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Abstract

Wireless channels bring in new challenges unforeseen in wireline environments, e.g., ISI
becomes time varying. Traditionally the equalizers (which nullify the ISI) were designed
to optimize their performance (e.g., MSE) as a standalone component (equalizers were
designed using sufficient amount of training that is transmitted prior to the actual data
transmission). This approach was well suited for time invariant wireline channels. How-
ever with time varying nature of the wireless channels, training sequence needs to be sent
frequently and the optimality of the above approach is questionable. Information theo-
retic measures are better suited to design an equalizer in such an environment. The first
goal of the thesis is to obtain the best wireless equalizer (blind/semi-blind or training),
using novel information-theoretic arguments (which study the trade-off between the BW
lost and accuracy gained) for a given wireless scenario.

Any practical communication system uses training algorithms and they are still opti-
mal, as long as one optimizes their performance as a standalone component (i.e., when
the loss in BW due to the training sequence is not considered). A training algorithm
commonly uses MMSE criterion to obtain the solutions (e.g., MMSE channel estimate,
MMSE equalizer etc). The LMS, an iterative and computationally efficient algorithm, is
often used to converge to the MMSE solution. With the advent of (time varying) wireless
communications it becomes important to understand the tracking behavior of a wireless
component (e.g., channel estimator, equalizer etc). Until now, the theoretical tracking
behavior (of a channel estimator) is obtained by modeling the wireless channel either
as a first order AR process (e.g., Random Walk model) or as a deterministic periodic

process. Block fading model is also used to study a slow fading channel. However, an
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AR(2) process models a fading channel better and can model most of the channel dy-
namics required for the receiver design. By modeling the underlying wireless channel as
an AR(2) process, the second part of the thesis studies the tracking behavior of an LMS
Linear /Decision Feedback Equalizer in training or decision directed (DD) mode. Along
the way, the thesis also attempts to solve some long standing issues in a fixed (also a quasi
static) channel environment like, obtaining an MMSE DFE, convergence of an LMS-DFE
and convergence of a DD-LMS-LE.
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Chapter 1

Introduction

Communication systems have seen a paradigm shift from predominantly wireline systems
to fast emerging wireless technologies. While wireless Cellular, LAN systems have already
gained popularity, emerging WiMAX and 4G systems promise to revolutionize the way
we communicate. As wireless systems emerge, they bring in new challenges unforeseen in
wireline environments, e.g., multipath fading and time varying channel characteristics.

In any communication system, the transmitted signal is distorted through a channel,
which can also introduce Inter Symbol Interference (ISI). These undesirable effects are
cancelled at the receiver by an equalizer ([21], [32], [43]). The problem is aggravated with
a time varying wireless channel, since the ISI also becomes time varying. Then one needs
a time varying equalizer in the receiver to undo the channel distortions.

The equalizers are usually linear FIR (finite impulse response) filters, which may also
use feedback. For a good performance, one needs to learn/design the optimal values of
the equalizer coefficients. There are various ways to do it. One can either directly design
an equalizer or can design it using an estimated channel model. For this purpose, often
a known training sequence is sent prior to the actual data transmission. Then the MSE
(Mean Square Error) optimal filter called Wiener Filter (WF) may be directly calculated,
or calculated via an adaptive scheme like the Least Mean Squares (LMS) algorithm ([25]).
One can also design an equalizer using a blind method, where no training sequence is used.

A blind and a training method may also be combined to obtain a semi-blind equalizer.
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Hence a large variety of equalizers are available and one needs to make a good choice for
a given wireless scenario, i.e., one needs an optimal wireless equalizer.

When an equalizer is treated as a stand-alone component (for example when the BW
lost due to training sequence is not considered), the best criterion for optimality would
be MMSE (Maximum Likelihood/Viterbi equalizer is the optimal equalizer, but often one
cannot realize this in practical systems because of its computational complexity). However
to obtain a good MSE optimal equalizer one needs sufficient training sequence. Hence
the above notion of optimality is good only for a time invariant channel (like wireline
systems) where the training sequence is transmitted only once.

The above ’optimal’ equalizer may not be optimal for a performance measure that
pays penalty for the loss in BW. Due to time varying nature of the wireless channels,
one will need frequent transmission of the training sequence resulting in significant loss
of BW. Hence in a wireless channel, it is better to optimize a performance measure that
considers the loss in BW. In such systems, optimizing information theoretic measures
(for example Maximizing information capacity of a system with the equalizer) would be
a better criterion.

