures Tpos Thneg Tnorm
MSE 0.06+ 0.003 | 0.06240.006 |0.035+ 0.005
RMSE 0.250+ 0.006 | 0.249+0.012 | 0.189+0.014
MAD 0.2084+ 0.007 | 0.20740.013 | 0.17740.014
MD 0.0031£0.01 | 0.006+0.012 | 0.008+0.005
KL NA NA 0.0144+ 0.017

Acc 0.848 £ 0.03 [0.846 £+ 0.017

BS 0.125 £ 0.010] 0.123%+ 0.009 [0.0995+0.006
DiffMax 0.32+0.098 [ -0.02 +0.006 | -0.04 £0.001
DiffMin 0.015 £0.005 | -0.422 +0.12 [ 0.031 +0.009

Table 23. Performance of 7pos, Nneg, norm, KLIEP based estimates on Syniop
dataset. The cells with NA means that some estimate was 0 and the KL couldn’t
be defined. Cells with 0.0 entry means that the value is less than 1 x 1075,

KLIEP based estimator used
Performance R R R R .
measures 77;)()575 nneg,s nnorm,s nCnorm,s navg,s
MSE 0.035+0.005 | 0.061£0.003 | 0.104£0.014 | 0.036+0.005 | 0.084+0.006
RMSE 0.247£0.006 | 0.321£0.022 | 0.191+£0.013 | 0.290+0.01 | 0.260+0.006
MAD 0.24540.009 | 0.263£0.009 | 0.178+0.014 | 0.275+0.011 | 0.2474+0.007
MD -0.181£0.03 | 0.15740.035 | 0.01940.007 | 0.018£0.012 | -0.019+£0.010
KL 0.262 £0.022 NA 0.143 £ 0.016 NA 0.22840.009
Acc 0.750 £ 0.044]0.736 £ 0.044[0.913 £ 0.016[0.913 £0.016[0.913 &+ 0.016
BS 0.158+0.0159 [ 0.165+0.0158 | 0.099+0.006 | 0.149+0.008 [0.1318+0.006
DiffMax 0.0 £0.0 -0.01 £0.006 [-0.040 £0.012] 0.0 £0.0 -0.08+0.018
DiffMin 0.011 £0.005 0.0 £0.0 0.033 £0.009 0.0 £0.0 0.081£0.02

Table 24. Performance of fpos,s, Nineg,ss Nnorm,ss NCnorm,s, Navg,s; KLIEP based esti-
mates on Syniop dataset. The cells with NA means that some estimate was 0 and the
KL couldn’t be defined. Cells with 0.0 entry means that the value is less than 1 x 1075,
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G Risk minimization under weighted 0-1 loss in the
extended cost space

In view of the negative result obtained with the a-weighted 0-1 loss function, we
explore a larger cost space. In a similar kind of representation as that of Cy,C_1,
one can extend the parameter space from (Cy,C_1) to (C1,C_1,¢1,c—1) given
as follows.

o (4 (or C_q): loss when a positive (or negative) class point is misclassified
e ¢ (or c_1): loss when a positive (or negative) class point is correctly classified

Let the extended cost sensitive 0-1 loss be defined as

lea(f(x),y) = 1{f(x>>o,y:1}01+1{f<x>>o,y:—1}CflJrl{f(x)SO,y:l}Cl+1{f<x>so,y:—(1}C)f1

50
Then, the corresponding risk on D and D be denoted by Rp ;. ,(f) and Rp,. (f)
respectively.

One can reduce the extended (Cy,c1,C_1,c1) based 4 cost space again to
(C1—c1,C_1—c_1) based 2 cost space as the threshold of the optimal classifiers
does not change by reducing the parameter space. This has also been shown in [8].
However, we still compute the minimizers of the risks Rp;, ,(f) and RD,ch(f)
and show that they need not be equal.

Using the same technique as in (C1,C_1) cost case, one can show that the
minimizers of Rp ., and RD,lC,4 are as follows:

C_q1—c_
Fieo) = sign () — A L) (51)

e . Coi—co1—p(Cr—cr +Cq —cq)
i) = sgn () - S AOZAE ) oy
The threshold of 7 in equation (51) and (52) cannot be same unless C; —c¢; = s =
C_1 —c_q or p = 0. Therefore, even in the extended cost space, under uniform
noise and differential cost, f}. # fi‘c, i.e., learning a classifier from [, 4 which is
both noise robust and cost sensitive is not always possible. This is independent
of the extended sufficient condition (E-SC) that we now introduce; as we will
see, this condition doesn’t help us for joint uniform noise robustness and cost
sensitivity.

A natural extension of sufficient condition (Symmetry condition SC [6]) in
cost sensitive case when used with weighted 0-1 loss can be written as follows.
For an arbitrary classifier f(x) and K > 0,

E-SC when f(x) >0 SC becomes C_q1+c¢1 =K (53)
when f(x) <0 SC becomes C;+c_1 =K

Clearly, C_1 + ¢ = K = (7 4 c_1; which can be equivalently written as
C_1—c¢_1 = s = C; — ci. This implies that the effective cost for each class
is same, i.e. s and hence no differential costs for the classes. Therefore, E-SC
cannot be sufficient condition for SLN robustness if there is differential costing

of (Clacla C—la C—1)~
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