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Previous Lecture:
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Joint distribution of Random Variable
Marginal PMF and PDF
Independence of Random Variables

Correlation of Random Variables

This Lecture:

>
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Joint distribution of function of RVs

Moment Generating Functions (MGFs)
Conditional PMF and PDF

Markov's and Chebyshev's inequalities

Limit theorems: Law of Large Numbers (LLN)
Limit theorems: Central Limit Theorem (CLT)



Joint Distribution of Function of Random Variables

Let Xj and X, are RVs. Define Y1 = g1(X1, X2), Y2 = &(X1, X2).
What is the joint distribution of (Y1, Y2).

» Example 1: Sum and Difference of Coordinates
Yi=Xi+Xoand Yo=X1 — X5

» Example 2: (Cartesian to Polar Coordinates)

Y. = ,/X12 +X22 and Y, = tan! (%)
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Joint Distribution of Function of Random Variables

Let Xj and X, are RVs. Define Y1 = g1(X1, X2), Y2 = &(X1, X2).
What is the joint distribution of (Y1, Y2).

» Example 1: Sum and Difference of Coordinates
Yi=Xi+Xoand Yo=X1 — X5

» Example 2: (Cartesian to Polar Coordinates)

Y| = \/m and Y, = tan! (%)
F(y1,y2) // f(x1,x2) dx1 dxz

(x1,x2)
g1(x1,x)<y1
&2(x1,%)<y2
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Joint Distribution Contd...

Assume:
» For given (y1,y2), y1 = g1(x1,x2) and y» = ga(x1, x2) are
uniquely solvable for x; and xp,

» gy and g» have continuous partial derivatives such that the
Jacobian matrix is non-singular

Jg1  9m 9
81082 0Og20g1
JX1,X2 = 9x1 9x = — 0
( ) %ﬁ? %ﬁi 8X1 8X2 axl 8X2 ?é

fx.x (X1, x2)
leYz()/L}/z) = m
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Joint Distribution Contd...

Example: Y1 = g1(X1, X2) = X1 + X2, Y2 = @(X1, X2) = X1 — Xo.
where X1 ~ Exp(\1), Xa ~ Exp()2) and are independent.

Given (y1,y2), x1 = 52 and x = 4522,
1 1
J(X1,X2)— 1 -1 = 2
fy(y1,y2) = fx (x1, x2) _ le(Xl)fX2(X2) — Mhe y1+y2) )\2()/12;)/2)

2 o 2
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Joint Distribution Contd...

Example: Y1 = g1(X1, X2) = X1+ Xz, Y2 = @(X1, X2) = X1 — Xa.
where X1 ~ Exp(\1), Xa ~ Exp()2) and are independent.
Given ()/1,}/2). X1 = % and xp = %y

1 1

J(x1,x2) = 1 1 =-2
x(x1, x fx. (x1)fx, (x L bit) i)
fo (vt ys) = X(; 2) _ fxil 1)2X2( 2) _ \ e YR a g

Example 2: (Cartesian to Polar Coordinates)

Yi=4/X?+ X2, Y, =tan"! (%) where X; ~ N(0,1) and
X ~ N(0,1) are independent.
Joint distribution of polar coordinates (Y1, Y2)?

Given (y1,¥2), x1 = y1cos(y2) and xo = yi sin(y2) (complete!)
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Moment Generating Functions

Moment Generating Function (MGF) of a random variable
X, denoted ¢x : R — R, is defined as

dx(t) =E ( tX) 21 Px(xi)e™ if X is discrete
= e —
X fX fx(x)e™dx if X is continuous.
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Moment Generating Functions

Moment Generating Function (MGF) of a random variable
X, denoted ¢x : R — Ry, is defined as

X Px(x;)e™ if X is discrete
ox(t) =E (etx> = {Z’l x (i)

[ fx(x)e™dx if X is continuous.

> ¢ (t) = E (Xe™) — ¢4 (0) = E(X) (first moment)
B> ¢”( ) = E (X2e™X) — ¢4(0) = E(X?) (second moment)
> (1) = E (X"eX) — ¢{)(0) = E(X") (nth moment)

From MGF of a RV all its moment can be generated, specifically,
mean and variance.

Var(X) = E(X?) - (E(X))?
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Properties of MGF

» MGF of sum of independent RVs: (Xi, Xo,...,X,) are
independent, then

BXy 4+ X4 X (£) = H¢X,-(t)
i=1

» MGF uniquely determines the distributions
one-to-one correspondence between the MGF and distribution.
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Properties of MGF

» MGF of sum of independent RVs: (Xi, Xa, ...
independent, then

Dxi 0t (1) = [ [ (1)
i=1

» MGF uniquely determines the distributions
one-to-one correspondence between the MGF and distribution.

, Xp) are

Distribution MGF ¢(t) Distribution M(i!: ¢3Et)
Ber(p) | pe'+(1-p) Uni(a, b) b
Bin(n,p) | (pe' + (1 - p))" Exp()) 25
Geo(n, p) ﬁitp)ef N(u,0%) | exp{ut + 2220.2}
Poi()) eNe-1) Gamma(n, \) (ﬁ)

Characteristic function: ®x(t) = E(e/*X), where j = v/—1
(always exists).
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Conditional PMF

Xi and Xy are discrete with joint PMF P(X; = x1, X2 = x2). We
may want to know about X, = x» given that X; = xg

» Conditional PMF is defined as

P(Xo = x2, X1 = x1)
P(Xl :Xl)

Px,x, (xelx1) = P(Xo = x| X1 = x1) =

» Conditional CDF is FX2|X1(X2‘X1) = ZXS)Q PXQ‘X:[(X‘X]-)
» Conditional Expectation:

