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Abstract

Resources including various assets of supply chains, face random demand over time and can be
shared by others. We consider an operational setting where a resource is shared by two different
classes of customers, the primary class (existing customers) and the secondary class (new firms)
customers, under a service level based pricing contract with the secondary class customers which
specifies the unit price of service as well as the quality of service offered. We assume that the
Poisson arrival rate of secondary class of customers depends linearly on the unit price of service
as well as on the service level offered. In our model, we use delay dependent priority scheme for
queue management and stationary mean expected time as a quality of service measure. Given
an existing service level based contract between the service provider and the primary class of
customers, we analyze the impact of inclusion of secondary class of customers has on the system
utilization and service level of the existing customers. We study the joint problem of optimally
pricing and operation of the resource with the inclusion of the secondary class of customers,
while continuing to offer a pre-specified quality of service to primary class of customers. This
non-convex constrained optimization problem has two pricing (contract) decision variables and
two operational decision variables. While the two decision variables, the unit price of service and
quality of service level offered constitute the pricing parameters, the allowable rate of secondary
class customers and a parameter capturing the relative delay dependent queue priority form the
two operational decision variables. We observe that in our model, we can first find the optimal
operating parameters and then use them to find the optimal contract (pricing) parameters.
This follows from separability property of linear demand function. We search exhaustively for
Karush-Kuhn-Tucker points of the optimization problem to obtain the global optimum point.
We propose an algorithm that finds these optimal parameters in closed form expressions for
various possible values of input parameters. We also study in detail the structure and the non-

linear nature of these optimal decisions along with their sensitivity to various input parameters.



The study has implications in settings where a new firm enters into business requiring high
infrastructural set up cost and is willing to use the infrastructure of an existing firm after
entering into a pricing contract. An example is the entry of private firms into the inland rail

container movement business in India.
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1 Introduction

In addition to cost minimization, guaranteeing assured levels of service has been a dom-
inant concern while operating resources. In practice, it is possible that resources remain
under-utilized because of the random nature of demand and usage. Owners of such re-
sources may want to share the existing resources with others, including new firms, requir-
ing such resources. In such a scenario, the resource will be used by two different classes or
types of customers; the primary class customers (existing customers) and secondary class
customers (customers of other or new firms). Queueing systems are natural models for
resource allocation to customers who arrive over time. In this paper, we propose a priority
queue based model for the optimal use of excess capacity of a resource when customers of
both classes arrive over time and these customers will be offered pre-specified Quality of
Service (QoS) level guarantees. In particular, we consider the issue of optimal pricing of
excess capacity of a server for an independent Poisson stream of secondary class customers
whose arrival rate is sensitive to both the offered mean waiting time (QoS level) as well as
to the price charged per customer while simultaneously ensuring that the mean waiting

time (QoS level) of the primary class customers is less than a pre-specified level.

We assume that the resource owner has a long term agreement with the primary class
customers which specifies a QoS level to the primary class customers. The agreement
assumes a Poisson demand for the primary class customers. The inclusion of secondary
class customers into the system increases the traffic intensity at the resource, which in
turn, affects not only the system utilization but also the effective service level offered
to the primary class customers. Therefore, one needs to control the arrival rate of the
secondary class customers into the system. We assume that the demand of the secondary
class customers depends not only on the price charged but also on the assured service
level. Such a pricing scheme will influence the secondary class customers’ demand and

hence it can be viewed as a mechanism to control the traffic intensity at the resource.

The customer’s service level depends on the queueing discipline at the resource. A
queue discipline used will therefore affect the secondary class customers’ arrival rate whose
demand is sensitive to unit admission price as well as to the assured service level. That,

in turn, also affects the effective service level offered to the primary class customers.



Thus, the queue discipline employed can be viewed as another mechanism to control the
traffic intensity at the resource. The simplest queueing discipline is first come first serve
(FCFS). But, FCFS queueing discipline does not provide differentiated service level. A
differentiated service level between customers of different classes can be achieved using
priority queue management discipline. Such a priority scheme can be either static or
dynamic. The static priority scheme may cause long delays to the jobs of low priority
customers. A dynamic priority scheme eliminates the disadvantages of FCFS and static
priority disciplines as jobs for service are now selected based on their actual waiting times
as well as their priority class. In our model for resource sharing we use a delay dependent

priority queue management scheme originally proposed by Kleinrock (1964).

In this paper, we restrict ourselves to the case when QoS levels of a class are measured
in terms of the stationary expected waiting time in queue of customers of that class.
An assured service level for a class implies that the stationary expected waiting time of
customers in queue of that class will be less than or equal to the assured mean waiting
time. We also assume that the potential mean arrival rate of the secondary class customers
is a linear function of unit admission price and assured service level. The resource owner
aims to select a pair of operating parameters, a queue discipline management parameter
characterizing the dynamic priority policy and an appropriate arrival rate of the secondary
class customers along with a suitable pair of pricing parameters, i.e., unit admission price
and assured mean waiting time for the secondary class customers, that will maximize
its expected revenue from the inclusion of secondary class customers while ensuring the
prevailing mean waiting time level to the primary class customers. Such a constrained
resource sharing problem can be viewed as a design of a QoS level based contract that
the resource owner wants to enter with the secondary customers. Given that secondary
customers’ Poisson arrival rate is linear in unit admission price and assured service (mean
waiting time in queue) level, the resource owner would like to quote optimal values for
these two quantities that also ensures pre-assigned QoS (mean waiting time in queue)
level to the primary customers. The secondary customers’ market will offer an additional
steady Poisson demand for the resource owner while availing a certain QoS (mean waiting
time) that is specified in the contract by the resource owner. The resource owner will
employ a dynamic priority management scheme to meet these QoS levels of both the
classes of customers. The stationary waiting time of a class in the queueing model can
be interpreted as the sample path based customer average of waiting times of members of
that class in a regenerative system like ours (Wolff 1989). This suggests a practical way
to implement such a long term contract that the resource owner may want to enter into

with the secondary class customers.

The assumption on the nature of demand function and the definition of customers’
service level help us to reformulate the resource owner’s constrained problem. The de-

cision variables of the reformulated problem are the operating parameters, the arrival



rate of the secondary class customers and the queue discipline management parameter,
while the suitable pair of pricing (contract) parameters, i.e., the unit admission price and
the assured mean waiting time for the secondary class customers, are derived using the
values of the decision variables at optimality of the reformulated problem. By choosing
various possible values of the Lagrange variables in the Karush-Kuhn-Tucker first order
necessary conditions of this reformulated optimization problem, we exhaustively search
for its Karush-Kuhn-Tucker points. One of the decision variables, the queue discipline
management parameter, can take the value of infinity (corresponding to head-of-the-line
static high priority to the secondary class customers) and hence constitutes a valid deci-
sion in our optimization problem. Therefore, we also separately analyze the constrained
optimization problem with arrival rate of secondary class customers as a single decision
variable, by setting the queue discipline management parameter as infinity. We next
compare the optimal solutions of these two optimization problems to obtain the global
optimal solution of the original constrained resource sharing problem. We identify its
global optimal solution for all possible values of input parameters, except for one finite
interval of Sy, the prevailing QoS level of primary class customers. Based on our analysis
and numerical experimentation, we conjecture an optimal solution for this finite inter-
val of S, also. This leads to an algorithm that terminates in finite steps with closed
form expressions for optimal values of both the pairs of operating parameters and pricing

parameters.

A consequence of the use of the linear demand function in the context of sharing a
resource over time is that the joint problem of optimal pricing and operation of excess
capacity can be separated; one can find optimal operating variables first and then use
them to find the optimal pricing parameters. Also, it turns out that the optimal decision
variables remain insensitive to the price sensitivity coefficient of the demand function.
One of our findings is that there exits an interval for the ratio of co-efficients of linear
demand function such that it is beneficial for the resource owner to offer static high
priority to the secondary class customers. For values of the above ratio to the right of this
interval, it may be optimal to use dynamic priority scheme. In such a case, a part of the
feasible values of S, will have three intervals and in these intervals exactly one of the two
operating parameters, either the optimal arrival rate of the secondary class of customers,
A%, or the parameter corresponding to optimal dynamic priority queue management, (3%,
remains constant. But, the optimum contract (pricing) parameters 8* and S¥ are different

non-linear functions in the different intervals of \S,,.

The sensitivity analysis of optimal parameters with respect to demand coefficients
shows that the increase in the maximum attainable demand rate of the secondary class
customers means that a delay dependent priority queue discipline needs to be used as part
of optimal policy over a wider range of S, values. The increase in service level sensitivity

coefficient of secondary class customer leads to the use of the delay dependent priority



queue discipline for a smaller range of .S, values.

This work is motivated by the recent opening up of the inland rail container movement
in India to both the private and public sector players, which till recently was solely
managed by Container Corporation of India Ltd (Concor), a public firm. The interested
companies have to arrange for a rail-linked inland container depot (ICD). Due to the high
infrastructural set up cost involved, new firms may be seeking to lease some resources like
ICDs from Concor (presently the only one to possess a rail-linked ICD) in the initial years
of operations. In a shared ICD, the existing customers of Concor are the primary class
customers whereas customers of the new firms constitute the secondary class customers
(Sinha et al. 2008). The framework we consider is optimal pricing of surplus capacity in
a general commitment based resource sharing model and can be potentially relevant in
many settings, e.g., a in-house manufacturing unit of a firm utilizing its excess capacity to
cater an outside firm’s demands, a third party logistics service provider serving multiple
customers. Other type of situations can be communication networks providing service to
different classes of customers. A contemporary example could be the determination of
charges a mobile telephony service provider can use while providing roaming services to

customers of another service provider.

Similar studies of Palaka et al. (1998), Pekgun et al. (2008), Ray and Jewkes (2004)
and So and Song (1998) determine an optimum pair of price and quoted lead-time for
customers sensitive to price as well as quoted lead time. The quoted lead time is identical
to assured service level. These studies assume a single class of customers and employ
FCFS queueing discipline. Palaka et al. (1998) and Pekgun et al. (2008) model customer
demand as a linear function of price and quoted lead time. The linear demand nature will
mean that secondary customers view price and service level as substitutes (Palaka et al.
1998). Such demand functions also exhibit nice elasticity properties that we summarize
later. Palaka et al. (1998) model the system as M/M/1 queue and consider that the
firm incurs congestion cost as well as pays lateness penalties. They find the optimal
decisions of the resulting profit maximization problem and study the impact of varying
parameters values on those optimal decisions. They also examine a situation in which it is
possible for the firm to expand capacity marginally. Pekgun et al. (2008) consider a firm
where pricing and lead time decisions are made by two independent functions, marketing
and production, respectively. They model the firm’s operations as a M /M /1 queue and
the sequence of decisions as a Stackelberg game. They show the inefficiencies resulting
from decentralized decision making and present a coordination scheme to overcome those

inefficiencies. Their focus is on the desirability of coordination issues in this setting.

Ray and Jewkes (2004) extend the linear customer demand model by assuming that
price itself is function of lead time. They assume that the firm can reduce the lead time

by investment in capacity. They first determine the profit maximizing optimal policy



and thereafter investigate the behaviour of the optimal policy under various changes of
the system parameters. They specifically present the conditions under which overlooking
price and lead time dependence will lead to a sub-optimal decision. They also extend
the model by incorporating economies of scale to unit operating cost. In contrast, So
and Song (1998) consider log-linear Cobb-Douglas demand function to reflect customer’s
sensitivity to price and lead time and model a service facility as a G/G/1 queue. They
determine the optimal price, lead (delivery) time quote and short-term capacity expansion
level which maximizes the average net profit while maintaining a predetermined level of
delivery reliability. We restrict ourselves to a linear demand model. We advocate the use
of dynamic queue management schemes as part of service level based pricing in multi-class

queueing models.

Hall et al. (2002) study a similar setting where a resource is shared by two different
classes of customers. They assume FCFS queue discipline at resource and also assume
that the demand is sensitive to just unit price. They focus on dynamic pricing policies
which depend on the production system (queue) status. They demonstrate the properties
of the optimal policies and show that a policy of uniform pricing up to cutoff state is
superior according to a certain performance/complexity ratio measure. We, in contrast,

focus on static pricing scheme with dynamic queue discipline management.