However, in general, any practical wireless system uses the first notion of optimality
to obtain a training based equalizer and hence is of practical importance. Hence, in this

thesis we will be dealing with both the notions of optimality.

1.1 The Problem

An equalizer is an important component of a receiver and its performance critically affects
the performance of the overall communication system. Therefore, extensive studies have
been made over the years in designing and determining their performance (see [1], [3],
[15], [21], [31], [32] [37], [43] and the references therein).

In this thesis we study the performance of various equalizers when used with a wireless
channel. Due to multipath fading, the characteristics of a wireless channel change with
time. This introduces new complications (compared to a wireline channel) which may

make an equalizer well suited for wireline channels to perform quite poorly in a wireless
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scenario. For example, training based equalizers are extensively used in wireline systems.
They are also used in wireless systems, but unlike in wireline systems, the training se-
quence needs to be sent frequently. Therefore, a significant (~ 18% in GSM) fraction of
the channel capacity is consumed by the training sequence. The training based (MMSE)
equalizer as a stand-alone component is still optimal (as here we are not bothered about
the loss in BW due to training), but the communication system performance with this
training based equalizer may not be the best. The usual blind equalization techniques
have also been found to be inadequate [21] due to their slow convergence and/or high
computational complexity. Because of this, the blind algorithms may not be able to track
the time variations effectively in a wireless channel. Hence, one needs to look at semi-
blind algorithms, which use some training sequence along with blind techniques (Chapter
7 of [21] and references therein), as they may provide the optimal solution.

However, Semi-blind/blind equalizers are believed to work unsatisfactorily in fading
channels as compared to training based methods. But there is no theoretical study till
today which confirms the belief. This is because, no systematic comparison of training,
blind /semi-blind algorithms seems to be available so far. We aim to fill this gap.

Any practical communication system uses training algorithms and they are still opti-
mal, as long as one optimizes their performance as a stand-alone component. With the
advent of (time varying) wireless communications it becomes important to understand
the tracking behavior of a wireless component. Thus, we next consider the tracking per-
formance of the training equalizers. As mentioned above, a training based equalizer is
most often designed based on Minimum Mean Square Error (MMSE) criterion. The MSE

optimal equalizer, also called Wiener filter is given by,
0" = arg meinE [Qti — 5}2,

where the vector X includes the channel outputs and decisions (decisions are included
only in case of a DFE, the Decision Feedback Equalizer) while s represents the channel
input and ¢ is the transpose of vector §. The Wiener filter (WF), often involves a matrix

inverse computation and hence is computationally expensive. The Least Mean Square
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(LMS) algorithm is used as an alternative. LMS is a very popular, easily implementable
and a widely used iterative algorithm ([4], [25], [43]) usually designed to converge to the
MMSE solution. It is given by,

Qk+1 =0;, — Xy, (&ZQk - Sk) )

where p; is a sequence of constants. However, prior to using the LMS, one needs to know
whether it really converges to the MMSE solution, the WF. In addition, the LMS usually
has the ability to track a time varying system if we keep p > p > 0 for all k& ([25], [43]).
In this thesis we will also address the corresponding issue for tracking (i.e., whether an
LMS really tracks the instantaneous WF 7) while designing an equalizer via LMS for a
wireless channel.

Equalizers are most commonly designed as linear FIR (finite impulse response) filters.
One can easily see that, for an LE (Linear Equalizer) with a fixed channel, the unique

WF is given by,
Q* = R)_{lj{RXsa

where Rxx = F [ﬁ t] is the auto-correlation matrix of the channel outputs and Ry, =
E [Xs] is the cross correlation vector. Although the training based LMS-LE has been
studied extensively with wireline (fixed) channel (convergence to the WF for a fixed
channel is shown in [4], [37]), its performance with a time varying channel is studied
only via simulations and approximations. In this thesis we address the tracking problem
theoretically.