E(Xz\Xl = X]_) = ZX’DX2|X1(X|X1)
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Conditional PMF

Xi and Xy are discrete with joint PMF P(X; = x1, X2 = x2). We
may want to know about X, = x» given that X; = xg

» Conditional PMF is defined as

P(Xo = x2, X1 = x1)
P(Xl :Xl)

Px,x, (xelx1) = P(Xo = x| X1 = x1) =

» Conditional CDF is FX2|X1(X2‘X1) = ZXS)Q PXQ‘X:[(X‘X]-)
» Conditional Expectation:

E(Xz\Xl = X]_) = ZXPX2|X1(X|X1)

Example:

P(Xl,X2) Xo=2]1Xo=4| X,=5 ’DX2|X1(4|1) =
X, =1 1 05 2 E(Xx| X, = 1) =
X, =2 1 1 15 Pr, 1, (512) =
X =3 | .15 1 0.05 E(G|X) = 2) =
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Conditional PDF

X1 and X3 are jointly continuous with PDF £(X; = x1, Xo = x2).
We may want to know PDF of X, = x> given that X; = xg
» Conditional PDF is defined as

fx, x, (X1, X2)
) = Bt
1

» Conditional Expectation:
E(X2| X1 =x1) = /Xfx2|X1(X|X1)dX
Example: X = (X1, X2) are jointly continuous with PDF given by

C(1—|-X1X2) if2<x <3,1<x<2
0 otherwise

fx(x1,x2) = {

Find sz‘Xl(X2|2.5) and ]E(Xg’Xl = 2.5).
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Markov's Inequality

Let X is a non-negative RV. For any a > 0

E(X)

P(X >a) <

Useful when a > E(X).

X = X]l{X<a} + X]l{XZa}
— E(X) =E (X1ix<a) +E (X1ix52)
2 0 + alk (]1{)(23})
=aP(X > a)
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Chebyshev's Inequality

For any RV X and d > 0

P(X ~E(X)| > d) < Y0

|X — E(X)| is non-negative. We apply Markov inequality on it.

P(IX —E(X)| = d) = P(IX — E(X)* > d?)
< E (X —dIQE(X)F)
~ Var(X)
==

Chebyshev's inequlity bounds 'deviation’ of a RV around its mean.
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Application of Markov and Chebyshev's inequality
Factory output: Suppose a factory produce a certain number of items
each week. The number of items produced is random due to uncertainty
in availability raw material. Suppose that the factory produce on an
average 500 items every week.

» What is the probability that production this week is at least 10007
Let number of items produced is X. We want P(X > 1000). From
Markov Inequality

500

> < — =
P(X >1000) < 155

=05

» If Var(X) = 100, what is the probability that production this week
is between 400 and 6007 We want
P(400 < X < 600) = P(|X — E(X)| < 100). From Chebyshev's

inequality
100 1
> = —
P(|X — E(X)| > 100) < 1002 — 100
Hence
99
P(|X — E(X)| < 100) =1 — P(|X —E(X)| > 100) > 100
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Limit Theorems: Law of Large Numbers (LLN)

Let X1, X5, X3, ... be a sequence of i.i.d. RVs with common mean
= E(X1). Define S, =3/, X; forall n > 1.

LLN: lim Sn = E(X1) with probability 1.

n—oo N

Consider an event E in an experiment. The experiment is repeated
infinitely. For each trial i define RV X;

{1 if event E occurs
I' p—

0 otherwise

> S, =71 X, counts the number of time E occurs

» S,/n gives fraction of time E occurs
» From LLN lim & =E(X1) = P(E)
n—oo N

» Fraction of time event E occurs is its probability
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LLN Contd..

Examples

n 1
1. Xi's are i.i.d with X; ~ Exp(A). Then lim Sn = —

n—oo N by
2. Xj's are i.i.d with X; ~ Poi(\). Then lim & =

.. . .S,
3. Xi's are i.i.d with some unknown mean. lim == gives the
n—oo n

mean.

LLN for parameter estimation.
» In real life we will have only finite samples. .
» We can use fi, = % as an (estimate) of u.

» For finite n, |fip — ] # 0. limpseo |fin —p| =0
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Limit Theorem: Central Limit Theorem (CLT)

Let X1, X2, X3, ... be a sequence of i.i.d. RVs with common mean
p= E(X1) and 02 = Var(X). Define S, = >"_; X; for all n> 1.

. Sn - nﬂ _ . . . .
CLT: lim o N(0,1) in distributions.

For any a € R.

_ a ,—x%/2
P (Sn e < a) z/ ° dx = ®(a).
no? Ceo V2T

> &(-) is the CDF of N(0,1).
> &(a) + ¢(—a) =1 for all a (symmetry of N(0,1))
> &(-) tables are used.
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CLT Contd..

Sn— nu S, o2
< = — < R
P(m _a) P(n uw<a n>
2
:P<,&,,—,u§a\/0n> ~ ®(a).

Example: 100 i.i.d. samples are available of an experiments with
variance 5 and unknown mean. What is the probability that error
in estimate mean (fl,) is no more that 0.1.

» Unknown mean is . We want P (—0.1 < fizo0 — p < 0.1).

P(—0.1 < fizp0 — p <0.1)
= P (fizo0 — p# < 0.1) — P(fi100 — p < —0.1)
~ ® (0.1@) o (—0.1\/%) — 20 (0.1\/%) ~1
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Number of Samples Required

Suppose we want the estimation error to be smaller than ¢ > 0

P(|fin—pl <€) ~ 20 <6\/n/7> 1

add we want this probability to be smaller than §. Then we set

2¢<6\W>—1_5

1
= /n~ %Cb_l <5—;>
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