We present the details of the operational setting and the optimal constrained resource
sharing problem in Section 2. Analysis of this optimization problem are given in Section
3. Based on it, we present in Section 4 the algorithm to select the optimal contract
parameters for secondary class customers and optimal parameters to operate the resource
and also illustrate the algorithm by several numerical examples that correspond to various
possible cases of the input data parameters of the model. Further, we present details of
our understanding of the model and sensitivity analysis of its optimal solutions in Section
5. A preliminary version of the algorithm along with a numerical example are presented
in Sinha et al. (2008). In the present paper, we present detailed arguments that lead to

the algorithm along with an extensive sensitivity analysis.

2 A queueing model for a shared resource

Let A, and A; be independent Poisson arrival rates of the customers of the primary and
secondary classes respectively. As the service requirements of the primary and secondary
class customers are identical in nature, we assume that the service times, i.e., time taken
by the resource to complete a job irrespective of customers’ class, are independent and
identically distributed random variables with mean 1/ and variance o2. Further, the
queue discipline employed at the resource is head-on-line (non-preemptive) delay depen-

dent priority scheme. A schematic view of the system is shown in Figure 1.
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Figure 1: Schematic view of the shared resource

The delay dependent priority scheme is an example of dynamic priority scheme. A
queueing system with delay dependent priority scheme was first studied by Kleinrock
(1964). It consists of P priority classes associated with a set of variable parameters
{bp}f, where 0 < b < by < ... < bp. The instantaneous priority at time ¢ of a class
p job that arrived at time 7}, is given by ¢,(t) = (¢t — 1,)b,. After a service completion,
the server chooses the next job with highest instantaneous priority ¢,(-) from all available
jobs. If there is a tie for the highest instantaneous priority, then it is broken by using
FCFS rule. Here, a higher priority job gains priority at faster rate than lower priority jobs.
The steady state expected waiting time in queue for a class p job in M/G/1 head-on-line
delay dependent queue is given by the following recursion (Kleinrock 1964, Kanet 1982):

o (-3)

W,,: . pefl2.. P} (1)

P bp
1‘2“(“3)

Ap 1
where p; = HJ,p—sz, WO—Z—( ;—F—) and 0 < p < 1. We note that the

2
p=1 Hp

queue parameters {bp 1 only appear as ratios b,/b,.; in the expression for W,. Also,
the conservation law for M/G/1 system with non-preemptive work-conserving queueing
discipline (a system in which work is neither created nor destroyed within the system)

(Kleinrock 1976) states that

pWo

P

p<l1
Sy ={ 1=
p=1

o0 p=>1

Let b, and b, be the associated parameters of the primary and secondary class cus-
tomers respectively in our system. Alternatively, we define relative priority queue dis-
cipline management parameter 3 as a ratio of the associated queue parameters to the
primary and the secondary class customers, i.e., 5 := by/b,. The selection of the rela-

tive priority control parameter (3 defines different regimes of the delay dependent priority



queue.

e <1 (bs <b,). This implies that the primary class customers get higher priority
than the secondary class customers. When [ approaches zero, the queuing system
becomes equivalent to a static priority queue with high priority to primary class
customers.

e 5 =1 (b; =0b,). This implies that both classes of customers get equal priorities.
Thus, the queueing discipline is FCF'S.

e 3>1 (bs > b,). This implies that the secondary class customers get higher priority
than the primary class customers. When 3 approaches infinity the queuing system
becomes equivalent to a static priority queue with high priority to secondary class

customers.

Figure 2 summarizes the relationship between the control parameter § and priorities of

the primary and secondary class customers.

Delay dependent, high priority ~ Delay dependent, high priority

to primary customer b >bg to secondary customer  b<bg
| | 77 |
B=0 =1 B=oc
Static high priority FCFS Static high priority
to primary customer B - to secondary customer

Figure 2: Effect of queue discipline management parameter on queue discipline

Recall that we assume that the prevailing agreement between the resource owner
and the primary class customers results in a Poisson arrival rate A, of the primary class
customers. In the absence of the secondary class customers, it is assumed that the resource
owner is able to fulfill the assured mean waiting time requirement of the primary class
customers, given by S,, and still the facility is under-utilized. This assumption holds if
and only if S, > S’p, where S’p is the expected waiting time in queue for the primary class
customers when the resource is dedicated to the primary class customers. In the M/G/1

A

setting, S, = #f:\p) where ¢ = [1 + o2p?] /2.

Let A4(6, Ss) be the corresponding potential Poisson arrival rate of the secondary class
customers with a charged unit admission price of # per completed job and assured service
level of S;. We assume that this rate is a linear function of the unit admission price and

assured service level, i.e.,

Ay(0,S,) = a—bo — ¢S, 2)



for some given constants a,b,c > 0. The coefficients a, b and ¢ represent the maximum
attainable mean arrival rate (market potential), price sensitivity and service level sensi-
tivity respectively. We have assumed linear demand function because it is convenient and

it exhibits the following desirable properties (Palaka et al. 1998).

1. The demand function is separable in price and assured service level and thus makes
price and service level as substitutes.

2. The price elasticity of demand, —b0/(a — b0 — ¢S;), increases with increase in 0
and S,. This results in higher price elasticity of demand at higher unit price # and
higher service level S;. Thus, customers are more sensitive to high prices when they
wait for longer periods of time in the queue. A similar property is valid regarding

service level elasticity.

As the arrival rate of the primary class customers remains fixed at A,, the expected
waiting times of the customers depend only on the mean arrival rate of the secondary class
customers A, and relative queue discipline management parameter 3. Let W,(\s, 5) and
Ws(Xs, B) be the expected waiting times in the queue for the primary and the secondary

class customers respectively.

The resource owner aims to select an appropriate arrival rate of the secondary class
customers A, a suitable pair of pricing parameters 6 and S5 for the secondary class
customers and a queue discipline management parameter 3 that will maximize its expected
revenue from the inclusion of secondary class customers while ensuring the prevailing mean
waiting time to the primary class customers. The resulting constrained resource sharing

problem of the resource owner is as follows

Po: max O\ (3)
26.0,55,8
Subject to: W,(As, B) < 5, 4

(4)
Ss 2 Ws(As, B) (5)
As S =N (6)
As < a— bl — S, (7)
s, 0,55, 6 > 0. (8)

Here, constraint (4) ensures that the resource owner does not violate the prevailing service
level commitment to the primary class customers while sharing the resource. Constraint
(5) restricts the resource owner to offer a service level commitment to secondary class
customers within system capability. Constraint (6) sets a restriction on maximum per-
missible mean arrival rate of secondary class customers based on processing capability
of the system, i.e., it avoids instability of the multi-class queue. Later we show that

this constraint indeed remains non-binding at the optimum and ensures stability of the



multi-class queue. Constraint (7) ensures that the mean arrival rate of secondary class
customers should not exceed the demand generated by charged price # and offered ser-
vice level S;. The last constraint captures the non-negativity of the mean arrival rate
of secondary class customers )y, price 6, assured service level Sy and queue discipline

management parameter (3.

Constraint (7) will hold as an equality in an optimal solution given that the demand
is a separable function of both price and assured service level (Palaka et al. 1998). Next,
we claim that constraint (5) will also hold as an equality in an optimal solution. For,
suppose that the optimal solution of the optimization problem is given by mean arrival
rate of secondary class customers A%, price 6%, assured service level S} and queue discipline
management parameter 3* that satisfy S¥ > W (A%, 8*). We already know that constraint
(7) will hold as an equality in an optimal solution. Therefore, the objective function can
be rewritten as 3 [aA; — A2 — ¢A,S;]. Since the objective function is a decreasing function
of S5, an assured service level S’ such that S¥ > S! > W, (A%, 8*) will increase the earned
revenue of the resource owner. Therefore, the constraint (5) must hold as an equality in

the optimal solution.

In view of the fact that the above constraints are binding at optimality, the resource

sharing problem of the facility owner, (P0) can be rewritten as

1
P1: max o [aXs = A2 — AW, (A, )] (9)
Subject to: W,(As, B) < S, (10)
As < — A (11)
s, B> 0. (12)

Once the optimal mean arrival rate of secondary class customers A* and queue discipline
management parameter 5* is known, the optimal price §* and assured service level S¥ is
obtained using equalities A = a —b0* — ¢S* and S¥ = W,(\L, 5*). The objective function
(9) indicates that the optimal choices of Ay and [ remain insensitive to price sensitivity

co-efficient b of the secondary class customers.

Further, we claim that the constraint (11) should remain non-binding at the optimal
point, i.e., the constraint (11) will hold with strict inequality at optimality, A} < p—A\,. To
arrive at a contradiction, let us assume that the constraint (11) is binding at the optimal
point, i.e., A\¥ = u—X\, . We note that as S, is finite, W, (A%, 5*) will be finite at optimality.
Suppose Sy > a_cbe; then, the demand function (2) results in Ay < 0. Thus, Ay > 0 if and
only if S, < S(#) where S,(8) = b As S,(f) is a finite number, the optimum S* will
remain finite. Also, at optimality S* = W, (A%, 3*). Therefore, W(A%, 5*) should take a
finite value at optimality. When A\, + A\ = p, it is not possible to have finite W, (A%, 3)

and Wy (A%, 8) simultaneously for any feasible . This contradicts the initial assumption

10



that the constraint (11) is binding at optimality, i.e., A\ = u — A,. Hence, the constraint

(11) will remain non-binding at the optimal solution.

3 Optimal pricing and operation of the resource shar-
ing model

Using recursion (1), the expected waiting times in queue for the primary and the secondary

class customers are given by

A [ = A1 = B]] A\
) )\37 = <1
p( ﬁ) 5“1{6_ y T [,U—)\] [H_)\S [1_%

ol = A = Ap 1=
Y. o p =21 3]]
==, = T e

H ]l{ﬁ>1} (13)

Ws()\syﬁ) =

where A = A\, + X, ¥ = [1 +0%4% /2 and 1;; denotes the indicator function which is
equal to 1 if the statement between braces is true and 0 otherwise. We note that the
objective function and the constraint (10) of the resource sharing problem P1 are defined
differently in the regions corresponding to # < 1 and $ > 1. This aspect distinguishes

the optimization problem P1 from a classical optimization problem.

First, we note some useful properties of W,(\s, 5) and Wi(As, 3) whose details are
given in Appendix. Next, we show that the above optimization problem is a non-convex
problem.

1. W,(As, B) and W(As, () are increasing convex function of A, in the interval [0, i — A,).

2. W,(As, B) is an increasing concave function of 8 > 0 whereas Wi (s, ) is a decreas-
ing convex function of 5 > 0.

3. Wy(As, B) is neither a convex nor a concave function of (A, ) where A; € [0, u—\,)
and 3 > 0. Also, W,(\s, 8) is not quasi-convex function of (A, 3); a numerical
example is given below.

4. A\ Ws(As, B) is neither a convex nor a concave function of (A, 3) where Ay € [0, u—X\,)
and 3 > 0.

We demonstrate below by a numerical example that the W,(\s, 5) is also not a quasi-
convex function of (A, ) where Ay € [0, 4 — A,) and 3 > 0. Let us assume that A, = 8,
p =10 and o0 = 0.1. We note that W,(1.5,0) = 0.475, W,(0.5,1) = 0.567, W,(1,0.5) =
0.825 and

W,(0.5(1.5,0) + 0.5(0.5,1)) = W,(1,0.5) > max {W,(1.5,0), W,(0.5,1)} .

11



The above inequality violates the necessary condition for a function to be a quasi-convex
function (Bazaraa et al. 1993); hence, W,(\, ) is not a quasi-convex function over A, €
[0, — A,) and § > 0. This means that, because constraint (10), the feasible region will
be non-convex. Also, the Hessian matrix of A ;W(Ag, 5) at (A; = 0.1, = 0.5) is

0.972 —1.009

—-1.009 0253 |
The eigenvalues of this Hessian matrix are 1.684 and -0.459. This implies that A;W,(\g, 5),1.e.,
third term of the objective function, is neither a convex nor a concave function of (A, ).
Hence, optimization problem P1 is a non-convex constrained optimization problem.