Sometimes, an initial training based equalizer is improved upon using the decisions of
the current symbols in place of the training sequence. This mode, called a decision directed
(DD) mode, can improve the performance of the equalizer as well as the system using this
equalizer (as now one can get better performance without using extra training sequence).
Further, one can also track the channel variations via the DD mode itself (i.e., without

using an extra training sequence). In this mode, after obtaining a sufficiently ’good’
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estimate of the equalizer from the training sequence, one uses the previous decisions in

place of the training sequence to further improve the equalizer as
Qk?-i—l = Qk - /Jlka (ngk - =§k) ,

where §;, is the decision of the current symbol. However, there can be decision errors, i.e.
Sk # Sk, which can affect the probability of error and the tracking performance of the
system. This important issue of these equalizers is not well understood. We intend to
take a close look at this problem.

Decision feedback equalizers (DFE) are nonlinear equalizers, which can provide sig-
nificantly better performance than an LE (especially when there are deep nulls in the
frequency response of the channel). A DFE feeds back the previous decisions of the trans-
mitted symbols, to nullify the ISI due to them and makes a better decision about the
current symbol. Although these equalizers have also been used for quite sometime, due
to feedback their behavior is much more complex than LEs. Hence their performance is
not well understood. Furthermore, there is no known technique to provide an optimal
MMSE DFE even for a fixed channel ([10], [32], [43]). Since the LMS is used to provide
MMSE solutions, it could possibly be used here too. It has indeed been used to obtain
a DFE solution ([43]). However, it is not known whether an LMS-DFE converges to the
WF even for a fixed channel. We will address this issue for fixed as well as time varying
channels.

To study the tracking behavior, one needs a theoretical model of the fading channel.
Auto Regressive (AR) processes have been shown to model such channels quite satis-
factorily ([2], [28], [34], [60]). Further, lower order AR processes can capture most of
the channel dynamics required for the receiver design ([28]). However, in literature till
today, the tracking behavior of a wireless component (e.g., channel estimator) has been
understood only using either a first order AR process, or a deterministic periodic process
([23], [36]) or using a block fading model (e.g., [1], [24]). Recently, it is shown in [28] that
a second order AR process many a times can capture almost all the channel dynamics

required for a receiver design, while an AR(1) process fails to do the same. Hence the
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tracking behavior may be better understood, if the underlying channel is modeled as an
AR(2) process. However the AR(2) processes depend upon 2 previous values. Hence it
would be difficult to theoretically deal with these processes (e.g., ODE approximation,
which is extensively used for studying adaptive processes ([4], [6], [29]), is obtained only
for processes that depend upon one previous value). In this thesis, we model the wireless

channel by an AR(2) process and obtain the theoretical tracking performance.

1.2 Previous Work

In this section, we survey the literature related to the problems mentioned above. Pio-
neering work towards blind algorithms for channel equalization has been done by Sato in
1975 ([44]). Since then, there has been considerable work on blind algorithms ([15], [21],
[22], [46], [57], [59]). Among these, CMA ([22]) has been one of the most studied and
used algorithms. Its convergence/ ill-convergence (see [14], [15], [21], [47], [53] and the
references therein), bounds on its MSE performance ([45]) and its distance from Wiener
receivers ([65]), have been obtained. Also, blind, semi-blind and training algorithms are
compared, for a given training length N;, using the Cramer-Rao bounds by D-Carvalho
and Dirk Slock (see Chapter 7 of [21] and the references therein). But these analysis do
not discuss the tradeoff between accuracy in channel estimation and the bandwidth lost
(for training in training and semi-blind methods), i.e., a larger training sequence provides
a better equalizer enabling more data rate, but, reduces the time available to send the
data.

An optimum training sequence for the training based methods have been obtained in
[1] and [24]. They obtain a lower bound on the channel capacity and find the optimal
training sequence length (and also placement in case of [1]). However, they do not provide
a comparison with blind or semi-blind methods.

A recent survey on pilot assisted wireless transmissions is available in [58]. This
survey gives a exhaustive list of the current literature which provides optimum training
length, sequence and placement. Information theoretic methods (usually tight bounds on

the capacity) are used to design the optimal training sequence ([58] and the references
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therein). The authors also mention that a semi-blind method (using CMA) can improve
the performance. But this is achieved once again using Cramer-Rao bounds. As mentioned
above the Cramer-Rao bounds are not sufficient for proper comparison of a blind algorithm
with a training based method.

The convergence of the LMS-LE algorithm to the Wiener filter for a fixed channel
has been studied in ([4], [37]). Hence it is known that for a fixed channel (e.g., wired
channels), the performance of the limiting value of an LMS is not degraded much with
respect to the Wiener filter as the length of the training sequence increases.

