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Abstract

ITY OF CON-

If a convex setl is semidefinite representable, linear optimization déecan be done in polynomial time, provided that the semidefir@presentation ak is of polynomial size. So, semidefinite representable daisgn important role in modern convex optimization. Our kvigrconcerned with different sufficient conditions of a cexywsemialgebraic set,
say K to be semidefinite representable, depending on-pigojections ang-sections. We prove that the closure of a bounded conves setmidefinite representable if all itgorojections are semidefinite representable wkere ; < n. We give another result which states that a closed conves semidefinite representable if all iissections are semidefinite

representable. We work on affine spéde

Introduction

A convex set’ C R" is semidefinite representable if there exists integetrssuch that{ A;}
and{Bj}y:1 are all real entried x v symmetric matrices and

n Uu
K = {az cR": 3y e RU,AO+ZAixi+ZBjyj > O},
i=1 j=1
where the matrix4 > 0 means that the matriA is positive semidefinite. In another wayj, is the
linear projection of the sek’ onR" where

n u
K/ = {(x,y) c R Ag + ZAZJJZ + ZB]y] > O} C R(?H—u)
=1 g=1

The setk is called the semidefinite representation of the convexXdsdtots of sufficient condi-
tions for a convex, semialgebraic set to be semidefiniteessgmtable, are contributed in [Lasserre,
2009], [Helton and Nie, 2009], [Nie, 2012], [Helton and N2§10].

Notation and terminology

A j-flat is a j-dimensional affine subspaceliif. A j-projectionof K is the image ofK under
an affine projection, say onto aj-flat. Thej-sectionof K is the intersection of with a j-flat.
cone(p, K) is the smallest cone containirfg, with the vertexp. The origin inE™ is ¢. N; is a
closed ball centred at;, with radiusy; > 0.

Definition 1. Boundedly semidefinite representabléd subsetk of £ Is said to bebound-
edly semidefinite representabf@ovided its intersection with each bounded semidefiipea-
sentable set ifi iIs semidefinite representable.

Definition 2. Semidefinite representable at a poin& subset/X of £ is said to besemidefinite
representable at a poipte K, provided some neighbourhood;ofelative to K is semidefinite
representable.

| >4

New sufficient conditions for convex sets to be semidefinitep-
resentable

Theorem 1l.Let K is a convex set il£"” and p i1s any point inK. If all j-projections of
cone(p, K') are semidefinite representable< j < n then,clcone(p, K) is semidefinite repre-
sentable.

Theorem 2.Supposex Is a convex set IfE"” andp Is any point inK. K is semidefinite repre-
sentable ap Iff 7K Is semidefinite representable mivheneverr is an affine projection of
onto aj-flat throughp, where2 < 5 <n.

| =4

Theorem 3.With2 < 5 < n, the closure of a bounded convex subsekEbfis semidefinite
representable if all itg-projections are semidefinite representable.

Theorem 4.Let K is a closed convex set i’ andp € intK. K is semidefinite representable

Iff all its j-sections of throughp are semidefinite representable< 7 < n.

Outline of the proof of Theorem 1

The following results play an important role in the proof:

Lemma 1.Let, C' is a convex cone if£" all of whosej-projections are semidefinite repre-
sentable? < j < n. Then, all(n — 5 + 1)-sections otIC' are semidefinite representable.

Lemma 2.Suppos&’ is a convex cone with vertex and L denotes the lineality space afiC.
Let, C' is not linear. Then there is a linear function@lsuch thatf = O on L and f > 0 on
clC ~ L. Witht > 0, let Hy = f~10and H; = f~. ThenC is closed and semidefinite
representable ifff; N C' i1s boundedly semidefinite representable dnd C'.

Lemma 1 implies thatn — 1)-sections oflcone(p, K) are semidefinite representable. So, the
(n — 1)-sections ofclcone(p, K) are trivially boundedly semidefinite representable. Alsyp,
Lemma 2, we havelcone(p, K') is semidefinite representable.

Outline of the proof of Theorem 2

(=) Suppose thak’ is semidefinite representableatThe following Lemma

Lemma 3.A convex sek is semidefinite representable @iff cone(p, K') is semidefinite rep-
resentable.

states thatone(p, K) is semidefinite representable. Thuspne(p, K) is semidefinite repre-
sentable where is an affine projection of< onto j-flat throughp. So,cone(p, 7 K) is semidefi-
nite representable. Lemma 3 implies thdt is semidefinite representableat

(«<=) Suppose that K is semidefinite representableratThecone(p, 7 K) is semidefinite repre-

sentable by Lemma 3. So¢one(p, K) is semidefinite representable. The Theorem 1 implies thak

clcone(p, K) is semidefinite representable. A slight modification of Lea®rgives the following
result:

Lemma 4.If clcone(p, K) is semidefinite representable, thdik is semidefinite representable

atp € K.

Lemma 4 states that X" is semidefinite representablezatThe following result

Proposition 1.cl K is semidefinite representableat K Iff K is semidefinite representable|at
D.

iImplies thatK Is semidefinite representableat

Outline of the proof of Theorem 3

Let K is a bounded convex set lY* and we haver K Is semidefinite representable. Sdy is
boundedly semidefinite representable. The following Lemma

Lemma 5.With2 < 5 < n, if all j-projections of a convex subsetlof are boundedly semidef-
Inite representable, the closure of the set itself must bad&finite representable.

states that/K Is boundedly semidefinite representable. &dy is compact, convex and
semidefinite representable at all its points. So, we get & fmumber of ballsV; to covercl K.

clK = conv[Ut_{(N; N clK)]

(N; N clK) is semidefinite representable neighbourhood:0in c/K. So,clK is semidefinite
representable.

Outline of the proof of Theorem 4

(=) If K is semidefinite representable, then alljitisections are semidefinite representable.
(<) Suppose = ¢. ThenK"' is bounded andk")’ = K. Consider a linear projection of
(E”)' onto one of itsj-subspaces antl/ be the kernel ofr andL = M". We know, from [Klee,

1959],
(LNK)Y =M+ c(xK")

As K is compacty KV is closed. Hence,
(LNK)Y =M+ rK! (1)

Let us fix aj. We have,L N K is semidefinite representable. $6,n K" is semidefinite repre-
sentable. From equation 1, we s&f+ 7K is semidefinite representable and sa is". Also,
by Theorem 1, we sak is semidefinite representable. Henégjs semidefinite representable.

Conclusions

The main contribution of this work is to give new sufficientncitions for a convex sek to

be semidefinite representable in an affine space. The suafficeditions are related to the
projections andg-sections ofK’. The Theorem 1 states thdtone(p, K) is semidefinite repre-
sentable if all thg-projections ot-one(p, K') are semidefinite representable. The Theorem 3 gives
another sufficient condition: the closure of a bounded coiwet is semidefinite representable if
all its j-projections are semidefinite representable. The Theoramatés that a closed convex
set Is semidefinite representable If all jtsections are semidefinite representable. The explicit
construction of semidefinite representation/of given the semidefinite representations of all its
J-projections orj-sections Is an interesting future research problem.
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