The Lagrangian function corresponding to the non-linear programming (NLP) problem

P1 can be expressed as

1
L1<)\3757 Uy, Uz, Ug) = E [a)‘s - )‘z - C)\SWS()\S7B)] +uq [Wp()\svﬁ) - Sp]+u2)\s+u35 (15>

where uq, us and ug are the Lagrangian multipliers. The optimum value of the vector
(Xs, B3, u1, us, ug) should satisfy the Karush-Kuhn-Tucker first order necessary conditions.

These are given as follows (Bazaraa et al. 1993):

oW ow,
CL—2)\S—C |:WS—|—>\58—)\S:| —I—bu1 a)\sp +bu2 =0 (16)
oW, oW,
— = 1
CAs 7 + buy o +buz =0 (17)
ui [W, — S8,] =0 18

(18)
ugAg =0 (19)

uzff =0 (20)

W, <S5, and Ay < p— A, (21)
up < 0; A, B, ug, ug > 0. (22)

A Karush-Kuhn-Tucker (KKT) point is defined by a specific vector (A, 3, u1, us, uz) that
satisfies the conditions (16)-(22). If the KKT point also satisfies the second order sufficient
conditions then it can be either a local or a global optimum point of the NLP P1. We
note that if the Lagrangian multiplier uy is such that uy > 0, then the KKT condition
(19) is satisfied if and only if A\; = 0, in which case objective function value is zero. As
the objective of the resource owner is to earn a strict positive revenue, we ignore values
of us > 0 in further analysis and assume throughout that u, = 0. The analysis below
exhaustively searches for all possible KK'T points of the optimization problem P1 where

uy = 0, i.e., assigns specific values to the remaining four unknown elements of a possible
KKT point.

12



First, we investigate the KKT conditions (17), (20) and (22) in detail. Let us assume
that 8 > 0 at optimum. If 8 > 0, then the KKT condition (20) is satisfied iff uz = 0.

Given ug = 0, the KKT condition (17), using work conservation relation, results in

e, s

s7o3 cA
u = ban =—=L. (23)
75

Next, let us consider that 3 = 0 at optimum. The simplification of the KKT condition

(17) at G = 0 results in
AP [eA, + bud]

bl — Al — Ap)*
We note that usz > 0 iff u; < —C’\Tp given that 0 < Ay < pu — A, and A\, > 0. In particular,
us =0 at uy = —%. Thus, the KKT conditions (17), (20) and (22) are satisfied if and
only if one of the following hold true:

ug = (24)

C1: ulz—%,%:OandﬁZO.

B AsAY[eA, + buy ]
bl — Allp — ApJ?

The above investigation explicitly assigns specific values to two unknown elements of a

A
C2: uy < -5, ug =

and 8 = 0.

possible KKT point. The remaining two unknown elements of a possible KKT point is

obtained by solving the Equations (16) and (18) (note that uy = 0 at optimum).

Next, we investigate the KKT condition (18) considering the fact that the constraint
(10) can be either binding or non-binding at optimum. If the constraint (10) is binding
at the optimum, then the KKT condition (18) gets automatically satisfied irrespective of
the value of u;. On the other hand, if the constraint (10) is non-binding at optimum, then
the KKT condition (18) is satisfied if and only if u; = 0. But, we note from conditions
C1-C2 that uy should be less than or equal to —% to satisfy (17), (20) and (22). As
C)‘T” # 0, the KKT conditions (17), (18), (20) and (22) are not satisfied simultaneously at
uy = 0. This implies that it is not possible to have a KKT point with the constraint (10)

non-binding. Therefore, the constraint (10) will always be binding at optimum.

Further, we note that the classical optimization theory and thereby the KKT first
order necessary conditions inherently assumes finite values of the decision variables. The
above analysis which results in a particular value of Lagrangian multipliers also considers
that both A\, and 3 are finite. But, § = oo is a valid decision in our optimization problem.
Therefore, we separately analyze the resulting one-dimensional optimization problem (by
setting 8 = oo in the NLP P1) in Section 3.2. In Section 3.3, we aim to identify global

optimal point using both these solutions.
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3.1 Relative queue discipline management parameter 3 < oo

The above analysis establishes that a KKT point should satisfy either condition C1 or
condition C2. Also, the constraint (10) is binding at the optimum. In the analysis below,
we consider C1 and C2 individually and solve the equality relationship W,(Xs, 5) = 5,
and Equation (16) for unknown elements of the KKT points. The analysis assuming that

KKT point satisfies condition C1 results in Theorem 1 below.

2 —
Theorem 1. Suppose a > M
¢ p(p—=2A)
root of the cubic G(\s) in the interval (0, — \,):

. Then, there exists Y which is the unique

G(As) = 203 — [c) + p(a + 4do)] A2 + 2¢0[ct) + pu(a—+ ¢o)]As — apdy + cp Xy (1 + ¢o) (25)

where ¢o = L — Ap. Denote \y = A\, + A and further assume that S, lies in the interval

A A
1= u[/jb —1Ap]’ [ — Ag})][lu — Al]) ond 9 1 given by
(I = NSl = Ap] — Y\ YA g o WA
AT — 1SpAp[p — ] for ple =) =77 T plp = M)
5(1) —
S [1 = Ad] for YA YA
[ oA — Syl — M) — Ad] =2 = AP = A

(26)
Then, A" and BV is a strict local mazimum of the NLP P1 and the constraint (10) s
binding at this point.

Proof. First, we show that A s the unique root of the cubic G(As) in the interval
(Oa B )‘p)

Ay (20— A
Claim 1. If e %W then, the cubic G(\s) has an unique root in the interval
¢ HH— Ap
(Ov B /\P)
Proof. See Appendix. m

The work conservation law applied to our setting results in

A1)
AWV, 4+ AW, = — . (27)
ST TP
Let us assume that the Lagrangian multipliers are u; = —C)\Tp7u2 = 0 and uz = 0. Note

that the constraint (10) is binding at the optimum; therefore, these values of the La-

grangian multipliers satisfy KKT conditions (17)-(20). When the Lagrangian multipliers

14



are u; = —%, uy = 0 and uz = 0, then the KKT condition (16) can be rewritten as

O 0, + AW,] = 0. (28)

— 2\, — c—
a ca)\s

Using equation (27) in equation (28) results in a cubic equation given as

G(Ns) = 2uN2 — [t + p(a + 40| N2 + 2¢0[ct) + pla + ¢o)]As — apdl + e, (i + ¢o) = 0

where ¢g = p1—A\,. As A is the unique root of the cubic G(Xs) in the interval (0, u—A,),
solving G(As) = 0 for Ay € (0,0 — A,) results in \; = AL,

Claim 2. There exists a queue discipline management parameter 3 > 0 which satisfies
the equality W,(As, ) = Sp if A\p > 0, As > 0, A\, + Ay < p and S, lies in the interval

YA P ) =
, , where A = X\, + \;. The value of (3 is
plpe =) 1= N[ = Al '

[N - /\] [NSP[H — )‘p] - QW‘] YA g PYA
) YN — pSpApp — Al Jor pulp = Al =0 S
8= (29)
Sl — B A
S
YA = Splp = Al = Al for =N A=A
Proof. See Appendix. O

Let 31 = 3 for A\, = AV and S, € I. From Claim 2, we know that Wp()\gl), BY) = S,

The point given by )\gl), BY g = —%, us = 0 and uz = 0 satisfies KK'T conditions

(16)-(22) and is a KKT point of the problem P1.
The restricted Lagrangian function L; (s, ), (page no. 168, Bazaraa et al. (1993)), at
this KKT point is given by L ()\S,ﬂ; up = —C/\Tp, ug = 0,u3 = 0). Using Equations (27)

and (15), we get
~ 1 A21)

Ly ()‘svﬁ> = 7 {a)‘s - )‘g - C—)\

2 IS + c)\pSp} . (30)

We note that the restricted Lagrangian function is independent of 3. The Hessian of the
restricted Lagrangian function Hj (A, §) is given by

2 cu)

PA1
plp—Ap)?

the constraints g; (s, 8) = W,(As, 5) < S, and g2(As, 3) = > 0 are binding for this KKT

The above matrix is negative semi-definite as gt — A > 0. It is evident that at S, =
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point. Also, the constraint g;(As, 3) is strongly active (i.e., the associated Lagrangian
multiplier is non-zero) whereas the constraint go(\s, ) is weakly active (i.e., the associated

Lagrangian multiplier is zero). The gradients of these binding constraints are given by

K1 0
Vi (A, ) = and Vgo (\?,0) =

K9 1

where k1 = W and Ko = Wo We know that 22 9We ~ () for As € (0,u—A,) and 5 > 0.

s a8 s’ 9B
A non-zero vector d = (dy, d5) that satisfies d.Vg; (A, 1)) = 0 and d.Vgo (ALY, 1) > 0
simultaneously is given by d; = —“Z—‘fQ such that dy > 0. We note that

2 cup Kods \ 2
A (AD. g0y T — 2 (1 v (L 0 forall dy>0.
i, (A, ) 7 +(M—>\1)3 p < or all dy >

Next, if S, > #ﬁ;p}, then only constraint g;(\s, 3) = W,(As, ) < S, is binding at that

[
KKT point and also it is strongly active. A non-zero vector d = (dy,dy) that satisfies

d.Vgl()\gl), B =0 is given by d; = —“iib such that ds # 0. Again, we note that

@ gy T 2 cp) Kods \ 2
dH; (AD, g0 dT = —= tee ) <0 forall dy#0.

b p—Ap)3 K1
Hence, the KKT point )\(sl), Yy = —CATP, uy = 0 and uz = 0 is strict local maximum
of the NLP P1 if S, lies in the interval I. O

Corollary 1. The mean arrival rate of the secondary customer MY which is a local optima

point, is independent of S, in the interval I.

Proof. The optimal AW is the root of cubic G (As) which is independent of S,,. Therefore,
)\gl) is independent of S, in the interval I. O

We now find KKT points which satisfy condition C2. This results in a strict local
maximum of the NLP P1 for S, lying left to the interval I. Theorem 2 below states this
result.

Ap (21— Ap)
o — )‘p)Q
where Ay = )\p+>\§” and \" is the unique root of the cubic G(Xs) of Equation (25) in the

interval (0, ju—\,). Then, \? = W

Theorem 2. Suppose a > Y and S, lies in the interval I~ = <& w—’\l)
c

lp=Ap]? plp—Ap]

L), and B® =0 is a strict local mazimum

of the NLP P1 and the constraint (10) is binding at this point.

Proof. Let us first assume that the queue discipline management parameter 3 = 0 and the

Lagrangian multiplier us = 0 at the optimum. Note that the constraint (10) is binding

16



at the optimum. Given 8 = 0, the equality relationship W, (A, 5) = S, results in

- A
)\(2)5)\3:M_)\. (31)
s w P
We note that A% is an increasing function of S, as 88’\—5 = @ >0for 0 <A, <p
and ¢ > 0. Also, AP =AY at Sp = u[Z’:\i\p]. Therefore, 0 < AD < AW for Sp €17, As

uy = 0 and = 0, the KKT conditions (16) results in

A+ A) = N | =N,
@) — ., — _ [a - 2)\9) - CQX}(/L(_Q )—;)(,u >— )\2)22] M(Hlﬂb ) %

where Ay = A, + AP Also, we note that if 0 < A\, < /\gl), then

oy,

a—2\s — ¢

AN W A

pA+A) = N ] p=N) _ (= X)GO)

This inequality follows from the proof of Claim 1 which establishes that G(\s) < 0 when

0< A < AY and e > %@D . This implies that u§2) < —C)‘T” as 0 < A2 < AV, Take
—\p

uéQ) = ug, obtained using A, = A\ and u; = u(lg) in Equation (24). We note that uéQ) >0
(2)

as uy < —%. The point Af), 6 =0, u§2), up = 0 and ugf) satisfies the KKT conditions

(16)-(22). Thus, it is a KKT point.