However, the above answer is not sufficient for a wireless channel because of its time
varying nature. The tracking of a channel estimator has been extensively studied (see
e.g., the convergence analysis in [4], [29], [35], [62], measures of tracking performance in
[23], [36], [63] and variable step size algorithms in [30], [61] and the references therein).
The channel estimates can be used at any time to obtain an equalizer.

Tracking behavior of an LMS equalizer is obtained only via simulations, approxima-
tions and upper bounds on probability of error (see, e.g., [25], 28], [34], [54]). We are not
aware of any theoretical analysis except [36] which discusses the degree of non-stationarity
and optimum step-size. However, the assumptions made in this analysis are unrealistic.
They assume deterministic bounded or random IID zero mean time variations. Also they
assume that the noise sequence after the equalizer, resulting from residual ISI and the
noise passing through the equalizer, is IID.

In [37], it has been shown that the DD-LMS-LE for a fixed channel converges to the
WEF almost surely, if the initializer is sufficiently close to the WF and if the noise is zero.
The authors also observe that the DD attractors are away from the WFs when the noise
is non-zero and when the equalizer length is one. However, one needs to understand the
DD algorithm under more practical scenarios. Benveniste et al. ([4]) have obtained an
ODE approximation for a fixed channel DD-LMS-LE. However they have not studied its
attractors. The existence of undesirable local minima are established in [38], [41]. In
[21] (chapter 11 and the references therein) the convergence properties (noiseless) and

initialization strategies (to ’open’ eye) are discussed.
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Performance analysis of a DFE is more complicated because of the feedback loop.
Existence of a hard decoder inside the feedback loop, makes the study all the more difficult.
A DFE mainly exploits the finite alphabet structure of the hard decoder output ([19], [32])
and hence the hard decoder cannot be ignored.

For a DFE, statistics of the previous decisions are not known. Hence the first hurdle:
there is no known technique to compute a DFE Wiener filter. One gets around this
problem by assuming perfect decisions (see, e.g., [13], [32], [56]) and design a Wiener
filter. For convenience, for the rest of the thesis, we will call it IDFE (Ideal DFE).
The IDFE often outperforms the linear Wiener filter significantly ([3], [43], [54]). But it
is generally believed that the true optimal DFE Wiener filter (considering the decision
errors) can significantly outperform even this.

Another way to obtain an optimal solution is to replace the feedback filter at the
receiver by a precoder at the transmitter ([10], [43]). This way one can indeed obtain
the optimal filter (one no longer has the problem due to the decision errors). But this
requires the knowledge of the channel at the transmitter. However for wireless channels,
which are time varying, this is often not an attractive solution ([32] [43]).

Some research has been carried out to deal with the decision errors. Either the distri-
bution of the decision errors was approximated in designing an MSE optimal filter (IDFE
being one such example) or some other appropriate criterion was used to get the optimal
filter considering the errors in decisions. For example, in [50], the authors approximated
the errors in decisions with a WGN (White Gaussian Noise) uncorrelated with the input
data and obtained the DFE Wiener filter. But as is stated in the paper this approxima-
tion is not realistic. In [19], the authors obtain an H* optimal DFE considering decision
errors. However it is not compared to the DFE Wiener filter.

LMS-DFE could possibly be used to obtain an optimal DFE. However, its performance
is not understood theoretically. For example, the convergence behavior of an LMS-DFE
even for a fixed channel is not understood. Trajectory of the LMS-DFE algorithm without
a hard decoder in the feedback loop has been approximated by an ODE in [29]. However
this ODE does not approximate the DFE with a hard decoder. Beneveniste et al. ([4])
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have shown the ODE approximation of an LMS-DFE with a hard decoder. But the ODE
obtained by them is not explicit enough and hence does not provide clear insight into the
behavior of the LMS-DFE algorithm. Furthermore, they do not relate the attractors of
this ODE to the DFE Wiener filter.

While understanding the tracking behavior of a channel estimator, a time varying
channel has been modeled either as a first order AR process (Random Walk model) or as
a deterministic periodic process ([23], [36]). Block fading model is also used to study a
slow fading channel ([1], [24]). However, an AR(2) process models a fading channel better
([28]). It has been used to improve channel tracking algorithms in [28], [34] and [60]. But

it has not been used to obtain better performance analysis of a wireless component.