Given S, € I~, we note that the constraints g, (s, 8) = W,(As, 8) < S, and ga(As, 5) =
(6 > 0 are binding for this KKT point. Also, these constraints are strongly active. The
gradients of these binding constraints at this KKT point are

uipAp 0
vgl (AgQ)a O) = and VQQ ()\22)’ 0) =
A2 Aa9 1

(1=2p) (1—A2)?

where Ay = A, + AP We observe the both terms of Vgl()\gQ),O) are strictly non zero
as /\p,/\gQ) > 0 and A\, + A2 < . Hence, the gradients of these binding constraints,
Vgl()\g2),0) and Vgg()\gQ),O), at the KKT point are linearly independent. Therefore,
this KKT point is a strict local maximum (Corollary of Theorem 4.4.2, Bazaraa et al.
(1993)). [

Corollary 2. AP s q linearly increasing function of S, in the interval 1~.

5 _ @)
Proof.Wehave%:%>0asM>Ap>Oand1/1>0.Also,%zo‘ O
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3.2 Relative queue discipline management parameter 3 = oo

In this section, we analyze the resulting one-dimensional optimization problem by setting
B = oo in P1. Let W(\,) = Wi(\s, 3 = 00) and W,(\s) = W,()s, B = 00). The resulting

optimization problem, P2, is given as

1 .

P2. max [a)\s 2 AL () (33)
Subject to: W,(\s) < S, (34)
As < = )‘p (35)

A >0 (36)

Let us define fi(\;) = aX, — A2 and fo(X,) = AWi(A,). fi()s) is concave function of
A as %2—)\’%1 = —2 < 0. We observe that \; > 0 and Ws(/\s) > 0 for A\ € [0, —N\,).
We note that A is linear and W(\s) convex increasing functions of Ag in the interval
[0, 0 — Ap). We know that product of two positively valued, increasing convex functions
of the real variable defined on the same interval is an increasing convex function. This
implies that fo(\s) is an increasing convex function of Ag in the interval [0, — A,). As
objective function is 1[f1(Xs) — cf2(Xs)], it is a concave function of A in the [0, — Ap).
Also, we know that T,()\,) is a convex function of A, in the interval [0, — ),). So, if
the objective function and constraints of the optimization problem P2 satisfy the KKT
sufficiency conditions, the KKT point, if it exists, will be a global optimum. Further, we
note that the first term of the objective function is increasing whereas the last two terms

are decreasing functions of A4 in the interval [0, u). Therefore, the objective function is a

unimodal function of A, in the interval [0, u).

Following the earlier arguments, we observe that the constraint (35) will remain non-
binding at the optimum. The Lagrangian function corresponding to the NLP P2 can be

expressed as

1 -
Lo(, v1,05) = & [a)\s L cASWS(AS)} + [Wp()\s) _ Sp} T, (37)

b

where v; and v, are the Lagrangian multipliers. The KKT first order necessary conditions

for the NLP P2 are given as follows:

" oW,

Ws+ As——
AN

oW,
I

a—2\, — ¢ + by +bvy =0 (38)

v [Wp - Sp} —0 39

W, <S8, and A, < pu— A\, 41
v1 <05 A5, 02 >0 42

(39)
T (40)
(41)
(42)
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A KKT point is defined by a specific (Ag, v1,v2) that satisfies the conditions (38)-(42).
Again, note that if the Lagrangian multiplier vy > 0 then the KKT condition (40) is
satisfied if and only if \; = 0, in which case objective function value is zero. As the
objective of the resource owner is to earn a strict positive revenue, we ignore values of
vy > 0 in further analysis and assume throughout that vy = 0. The analysis below look
for all possible KKT points of the revenue maximization problem P2 with v, = 0, i.e.,
assign specific values to the remaining two unknown elements of a possible KKT point.
We also know that the constraint (34) will be either strictly binding or non-binding at
the optimum. Theorem 3 identifies an interval of S, where the constraint (34) is strictly
non-binding at optimality.

-\ - a\, —c

By 2M/\;27 +ep(p+ Ap)
AP which is the unique root of the cubic G(Xs) in the interval (0, — \,):

Then, there exists

A
Theorem 3. Suppose ¢ 1 and a
¢ op

G(Ns) = 20X — [ap+ e + 4] N2+ 2 [ap + e + 12 Ay — p[ap® — cv),)]  (43)

YA

IERITEPY]
Then, AP s the global maximum of the NLP P2 and the constraint (34) is non-binding
at this point.

Denote A3 = Ap+A§3) and further assume that S, lies in the interval J = (

Proof. First, we show that A§3> is the the unique root of the cubic é(AS) in the interval
(0, 1)

i\ B
Claim 3. If LN =1, then, cubic G(X\s) has unique root in in the interval (0, i1).
¢

Proof. See Appendix. m

: H=Ap alp—cyp
Observe that given D T (a iy

(0, 1) indeed is strictly less than g — ),. This follows from the fact that G(u — ;) =

—Ap alp—c
(= )‘p)(Qﬂ)‘;Z) + e+ Ap)) — pAplar, —c) >0 as Mu)\p > Q#Ag-pcw(f-i—)\p)‘

Let us assume that the Lagrangian multiplier v; = 0 at optimum. Given v; = v, = 0,

7 the unique root of cubic G(),) in the interval

the KKT condition (38) results in a cubic equation given as

G(Ns) = 2u)\3 — [au + cy + 4/12] A 2u [au +cp+ MQ] As — I [GMQ - C"‘W\p} =0

alp—cy
§ 22+t hp) i
root of the cubic G();) in the interval (0,4 — A,). Therefore, solving G(A;) = 0 for
As € (0, u—Ap) results in A\, = AP Further, Wp(/\ff)) = % where A3 = )‘p"‘/\gg)-
H—As "[[H—A3
We note that Wp()\?)) < S, for S, € J. The AP v = 0 and v, = 0 satisfies KKT

Note that under assumptions of & > %@/J and £ #_)\/\” > AP s the unique
D
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conditions (38)-(42) and therefore it is a KKT point. This point is global maximum of

P2 for S, € J as P2 is a convex optimization problem. O

Let us assume that the input parameters satisfy the assumptions of Theorem 3. This
implies that AP < p — Ap and interval J is defined. Earlier, we demonstrated that
the objective function of the revenue maximization problem P2, say Os(s), is unimodal
function of A, in the interval [0, ). Given S, € J, each constraint of P2 is strictly non-
binding at Ay = Ag3). Therefore )\23) should also correspond to the unimodal point of the
objective function. This implies that the objective function is increasing in the interval
[0, )\9)]. Now, we claim that the constraint (34) is binding at optimum for S, ¢ J. This
is proved using contradiction. Note that S, ¢ J lies left to the interval J. Let us assume
that )\, is an optimum point for S, ¢ J and the constraint (34) is strictly non-binding at
the optimum, i.e., W,(\,) < S,. Note that, if A, > AY | then WP(AS’)) < S, also holds
as W,()\,) is an increasing function of A\, € [0, x — A,). This contradicts the assumption
that A, is optimum because AP is unimodal point of the objective function. Therefore,
Xs < AP, Assume that A, = A, satisfies W,(\s) = S, for the same S, ¢ J. As W,()\,)
is an increasing function of A\; € [0, — A,), the inequality X < Ay < AP will hold.
This results in Oy(),) < Oz(\,) as the the objective function is increasing in the interval
[0, AS”)]. This contradicts the initial assumption that ), is optimum and the constraint
(34) strictly non-binding at the optimum. Hence, the constraint (34) should be binding

at optimum for S, ¢ J. A graphical illustration of this argument is given in Figure 3.

Oy(As) or Wp(As)

Figure 3: Illustration of the optimization problem P2

alp—cy
SpAZ+ e (i)
function lies outside the interval [ — A,). Again, the similar arguments establish that

Also, we note that if “;’\” <
HAp

, then the unimodal point of the objective

the constraint (34) should be binding at optimum for S, > S,. The above discussion
asserts that the constraint (34) is binding at optimum for S, ¢ J. Theorem 4 defines such

intervals of S, where the constraint (34) is binding.
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A
Theorem 4. Suppose 4 > —gw and S, lies in the interval J~ that is defined as:
c p

( YA, A3 iy = N a, — e
= [ = AP — Ay Py T 2pN2 et Ny)
I = (44)
(&, oo) otherwise

C A\ = A
where A3 = A\, + 2D and AP s the um’que root of the cubic G()\,) of Equation (43) in
the interval (0, ,u - ) whenever ” > QW\gajr\é’;(ﬁw\p).
Then, AV = g [S 20— A+ — \/Sp)\p + ) + 4SS, | is the global mazimum of

the NLP P2 and the constraint (34) is binding at this point.

Proof. We note that J~NJ = (); therefore, the constraint (34) will be binding at optimum
for S, € J~. We first show that there exists unique A; € (0, u—A,) that satisfy the equality
W,(\) = S, for S, > 2%

u[u A]'

Claim 4. Given S, > )\ SwE there exists unique s in the interval (0, — Ap) that satisfy

the equality W »(As) = S . It is given by

As = Sp 2= Ap] +40 — \/[Sp)‘p + ¢]2 + 4 Sy

25,
Proof. See Appendix. n
Take AP = \,. As WP(AS*)) = S, the point \; = AW satisfies the KKT condition

(39) irrespective of the value of the Lagrangian multiplier v;. Given Ay = AP and vy = 0,
the KKT condition (38) results in

7 |:>‘p + 2A§4’] - [/\24)} NN [u — AE‘”] i

i [ o Ag)} ? TAMPES W

vV =0 =— [a—2\Y —

@ AP -]
where \y = A\, + AY. We note that v§ ) < 0if and only if *= 2)‘4 > u[ - ] [ ] as

> PNOIE
Ap > 0and 0 < A < - Ap. The rearrangement of this inequality results 1[11 G(j ) <0.
Given ¢ M—Sz/z, the Claim 3 has already established that G()\S) < 0 in the interval (0, A8 ]
where A\ is the unique root of the cubic G(),) in the interval (0, z). This implies that
if >\§4) < )\g then the inequality U1 < 0 will hold true.

To establish that ALY < /\53), first consider the case when £ < ap—cy) ) and

pAp = 2uAZ+ch(ptAp
: - Ap¥ : B=Ap ap—cy
thereby the interval J— = (u[uﬂ\p],oo) Given me < ey We note from the
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proof of Theorem 3 that )\(53), the root of the cubic G (Xs), will always be greater than or
equal to ;t — A,. We have established in the Claim 4 that A < Ap and therefore

(4) (3) : : : pn—A arp—c
As’ < As7 under this assumption. Next, consider the case when M/\pp > e o )
and thereby the interval J— = < Apt (Ef)’\ . As the constraint (34) is binding at
u[u Al (= AP (=)
optimum, we note that AW = AP at Sy # We also know that W, »(As) is an
increasing convex function of A, in the interval [0, 1 —A,). Therefore, S, < % will
H—=As [ [H—

always result in A < AP This completes the argument that AW < AP for Sy € J.
The A, = A, v = U§4), vy = 0 satisfies KKT conditions (38)-(42). Therefore, it is a
KKT point and thereby a global maximum of the optimization problem P2. Il

Corollary 3. AD s an increasing function of S, for S, € J~.

Proof. Given A§4), as defined in Theorem 4, we note that

XY W | Sut Aty
P 2|\ JISA +uP + dgus,

We note that ‘” > 0 as

[Sp (20 + Ap) + ¢]2 = [SpAp + ¢]2 + 4ppSy + 4pp + /\p)S;
> [Spdp + VI + 4,

Sp(2p4-Ap)+o

> 1. Il
VISpAp 2 +dypuSy | —

which implies that

3.3 Search for global optima

221=2n) 1 then the optimization
4

The analysis in Section 3.1 establishes that if ¢ > )
problem P1 will have a local optimal solution with 3* < oo provided that S, € I~ U I.
The analysis in Section 3.2 establishes that if ¢ > ’\pw, then the optimization problem
P2 will have a local optimal solution for .S, > S'p = % Note that the local optimal
solution of P2 also corresponds to the local optimal solution of the optimization problem
P1 with §* = co. Further, we observe that

a A (2u—Ap) 2 Ap Ap Ap

— — P —.
c>u(u—Ap)2w u—Aer(u Ap)? uw plp — A)w>u2w

The above inequalities follow as 0 < A, < p. The above inequality implies that if
¢ > AP(L*% then ¢ > %@z) automatically holds. Also, if ¢ < 2—¢ then the roots
of cubics G(\,) and G()\,) are negative and doesn’t constitute feasible points for the
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optimization problems P1 and P2. Given S, > Sp, the relationship among the input

parameters results in the following possibilities:

D1: 2 < %@D There does not exist optimum solutions to the optimization problems P1

and P2.

D2: ;\L—’;@D <2< ’:f((i_ﬂgb There exists an optimum solution to the optimization prob-
lem P2, but there does exist any optimum solution to the optimization problem
P1.

D3: 2 > %w There exist optimum solutions to both the optimization problems

P1 and P2 for S, € I~ U I. Equivalently, the original optimization problem P1 has
two local optimal solutions; one with §* < oo and another with * = oco. But, for
Sy, > I, where I, = — YA g the upper limit of the interval I, there exists an

(=2 [a=a]
optimal solution to the optimization problem P2 only.

Given ¢ > %w, let ()\2, 6”) and ()\L, oo) are optimal solutions of the optimization
problems P1 and P2 respectively for given S, € I~ UI. Also, let the corresponding values
of objective function are Of (A, ") and O} (A, 00). Below, we seek to establish that
O; ()\f, ﬂf) > 03 ()\L, oo).

First, observe from Theorems 3-4 that the feasible region of S,, i.e., (gp, 00), is divided
into intervals J~ and J. Note that each of the constraints of the optimization problem

P2 is non-binding at optimum for S, € J, while, constraint (34) of the optimization
alp—cy

problem P2 is binding at optimum for S, € J~. Further, if £ ;\;\f > RS wE then
intervals J~ = (S, J;] and J = (J;, 00) where J, = —#% — On the other hand, if

(=2 [ 2s)

n—Ap alp—cip - /& . . n—Ap alp—cy .
ol S SRR wE then J~ = (Sp,00) and J = (). Given > Tty Ve will

now establish that J;, > I, i.e., J; lies to the right of I,,. This means that for S, € I~ U/,

in both the local solutions given by optimization problems P1 and P2 the service level

constraint corresponding to primary class customers is binding. We note that [, = & ()\gl))
and J, = g(AS”)) where £()\g) = % and A = A\, + A, As ag(/\s = [ftf’_ij\j‘gf;j‘i};ﬁ >0
for A, > 0, Ay > 0 and A\, + Ay < p, the inequality J, > I, will hold if Af’) > AS). We

argue below that AP > AW

We observe from Claim 1 that AL is the unique root of the cubic G (/\5) of Equation

(25) in the interval (0, — A,) whenever ¢ > ’\”(2“—/\?’)1# That is, A" € (0,1 — A)
for a € (ay, 00) where ay = ’\:((if—/\)‘pcw We further observe from Claim 3 and proof of

Theorem 3 that A is the unique root of the cubic G(),) of Equation (43) in the interval

(0,11 = \p) whenever 422 > el and & > 2y That is, A € (0,5 — ) for
P

a € (ag, a,) where a, = %cw and @, = 2(pn — \y) + & [1 + (” Ap ] We also note that if

Y Ap— . ~ Ap(2p—Ap)
”W\pp < 2ux\§a+z¢(cu¢+>\p)’ ie., a > ay, then p— X\, < )\5 < . From pz/J < "u“)\ )” ), we
have that a;, < a,. Note that )\gl) =0 at a = ay, AS’) =0at a=ay, and )\23) =/ — A, at

a = a,. Based on relative values of ay, a, and a,,, we observe following:
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e If a, < a,, then

1AM <0and 0 < AP <y — A, for a € (a, af.
2. O<)\§1)<u—)\pand0<)\g3)<u—)\pf0ra€(ag,du).
3. O<)\§1)</L—)\pandu—)\p§)\g3)<uf0ra2du.

e If ay > a,, then

1. AY <0and 0 < AP < = A, for a € (ag, a).
2. A <0and p— A, < AP < pufor a € [y, .

3. O<)\§1)<u—)\pandu—)\p<)\§3)<uf0ra>ag.

It is evident from above that A < A% in all possible values of a except when a; < a,
and a € (as,a,). When a € (ay, a,) and ay < a,, then both A and AP Tie in (0,00 — Ap).
Given ay < a,, we notice that AS”) > )\gl) at a = a, as )\21) < i — A, and AS”) = [ — Ap.

Below, we will establish that A <\ for a € (ag, @y) whenever a; < ay,.

Claim 5. The root of the cubic G()\y), /\S), s an increasing function of demand function

coefficient a.

Proof. See Appendix. O

Similar arguments result that the root of the cubic G(),), /\23), is increasing function

of a. Note that W = —u(p — As)? < 0. The Figure 4 illustrates variations in AL
1 (3)
AsOr A
A ‘
|
H=2p  —

a a ay
Figure 4: Variation in AD and AP with respect to a

and )\23) with respect to a in a € (ay, a,). As W and W is independent of a, the
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gap between Y and A will always exist. This implies that A® > AW The possible
orderings of ay, a; and a, determine the existence of feasible )\gl) and )\23) for a given input
parameter a. Note that the intervals of S, as defined in Theorems 1-4, depend on these
values of A" and \¥ and the optimum choice of the decision variables depend on these

intervals of S,. We consider all possible cases in Algorithm.

Suppose ¢ > A:(ff—;:)g)@b and let ()\i,ﬁf) and ()\L,oo) are optimal solutions of the
optimization problems P1 and P2 respectively for given S, € I~ U . Also, let the
corresponding values of objective function are Of (A, 87) and O3 (A, 00). Above we
established that J* > [I,. This implies that optimization problem P2 has constraint
(34) binding at optimum for S, € I~ U I. From the interpretation of the Lagrangian
duality, it is known that the marginal rate of change in the objective function value
due to incremental increase in the right hand side coefficient of the constraint is given
by negative of the Lagrangian multiplier value at the optimality, provided that the KKT
point is a regular point (i.e., gradients of the binding constraints are linearly independent).
We note from the proofs of Theorems 1 and 2 that the local optimum points corresponding
to the optimization problem P1 are regular points. Also, the optimization problem P2

has only one binding constraint at the global optimum point. Thus,

S, N

where uf and v} are the corresponding values of the Lagrangian multipliers associated
with the constraint W,(\s, 5) = S, of the optimization problems P1 and P2 respectively.
The rearrangement of Equations (32) and (45) result in

(1= Ay = N)* GO
b [ (1 + Ap) — O + X))

g =) G0D) e,
b (u— A M) b

and v} =

We note that A = AL for Sp € I where A s the root of the cubic G(As). Therefore,
uf = C’\p in the interval I. As uf, v} <0, it implies that both O} ( k ﬂf) and O3 (/\is, oo)

are increasmg functions of S,. Also,

dui  2u(p—Np) cph
N b {”w—x ) =Y
v _ 1 [ 2= X) (=N =) A (=X =)
- = G'(\) | >0.
OA bwl (i + Ap) — (0 + A1) ]2 TGt — Oy ] S| =

The above inequalities follow as AL, AL < — A, AL < A? where A\ is the root of the

R

cubic é()\s). Also, é()\s) < 0 and is an increasing function of Ay for 0 < A\, < AP
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Further,

0?07 Oui  Ouj O] and 0?03 Ovh Ouy OA;
952 05, 0A 05, 952 ~ 95,  0M.0S,

We note from the results of the Corollaries (1) and (2) that S > O in the interval I-

N . 820t 6u1 _ouf
and 75, = 0 in the interval I. Therefore, o5 = < 0 an d 352 = —a5, = 0 in the

intervals /=~ and [ respectively. This implies that OT is an increasing concave function of

Sy in the interval I~ and is a linearly increasing function of S, in the interval /. Also,

the slope of OF with respect to S, is decreasing in the interval /= and remains constant

in the interval /. Similarly, we note from the result of the Corollary (3) that ggis > 0.
P

8205 ol

) 852 - a5,

and the slope of O3 is decreasing function of S,,.

Therefore < 0. This implies that O3 is an increasing concave function of S,

Note that 87 — oo as S, — I,,, the upper limit of the interval I. Given S, > Sp, the
equality W,(As,00) = S, results in a quadratic equation of Ay with unique root in the
interval (0,4 — A,). This implies that AT — Al and thereby Of (A, 3") — O3 (A, 00) as
S, — I,,. Both optimization problems P1 and P2 are identical at S, = I,, and therefore
vl — e, g(; 232 as S, — I,,. Asslope of O} ()\L, oo) is a decreasing function of .S,
whereas slope of O ( . 6f) remains constant in the interval I. Therefore, O} ()\is, oo) <

07 ()\2, ﬁf) in the interval I as these curves intersect at point 1,,.

Further, at S, = S,, Al = A, =0, 0% = 03 = 0 and

00; 00; ¢ Ly
— = —u v
0S, 18, 05,13 a=o  'hai=o
= R [a (1 — /\p)2 - C@Z»‘p} 4 (1= )‘p)2 [—ap® + )]
b | 1= Ap w4 Ap) = Ap
1 Ap (21— Ap) [a,u (1 — /\p)2 — YAy (2p — )‘p)}
= — 5 > 0.
by i (1= Ap) [N (14 Ap) — Ap]
The last inequality follows as A\, < p and 2 > (5“ Ap) 1), Therefore, O] > O3 at S +e€
where € is a small positive number. Figure 5 1llustrates objective function values of P1 and
P2 at optimum in the interval I~ U given that 2 > ):’(i#’\”@/} The above analysis only

suggests that the O} ()\is, oo) < 05 ()\f, ﬁf) at S + € where € is a small positive number.
We summarise these conclusions below.

Theorem 5. 1. Suppose ¢ < *—gw Then, the constrained resource sharing optimiza-
w

tion problem PO is infeasible for S, € (Sp, 00).

2. Suppose ”w <2< %w Then, we can write (Sp,oo) as (Sp,oo) =J uJ
—Ap

with interval J being possibly empty. Then, optimization problem P2 has a solution

but optimization problem P1 is infeasible. For S, € (gp, o0), the optimal solution to
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Figure 5: Optimum values of P1 and P2 in interval I~ U I whenever ¢ > Ap j“ 3 /\)pg V. Jy

(possibly infinity) always lies right to I,,.

PO is given by optimal solutions to P2 with 3* = oo and \; is either AP or AW,

3. Suppose & > );:’((3’_‘—;:)1’2)@/) Then, we can write (S, 00) as (S,,00) = [T UTUITU.J
with possibly J being an empty interval. Then, optimization problem P1 and P2
have optimal solutions. There exists an € > 0 such that for S, € (S'I,,gp +e)uUl
the optimal solutions to PO is given by optimal solution to P1 with 3* < oo and X}
is either AV or \?. For S, € I U J, the optimal solution to P0 is given by the

optimal solution to P2 with 3* = oo and \; is either )\g3) or A§4)

It is possible that the O3 ()\is, oo) > 07 (X;, ﬁf) in the interval I=. We are not able to
verify analytically that the above inequality will never hold, but our numerical experiments
suggest that O3 ()\is, oo) < O (/\‘;, ﬁf) in the interval I~ always. Based on this, we have

the following conjecture and remark.
Conjecture. For S, € I, the optimal solution of P0 is given by optimal solution of P1

Remark. We assume henceforth in arriving at an algorithm and in our computations

that the conjecture is true.

4 Algorithm and numerical illustrations

Based on the earlier analysis, we propose an algorithm, that converges in finite steps,
for selection of the optimum mean arrival rate of secondary class customers A > 0
and the relative priority queue discipline management parameter $* that maximizes the
revenue of the resource owner while ensuring an agreed upon service level to the primary

class customers. We recall that both contract parameters, the optimum assured service
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level to the secondary class customers S? and the optimal unit admission price charged
to the secondary class customers §* can be computed as S¥ = W, (AL, 5*) and 0" =
[a — ST — Xi] /b. The algorithm finds the contract parameters by finding the optimal

points of non-convex optimization problem PO in closed form expressions.

4.1 Algorithm

We have noted in Section 2 that even a dedicated resource will be unable to meet the
prevailing service level commitment S, to the primary class customers if .S, < S’p whereas
just able to meet this for S, = Sp. Therefore, the inclusion of the secondary class cus-
tomers into the system is possible if and only if S, > Sp. This condition corresponds
to the system capability. We also noted that Ay > 0 if and only if S, < §S(0) where
gs(G) = %. Therefore even a free service to secondary class customers, i.e., § = 0, will
be unable to result in Ay > 0 for S; > %. The best value of the assured service level to
secondary class customers is achieved by = oo, i.e., assigning the static high priority to
the secondary class customers. This follows from the fact that Wy(As, 3) is a decreasing
function of 3. We have W, (As = €, 00) =~ %w where € is strictly positive and € &~ 0. This
implies that Ay > 0 if and only if ¢ > ;\L—’;@D This condition captures economic viability
of secondary class customers. A feasible solution of the revenue maximization problem
is possible if and only if both system capability and economic viability is satisfied for a
given set of input parameters, i.e. Ay, i, 0, a, b, c and S,. Step one of the algorithm

demonstrates this. This also follows from the first point of Theorem 5.

Step 2 of the algorithm describes the possibility of having a unconstrained solution of
the optimization problem P0. This follows from Theorem 3. Note that each constraint of
the optimization problem PO remains strictly non-binding at the optimum point described
in Theorem 3. Step 3 and Steps 4-5 of the algorithm follows from second and third parts
of Theorem 5 respectively. Note that the Step 5(a) follows from the conjecture. The

algorithm is given as follows:
Inputs: \,, p, 0, a, b, ¢c and S,. Define ¢ = [1 + o?1?] /2.
Steps:

A A
i or 4 < —gw, then there does not exist a feasible
[l — A ¢
solution. Assign A\: = 0 and Stop. Else, go to the Step 2.

1. If either S, < S'p =

ph— Ap < aX, — c
pAp T Q,U/\;% +cp(pu+Ap) 3
AP the unique root of the cubic G(As) which lies in the interval (0, ¢ — A,) where

2.1 , then assign J, = oo and go to the Step 3. Else, find

G(Ns) = 2u)\3 — [au +c + 4u2] 2N+ 2u [au +c + /f] As — [ [a/f — cw/\p} .
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Calculate J, = —¥%% and define an interval J = (Jir, 00) where A3 = X\, + AP,

=AY [1—s]
If S, € J, then assign \} = A§3), [* = oo and directly go to Step 6. Else, go to the
Step 3.
2u — N
3.1t 8 < Mzﬁ, then define an interval J— = (S,, Jy| when J; is finite other-
¢ op(p—2Ap)
A 1
wise take J~ = (S,,00). Assign \f = — | S, [2u — A\p] + ¢ — \/[Sp)\p + ] + 4, |

25,
B* = oo for S, € J~ and directly go to Step 6. Else, go to the Step 4.

4. Find A, the unique root of the cubic G(As) in the interval (0, p— A,) with ¢p =
p— Ap and

G(\s) = 2u\2 — [cp + pu(a+ 4do)| A2+ 2¢0[ct) + pu(a+ ¢o)]As — apdl + o\, (1 -+ do).

_ _%\ _ YA _ (1)
Calculate I, = = and I, = ] where \; = A\, + As.

5. Define intervals: [~ = (Sp,lg), I =[I,1,) and I = [I,,J,] when J, is finite,
otherwise take I as IT = [[,, 00).
(a) If S, € I, then assign \* = W — Ay and 3* =0
(b) If S, € I, then assign A} = ALY and

([ = Ml[pSplp — Ap] — YA YA YA
for ——— <5, < ———
VAT — pSpAp[p — M o= ) =0p S plp — A
B =
()
Sps {1 = A for — M _ S, < YA
L A = Syl = A [ = \d] plp =] [ = A= M)

1
(c) If S, € I'™, then assign \! = 35 Sp 21— Ap] + 9 — \/[Sp)\p + Y] + 4uS,
p

and 3% = oo.

6. If given problem is feasible, the optimum assured service level to the secondary class
customers is S¥ = W, (A, §*) and the optimal unit admission price charged to the

secondary class customers is 6* = [a — ¢S¥ — \¥] /b.
Figures 6-9 illustrate the possible intervals of S, and objective function values at optimum
within those intervals depending on the values of the input parameters.
4.2 Examples

We present numerical examples to illustrate the different possible cases of the algorithm

depending upon the relative values of the input parameters.
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Figure 6: Optimal values of PO and possible intervals of S, whenever & > %w and

n—=Ap < alp—cy
pAp = 2uAZ+cb(ptAp)
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Figure 7: Optimal values of PO and possible intervals of S, whenever £ > %d} and
P

n=Ap > alp—cy
BAp 2uAZ+cp(ptAp)

. [a Ap(20=Ap) E=Ap alp—cip i
Example 1: <C > ) ¥ and . < QuA%+cw(u+>\p)>' Let us assume that the sec

ondary class customers’ demand function A4(6,Ss) = 100 — 0.26 — 0.1S,. Also, A, = 8
customers/hr, = 10 customers/hr and o = 0.1 hr/customer. We get ¢ = 1, S, =

0.4 hr/customer, ¢ = 1000 hr/customer, %@D = 0.08 hr/customer, %@/J = 24
—A\p

u—Ap adp—ch —
hr/customer, o = 0.025 hr/customer and m = 0.624 hr/customer. We note
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Figure 8: Optimal values of PO and possible interval of .S, whenever ”w <2< %w
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Figure 9: Optimal values of PO and possible intervals of .S, whenever 22 w <2< %w

n—=Ap alp—cy
n
and BAp = 2M>\%+C1/1(N+)\p)

that a feasible solution will exist if S, > 0.40 as ¢ > ﬁw As £ ;;\):’ < QM/\QGJ’F\Z’;(THP) and
a > )\p 2}14 )\p

P sy 221), we directly go to Step 4. The calculations at Step 4 result in )\ = 1.898,
I, = 0.4949 and [, = 11.97. The intervals I~, I and It are (0.4,0.4949), [0.4949, 11.97)
and [11.97, 00) respectively. A few results corresponding to distinct values of S, are pre-
sented in Table 1.

Example 2: (% > u(j“ ’\”)zﬁ and “ ’\” > 2#/\%&?;;(‘32/\17)). Take demand function A,(f, S,)
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Table 1: Representative results of Example 1

Sp Priority | Arrival rate | Price | Assured SL | Revenue
B* ¥ 0 S¥ o*

0.41 0 0.2 497.86 2.28 99.57
0.42 0 0.4 496.69 2.62 198.68
0.45 0 1 492.75 4.5 492.75
0.4949 (=1,) 0 1.898 466.25 48.52 884.94
1 0.01 1.898 467.32 46.39 886.96

3 0.07 1.898 471.53 37.95 894.97

6 0.23 1.898 477.85 25.32 906.96
9.703 1 1.898 485.66 9.70 921.78

10 1.18 1.898 486.27 8.48 922.96

11 2.64 1.898 488.39 4.24 926.96
11.97 (=1,) 00 1.898 490.46 0.1222 930.87
13 00 1.905 490.41 0.1223 934.65

14 00 1.912 490.37 0.1226 937.82

15 00 1.918 490.35 0.1227 940.58

a

as 4 — 0.20 — 0.1S, in Example 1. This change results in ¢ = 30 hr/customer and

% = 0.0186 hr/customer. We note that ¢ > ’:f'((jf—;:)”;w = 2.4 and “;;AA: =
0.025 > % A feasible solution will exist if S, > 0.40 as ¢ > %w = 0.08. The

calculations in Steps 2 and 4 of algorithm result in pYS 1.493, AW = 1.002, I, = 0.4501,
I, = 1.002 and J, = 2.201. The intervals I~ I, I, J are (0.4,0.4501), [0.4501, 1.002),
[1.002,2.201] and (2.201, c0) respectively. A few results corresponding to distinct values
of S, are presented in Table 2.

Table 2: Representative results of Example 2

Sp Priority | Arrival rate | Price | Assured SL | Revenue
B* A 0* S¥ o*
0.41 0 0.2 12.86 2.28 2.58
0.435 0 0.7 9.83 3.35 6.88
0.4501 (= 1)) 0 1.002 7.73 4.51 7.75
0.6 0.09 1.002 8.33 3.32 8.35
0.75 0.28 1.002 8.93 2.21 8.95
0.902 1 1.002 9.53 0.906 9.56
0.95 1.994 1.002 9.72 0.523 9.75
1.002 (= 1,) 00 1.002 9.942 0.100 9.958
1.3 00 1.196 8.965 0.105 10.727
1.6 00 1.328 8.307 0.108 11.030
1.9 00 1.422 7.835 0.110 11.141
2.201 (= Jy) 00 1.493 7.481 0.112 11.166
2.5 00 1.493 7.481 0.112 11.166
3 00 1.493 7.481 0.112 11.166
Example 3: </%?/f <2< /:f(@f;sp)iﬁ and & u_;"’ < 2#/\§ajé’1;(itb+/\p)>. Take demand function




Ay(0,Ss) as 100—0.20 —400S;, in Example 1. This change results in ¢ = 0.25 hr/customer,

= 0.0472 hr/customer. Note that %@/J =008 <2 <

alp—cyp
202+ (u+Ap
The interval J~ is (0.4,00). A few results corresponding to distinct values of S, are

alp—cyp

and 2024 (ut-Ap)

A

and ’fif =0.025 <

presented in Table 3.

Table 3: Representative results of Example 3

Sp | Priority | Arrival rate | Price | Assured SL | Revenue
G* A 0* S¥ O*

0.41 00 0.034 338.61 0.081 11.47
1 00 1.000 295.00 0.100 295.00
4 00 1.707 257.34 0.117 439.38
8 00 1.849 249.09 0.120 460.56
13 00 1.906 245.70 0.1219 468.28
15 00 1.918 244.96 0.1227 469.88
20 00 1.938 243.74 0.1232 472.47

alp—cip

Ap(2p—Xp)
p(p—Xp)?
3 A feasible solution will exist if S, > 0.40 as -

A a — Ap(2u—) -2 :
Example 4: <#—§¢ <e< pf’((u’_‘—/\p)’;)@/) and MH,\: > e (u+/\p)>' Take demand function

Ag(0,Ss) as 100—0.260—5505; in Example 1. This change results in ¢ = 0.182 hr/customer

alp—cip o A o a Ap(2u—Ap) 4
m = 0.02/\24 lr;r/customer. Note that M—’;w =008 <2< lf(l"_—Ap)};w =24
alp—c

and 208 = 0.025 > 550 chs. Feasible solution will exist if 5, > 0.40as ¢ > 259 The
calculations in Steps 2 of algorithm result in A§3) = 1.908, and J, = 13.309. The intervals
J~ and J are (0.4,13.309] and (13.309, co) respectively. A few results corresponding to

distinct values of S, are presented in Table 4.

and

Table 4: Representative results of Example 4

Sp Priority | Arrival rate | Price | Assured SL | Revenue

B* \: 0* S O*

0.41 00 0.034 278.14 0.081 9.42
1 00 1.000 220.00 0.100 220.00
4 00 1.707 169.55 0.117 289.48
8 00 1.849 158.47 0.120 293.01
11 00 1.889 155.26 0.121 293.31
13.309 (= Jy) 00 1.908 153.76 0.122 293.34
14 00 1.908 153.76 0.122 293.34
15 00 1.908 153.76 0.122 293.34
20 00 1.908 153.76 0.122 293.34

5 Nature of the optimal pricing and operating points

The optimum values of the decision variables of the constrained optimization problem,

naturally depend on the prevailing QoS level to the primary class customers as well as
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on two of the three coefficients of secondary class customers’ demand function. Also, the
algorithm, defined in Section 4.1, divides the feasible region of S, into intervals. Observe
that either \! or * remain constant in those intervals. For example, the optimum queue
discipline management parameter 3* remains unchanged in the intervals 1=, It and J~
whereas the optimum mean arrival rate of the secondary class customers A remains
unchanged in the interval I. Section 5.1 elaborates on the qualitative nature of the optimal
decisions. We also analyze the effect of prevailing QoS level of primary class customers S,
and coefficients of secondary class customers’ demand function on the optimum decisions

in Sections 5.2 and 5.3 respectively.

5.1 Key features of optimal operating points

The optimum decisions depend on the prevailing QoS level to the primary class customers
Sp as well as on the ratio ¢ of the coefficients of secondary class customers’ demand
function. The optimal constrained resource sharing model is infeasible if this ratio ¢ is less
than or equal to the threshold, ”w If this ratio lies in a finite interval (’\pw ’\:(5“ )\)\p)i/}]
which is to the right of above threshold, then, the optimum policy always assigns static
high priority to the secondary class customers and allows the maximum possible arrival
rate of secondary class customers that does not violate the prevailing QoS level to the

primary class customers.

On the other hand, if the ratio ¢ to the right of above interval, then, the optimum
policy depends on the prevailing QoS level to the primary class customers, S,. The three
intervals, /=, I and I correspond to low, moderate and high values of S,. We note that
lower the value of S, higher the QoS level to the primary class customers. When QoS
level to primary class customers is high, (i.e., low S,), then, the optimum operating policy
assigns static high priority to the primary class customers and allows a maximum possible
arrival rate of the secondary class customers as long as it does not violate the prevailing
QoS level to the primary class customers. Similarly, when QoS level to primary class
customers is low, (i.e., high S,), then, the optimum operating policy assigns static high
priority to the secondary class customers and allows a maximum possible arrival rate of
the secondary class customers that does not violate the prevailing QoS level to the primary
class customers. On the contrary, when QoS level to primary class customers is moderate,
(i.e., moderate S,), then, the optimum operating policy chooses a constant arrival rate of
the secondary class customers for any value of S, in that interval but employs a dynamic

priority queue management scheme.

Also, we note below that across these intervals, both the pricing parameters, 87 and
S¥ are non-linear but well behaved functions as are the pair of operating parameters 3*

and A}
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5.2 Sensitivity analysis of optimal pricing w.r.t. S,

We observed earlier that the optimum queue discipline management parameter §* =
for any value of S, € I~ and the optimum arrival rate of the secondary class customers
A¥ is linearly increasing for S, € I~ (from Corollary 2). Below, we study the effect of S,
on the contract parameters, i.e, optimum price 0* and assured service level S} in interval
1.

Lemma 1. In the interval I, the optimum price 0* is a decreasing concave function and

the optimum assured service level S? is an increasing convex function of Sp.

Proof. The optimum assured service level S* = W, (A%, 0) for S, € I~. We note that

> 0.

ds* oW,  OW, O\ 928 PW, [N\ W, 92\
= = >0 and = >
ON: 052

S, 0S, 0\ 0S, ~ 052 ox? \9S,

The above inequalities follow because Wy(As, B) is increasing convex function of Ay and
A% is linearly increasing function of .S, in the interval I=. The optimal price charged to

the secondary class customers 6* = [a — ¢S — \%] /b. We have

0S8, b

+

o0 _ 1] 0s:  ox
s, " 08,

020+ 1 { 025 aZx;}
+ <0

< - __
]—0 e - (PR T

Thus, 6* is decreasing concave function of S, € I~. n

Corollary 1 established that the optimum mean arrival rate of the secondary class
customers A7 remains unchanged in the interval I. Below, we study the effect of S, on

the optimal values of other decision variables in the interval I.

Lemma 2. The optimum relative priority 3* and the optimum price 6* are increasing
convexr functions of S, in the interval I while the optimum assured service level S¥ a

decreasing concave function of S, in the interval I.

Proof. We observe that (%, from Step 5-(b) of algorithm, is a continuous function of

Sp € I. The first order partial derivative of 3* with respect to .S, is

22N (n = M) A WA
f — < SsS < —T -
N N e IVITEDY R TN
95,
’ )\Mgl)w(u _ Al) for —w)\l < S < o) .
| [oA = Sy = A (i — )2 ple =M " = A = ]

We note that g—g: > 0as A, >0, A > 0 and Ap + A < . Also, g—g: is continuous
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function of S, € I. The second order partial derivative of 3* with respect to .S, is

3 (1) _ 2
2u 2)\p/\s Mg — A1) i for YA <3, < YA
25 (VAT — uSpAp (1 — A1) i — Ap] ol — Ad
952
g AW = A (= Ay)? M Y
= for "t <5, < - .
L [P = Sp(p = A7) (1 — M)PP plp = M [ = s ][ — Ad

We note that 8;5 >0as A, >0, AP > 0 and Ap + AW < . Thus, §* is an increasing

convex function of S, € I. As S¥ = W,(\;, 5), we get,

o5: _ oW, _ow.op _

= = < 0.
89S, 08, 0B 9S, 052~ 9p 0

o5 952 =

028:  O*W, (ap*\® oW, %5
as,

The above inequalities follow because W(\g, ) is a decreasing concave function of 5 and
[* is an increasing convex function of S, € I. The optimal price 0* = [a — ¢S — \i] /b=
—f(S¥) it S, € I as A} remains constant in this interval of S,. Therefore, the optimum

. * . . .
price f is an increasing convex function of S, € I. [

Further, note that 5* = oo for S, in the intervals /™ and J~ while A is increasing
function of S, in these intervals (Corollary 3). Below, we study effect of S, on the optimum

price 8" and assured service level S in these intervals of .S,,.

Lemma 3. The optimum price 0* is a decreasing function and the optimum assured

service level S¥ is an increasing function of S, in both the intervals It and J~.

Proof. As St = W,(\:, 00), we have

05: _OW, _OW,0N _
2s, 95,  On9S,

The above inequality follows because Wi(Ag, 3) and A} are increasing functions of A; and

S, respectively. The optimal price 0* = [a — ¢S¥ — Af] /b. We note that

00* 1| os; 0A
=——|c + <0.
S, b| dS, 095,
This implies that 6* is a decreasing function of S,,. O

The results are summarized in the Table 5. The effect of S, on the optimum revenue
follows from the analysis done in Section 3.3. The optimal values remain constant in the
interval J. We observe from Table 5 that the optimum contract parameters 6* and S7 are

different non-linear functions in the different intervals of S,,.
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Table 5: Effect on optimal decisions with increase in S, within an interval

Interval | Relative priority | Arrival rate Price Assured service level | Revenue
B* A 0* St o*

I~ Constant (0) Increases | Decreases Increases Increases

(linear) (concave) (convex) (concave)

I Increases Constant | Increases Decreases Increases
(convex) (convex) (concave) (linear)

It and J~ | Constant (c0) Increases | Decreases Increases Increases

(concave)

5.3 Sensitivity analysis of optimal decision variables w.r.t. de-

mand function coefficients

We investigate the role of the two co-efficients of demand function, a and ¢, on the optimal
choices of A\, and 3 by looking at the dependence of the roots of cubics G(\,) and G(\,)

on these co-efficients.

We established in Claim 5 that the increase in a results in increase of A", This and
similar arguments give the following results:
e The root of the cubic G(\y), AV s an increasing function of a and is a decreasing
function of c.

e The root of the cubic G~’()\S), AS”), is increasing function of a and is a decreasing

function of c.

oL, _ 0L, _ _[n(utdp)—AT]Y : "
Note that, mg’i) = u[/ﬁm > 0 and T = [uu—iél)]z[u—ihP > 0. The above inequalities
follow as A\, > 0, A > 0and A = Ap + A < . Thus, the increase in ALY shifts I, and
I, to the right. Similarly, increase in AP shifts Jy to right as % > (. Further, we note
that 8(:9\1{?2 =0 and 6‘11{7;2 >0, i.e., a?\lé) is constant while ;}\Ig{) is an increasing function of
2

AS). The minimum of 6‘2\{;{) _ b (Z ;L[:i)/\p]\;]w at /\gl) =0. As,

oL, _ 0L _ [ oL, _ Ol } N [[M(M+)\p) ey L RN

da  9da gAY oAM] Oa 121 = Ap)? = Al Oa

_ {(QN - )‘p))‘pﬁq N >0,

W2l — N |

the increase in demand coefficient a will widen the interval I. Note that the optimal
policy uses delay dependent priority queue discipline in the interval I. Thus, the increase
in @ makes the delay dependent priority queue discipline to be used as part of optimal
policy for a wider range of S, values. Similarly, the increase in ¢ narrows interval / and
therefore, the delay dependent priority queue discipline is used as a part optimal policy

for a smaller range of S, values. Note that optimum admission rate remains constant
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over such intervals. Continuing with Example 1 described in Section 4.2, Tables 6(a) and
6(b) exhibit the effect on key parameters with variation in demand coefficients a and ¢
respectively. We omit the infeasible values of A" and A from the Tables 6(a) and 6(b).

Table 6: Effect of demand function co-efficient on key parameters

(a) Varying a; ¢ = 0.1 (b) Varying ¢; a = 100

HESEEE SRR
100 | 1.898 - 0.495 | 11.977 0.1 | 1.898 - 0.495 | 11.977
60 | 1.867 - 0.493 | 9.122 1 ] 1.678 - 0.484 | 3.612
20 | 1.754 - 0.488 | 4.808 o5 | 1.285 - 0.464 | 1.490
10 | 1.616 - 0.481 | 2.987 10 | 0.995 - 0.450 | 0.994
5 | 1.343 - 0.467 | 1.643 20 | 0.591 - 0.430 | 0.648
4 | 1.208 | 1.991 | 0.460 | 1.322 40 | 0.038 - 0.402 | 0.411
3 11.002 | 1.493 | 0.450 | 1.002 550 - 1.908 - -

2 10.706 | 0.994 | 0.435 | 0.724 600 - 1.696 - -

1 10.326 | 0.495 | 0.416 | 0.514 750 - 1.158 - -

6 Discussion

We present closed form expressions for unit admission price for the secondary class cus-
tomers and dynamic delay dependent queue discipline management parameter at a re-
source which is shared by two different classes of customers, primary class customers
(existing customers) and secondary class customers (of new firms), each class being guar-
anteed that their mean queue lengths do not exceed certain values. We incorporate
dynamic non-preemptive priority queue management discipline as a mechanism of admis-
sion control in this setting, to model the fact that the customers’ demand function have to
be sensitive to the admission price as well as to the assured service level. We find that in
some cases, it is beneficial to offer a high priority to the secondary class customers while
in other cases one has to employ the dynamic queueing discipline. We identify the regions
of the input parameter space corresponding to these cases. We also present an extensive
sensitivity analysis of these optimal decisions to various input parameters. We observe
that these optimal decisions are non-linear functions of input parameters, in most cases.
For example, the optimal unit admission price, 8, is concave decreasing in interval I~ of

S, and convex increasing in interval I of S, but it is a decreasing function in interval I+

of Sp,.

We defined quality of service level as the expected waiting time in queue. It is possible
to have waiting time distributions with large variances such that the expected values

satisfy the specified service level. This may result in poor service level to a few customers
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due to large variances. We also know that even though the multi class queues remain stable
under heavy traffic intensity, the resulting long queues are difficult to manage because
of limited waiting space. Therefore, further studies can incorporate more demanding
service levels such as variability in queue lengths or bounds on instances of unusually large
delays via bounds on tail probabilities of waiting times. We assumed that the demand of
secondary class customers is a linear function of the unit admission price and the assured
service level. A similar analysis can be attempted with a non-linear demand function,
e.g., log-linear Cobb-Douglas demand function (So and Song 1998). A subsequent study

can also incorporate more than two classes of customers.

We assume certain values for the demand function coefficients and do not address the
issues of estimating those coefficients. The optimal policies do depend on the demand
function coefficients and therefore the accuracies of those values will be crucial. It will
be interesting to develop a procedure to estimate the demand function coefficients, as
the secondary class customers are firms which are new to the business or are currently
using an alternate means for similar service. Also, it may be that the nature of the
demand function, i.e, linear or non-linear, as well as the parameters defining those demand
functions are known privately to the customers and remain unknown to the resource owner.
Under such circumstances, the pricing scheme should also be incentive compatible, i.e.,
make customers reveal those private values to the resource owner, perhaps by suitable
incentive payments (Mas-Colell et al. 1995). We note that such incentive compatible

pricing schemes also have to satisfy the service level constraints.

Appendix

Proof of Claim 1. First, we observe that if ¢ > A(z#’\pw then the cubic G(\s) has at

least one positive root As € (0,1 — A,) as

G(0) = —apudy + Ay (i + ¢o) < 0
G(u—Ay) = cbp® > 0.

Ap(21—Ap)
w(p—Ap) prrswe

Next, we show that G(\;) has only one root in the interval (0, — A,). The first
derivative of the cubic is G'(\s) = 2(u — Ay, — As)(ap + e + p® — p(N, + 3Xs)). So, the
stationary points of the cubic G(\;) are 3 = p— A, and z9 = i lap + cb + p(pe— Ap)l.

The first inequality follows from the assumption £ >

We note that x, % = Ap as ap + cy % 2 — Ap). Let us first assume that ap +
cp > 2u(p — Ap). Then, G()g) is an increasing function in the interval [0,y — A, as
G'(As) > 64 (1 — Ay — As)? > 0. This scenario is illustrated by Figure 10(a). Therefore,
the cubic G(\,) has only one root in the interval (0, 1 — A,) as it intersects the line A, = 0
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only once in the interval (0, — \,).

= =
& G
0 — A l
A X= =24, 0 ! LS
A X2 x|=.ul_/\p °
(a) Casel: apu+cp >2u(p—Ap) (b)  Case 2: apu+cp <2u(p— Ap)

Figure 10: Illustrative nature of cubic G(\;) over the interval [0, u — )]

Next, let us assume that ap+cy) < 2pu(pn—A,). The second derivative G” () evaluated
at x; and xo results in —2[ap + cp — 2u(p — Ap)] > 0 and 2 {ap + cp — 2u(p — A,)] <0
respectively. This implies that x; and x5 are points of relative minimum and maximum
respectively. We also note that G(\s) is an increasing function in the interval [0, z5] and a
decreasing function in the interval [xq,z1] and G(x2) > 0. This scenario is illustrated by
Figure 10(b). Again, the curve G()\;) intersects the line Ay = 0 only once in the interval
(0,1 — Ap), specifically in the interval (0,z3]. Therefore, the cubic G(A;) has only one
root in the interval (0, u — ). O

Proof of Claim 2. Using equation (13), the equality W, (), 3) = S, results in either

_ = AluSplp = ] = 9]
7= YA = puSpAp[p — Al (46)

YA = Splp = ][ = A

We observe that the obtained finite values of 3 (say ) from equations (46) and (47) are
feasible iff they satisfy 0 < 3 < 1 and 3 > 1 respectively.

First we will analyze 3 obtained from equation (46). This value of 3 will be a posi-

tive number iff both numerator and denominator takes either positive or negative values
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simultaneously, i.e., either

Syl — Ap] = 1A > 0 and YA — SpAp[p — A] > 0
or

1Syl — Ap] — A <0 and YA* — pS,A\[u — A] < 0.

On simplification, we get, either

YA PA?
Sy>———and §, < ——— 48
T T W e T W TR 48)
or
WA YA
Sp S m and Sp > m (49)
We note that,
O S 2 O VIR
pAp [ = AL plp = Ap] Aplp = Al[p = Ay
PA? YA

TR R

From above inequality, we observe that it is impossible to have a positive S, satisfying
condition (49). Thus, the value of 3 obtained from equation (46) will be greater than or

equal to zero iff following holds true:

YA P2
— <5< —. 20
DS R ey 50

We need 3 < 1 and hence from Equation (46) we have

[ = AllpSplp = Aol = YAl

<1.
YA = pSpAplp = A T
On simplification, we get
YA
S, < 51
STITEPN (51)
We note that,
(OS> S > Y M
pAp (= Al plp = A A — Al
2
YA > A (52)

Al — Al T plp = AT

From inequalities (50) and (52), we infer that the obtained value of 3 from equation (46)
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will satisfy 0 < B < 1 iff
L
f1[pe = Ay

YA

<5 <
=T plp = A

(53)

Next, we will analyze 3 obtained from equation (47). The obtained value of 3 will be

a finite positive number iff

A= Syl = Al =N > 0,

. DA
ie., S, < . 54
AT Ty o
Also, we need 3 > 1 and hence from Equation (47) we have
YA = Splp = Al — Al
On simplification, we get
g > YA (55)
SNTIITEDY

From inequalities (54) and (55), we infer that the obtained value of 3 from equation (47)

will satisfy 3 > 1 iff
%A
plp — Al

WA

R R P

(56)
O

Proof of the Claim 3. First, we observe that if £ > %w then the cubic é()\s) has at least

one positive root As € (0, ) as

G(0) = —p(ap® — c),) < 0
G(n) = cpu(p + Xp) > 0.

The first inequality follows from the assumption ¢ > % .

Next, we show that G(),) has only one root in the interval (0, ). The first derivative
of the cubic is G'(\) = 2(u — As)(ap + b + p® — 3p),) . So, the stationary points
of the cubic G()\,) are #; = p and &y = $ lap + ¢ + p?]. We note that 7 % [as
ap + c % 2u%. Let us first assume that ap + cip > 2u2. Then, é()\s) is an increasing
function in the interval [0, u] as G'(\) > 6 (1 — As)* > 0. Therefore, the cubic G(\,)
has only one root in the interval (0, u) as it intersects the line Ay, = 0 only once in the

interval (0, ).

Next, let us assume that ap+ctp < 24%. The second derivative G”(),) evaluated at 7
and Ty are —2 [ap + cp — 2p%] > 0 and 2 [apu + e — 2p?] < 0 respectively. This implies

that £; and 75 are points of relative minimum and maximum respectively. We also note
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that G(),) is an increasing function in the interval [0, #,], a decreasing function in the
interval [Z,, 7] and G(i,) > 0. Again, the curve G(),) intersects the line A\, = 0 only
once in the interval (0, 1), specifically in the interval (0, Z,]. Therefore, the cubic G(\,)

has only one root in the interval (0, u). O

Proof of Claim 4. The equality Wp()\s) =S, can be rewritten as a quadratic equation of
As-
Q(\s) = Sp/\i —[Sp 2= Ap) + Y] As + pSp (1= Ap) — YA, =0 (57)

We observe that the quadratic Q(\s) has at least one positive root As € (0,4 — A,) as
Q0) = puSp(p = Ap) —¥A, >0
Q= Ap) = = <0.

Ap¥
Blp—Ap

The first inequality follows from the assumption that S, > T The roots, wy; and wo,

of the quadratic equation (57) are

“I=55 {Sp 20 = Ap] + 0 — \/[Sp)‘p + w]Q + 4H¢Sp}

{Sp 20 = Ap] + 0 + \/[SpAp + ¢]2 + 4!“/15’17}

Wy = 2—5p
We note that both roots are real numbers. Also, wy < p— A, and wy > p+ sip
as [SpAp + 1[)]2 + A4S, > [SpA, + ¢]2. Thus, w, is the root of the quadratic equation
(57) lying in the interval (0, — A,). O

Proof of Claim 5. To show the dependence of root of cubic G(\s) with respect to a, we
write the cubic as G()s, a). For Ay € (0,0 — A,), we observe that W = —pu(p— A, —
As)? <0, % = 0. Thus, G(\,a) is a linearly decreasing function of a. Let a; and
ay be the two different values of a such that a; < as. We note that G(\s, a1) > G(As, az)
for Ay € (0, — Ap). Further, assume that % > );lf’((j_—;;\)”z)@/) Under this assumption,
we note from Claim 1 that the cubic G(),a1) and G(As, az) will have unique roots in
the interval (0, — Ap). Suppose A and A% are the roots of the cubic G()g,a1) and
G(\s, az) respectively. We note that G(A%,a;) = 0 as A% is the root of cubic G(Ag,ay)
and G(\?', az) < 0 as G(As,a1) > G(As,az) for a given A\; € (0,0 — A,). From Claim 1,
we know that G(0,ay) < 0. Therefore, the root of the cubic G(\s, az) will lie right to A%,
Le., A% < A%, This implies that the root of the cubic G(\y), )\gl), is increasing function

of a. O
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Some properties of W,()\;, 3) and W(\s, )

We observe from equations (13) and (14) that W,(\s, 3) and Wi (A, ) always take finite
positive values for A, > 0, A; > 0 and A\, + A\; < p. Also, W,(Ag, 5) and Wi(A,, B) are

continuous functions of 3. Let us define

AQZ:M—A, A1::,u_)\p[1_ﬁ]7 AZZM_)\[l_ﬁ]v
Ngi=p—A1—-1/8], Dy=pu—A1—-1/8], Dg:=p+N[1-1/8],

and (§ = 1—1/8. Given A, > 0, Ay > 0 and A\, + s < p1, we note that Ay > 0, Ay, Ay >0
for 5 <1 and A3, Ay, A5 >0 for g > 1.

Primary class customers’ expected waiting time in queue Wy, (A, 3): The first

and second order partial derivatives of W, (s, 3) with respect to Ay are

oW,  [1— B3+ By Dolss + Mg
MWy _ 1 D005 4 ADgy
o s, e T e
W, _ 20 AP B %
_ 2 1oy,
o2~ NA M TR Rt Aaaa T i, | e

We note that %%, 8;;’?’ >0as A, >0, \; >0 and \, + A\; < p. Therefore, W,(\s, §) is

an increasing convex function of A in the interval [0, p — A,). The first and second order

partial derivatives of W,(\s, 3) with respect to 3 are

ow, B AsAY 1 N AsAY 1
aﬂ - AOA% {B<1} 62A0A§ {B>1}
W, 20NN 2 (11— A AN
P - — P ]l < - ]l
032 A0A§ {B<1} ﬁ?’ﬁoﬁg {B>1}-

We note that 8;;” > (0 and 8;?? <0\, >0, >0and A\, + s < p. Therefore, W,(As, B)
is an increasing concave function of 5 > 0.

: . . *Wy *Wy .
The diagonal elements of Hessian matrix H [Wy(),, 8)], 552~ and TR have opposite
signs, i.e., the Hessian matrix is indefinite. This implies that W,(\s, ) is neither a convex

nor a concave function of (A, 5) where \; € [0, 0 — A,) and G > 0.

Secondary class customers’ expected waiting time in queue W(Ag, 3): The first

and second order partial derivatives of W (A, 3) with respect to A\, are

oW, A Nalg
= gy + - 1
on  AIA N T SR T A Az ey
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O*W, 241) B As A

= 1 2 1
ox ~ Aga, e T ARy T B T Bain, | ey

We note that %‘f\/j, 8;;? >0as A\, >0, A >0and A\, + A; < g . Therefore, W(As, ) is

an increasing convex function of A4 in the interval [0, @ — A,). The first and second order

partial derivatives of Wy (A, 3) with respect to (3 are

W, XM A
o3 NV RN
W, 2X2\) 2 (11— As] ApA)

= 1
032 AOA? {p<1} + ﬁ?’AoA% {6>1}

We note that 88%5 < 0 and 8;?2/5 >0as A, >0, Ay > 0 and Ay + Ay < po . Therefore,

Ws(As, B) is a decreasing convex function of 3 > 0.
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