1.3 Contributions of the thesis

We attempt to obtain an optimal wireless equalizer (either optimal in MSE sense, like
DFE-WF, LE-WF etc, or optimal in capacity sense) by theoretically analyzing various
wireless equalizers described above. In this connection, we obtain answers to the following

questions under certain conditions:

e What is the optimal length of the training sequence ?

e How does a blind/semi-blind equalizer compares itself with respect to a training

equalizer 7 What is the optimal equalizer 7
e Does LMS really track the instantaneous Wiener filter ?

e When can we use the ”decisions of the current symbol” in place of the training

sequence ?

Prior to answering these questions, one needs an appropriate model for the wireless
channel. A wireless channel can be fast/slow fading and frequency selective/nonselective
([43]). We will be dealing with a slow fading, frequency selective channel in our thesis.

We model these channels either as block fading channels or as AR processes. Our AR
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processes can also model some fast fading channels. In particular we will use AR(2)

processes. We obtain the following:

e The optimum training sequence length for the training based and semi-blind algo-

rithms.

e Among the algorithms compared, semi-blind algorithms provide the best perfor-

mance.

e A training based LMS linear equalizer tracks the instantanecous WF for a sta-

ble/unstable channel.

e A decision directed LMS linear equalizer stays close to the instantaneous WF when-
ever the SNR is high and when it is properly initialized. Hence, we conclude that
a DD-LMS-LE can be used to track/obtain the WF under high SNR conditions
(without the use of training sequence). However, at low SNRs, the DD attractors

are away from the WF.

e A training based LMS decision feedback equalizer stays close to the instantaneous
WEF at high SNRs. Thus, we conclude that at least under high SNR, LMS can be
used to obtain the optimal DFE. We also show that the ’Optimal’ DFE obtained
by ignoring the decision errors can perform much worse than the LMS DFE even

under high SNR (even after designing the former with perfect channel estimate).

Our general tool for analysis is the ODE (Ordinary Differential Equation) approxima-
tion often used in stochastic approximation methods ([4], [6], [29] etc).

In Chapter 2, we provide an ODE approximation for an AR(2) process. This appears
to be the first time when an ODE approximation is obtained for a recursive equation where
the current value depends upon two previous values (a second order difference equation).
Unlike previous ODE approximations available in literature ([4], [6], [29]), now depending

upon the parameters, the approximating ODE may be a first order or a second order

ODE.
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We then obtain an ODE approximation for a general system, whose components may
depends on two previous values (like in an AR(2) process) in Appendix I, provided at
the end of the thesis. Using this, we obtain the ODE approximation for an LMS-LE,
DD-LMS-LE or LMS-DFE while tracking an AR(2) process. This ODE approximation is
instrumental in obtaining the last three results.

We obtain the comparison of the training based equalizer with (semi) blind equalizers
in Chapter 3. Here, we use novel information theoretic arguments to study the trade-off
between the BW lost in sending a training sequence versus the BW gained due to better
channel estimate obtained via a longer training sequence. We use the most popular blind
algorithm, CMA, for our comparison purposes. We define a ’'composite’ channel for each
equalizer, and use its capacity as a measure to obtain the optimum training sequence
length as well as to compare the three equalizers. The CMA ODE approximation of [47]
has made it possible to obtain the capacity.

An LMS-LE is studied in Chapter 4. For an LMS-LE, the error between the instanta-
neous WF and the LMS trajectory is shown to reduce polynomially/exponentially to zero
with time, using the ODEs approximating the stable/unstable channel (AR(2) process)
and the LMS-LE trajectories. This error remains bounded for a marginally stable channel
(stable, unstable and marginally stable channels are explained in Chapter 2). For stable
channels we also show that the MSE of an LMS-LE converges to the instantaneous MMSE
exponentially.

For a fixed channel, using implicit function theorem, we obtain the existence of DD-
attractors close to the WF at high SNRs. We use similar techniques to compare the
LMS-DFE attractors with that of the DFE Wiener filters.

1.4 Organization of the thesis

Chapter 2 studies the AR modeling of a Wireless channel. It also provides the conver-
gence of AR(2) processes to ODEs. The blind/semi-blind equalizers are compared with
training equalizers in Chapter 3. It also provides the optimal training sequence length.

Tracking behavior of LMS Linear equalizers is studied in Chapter 4. DD-LMS-LE is
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studied in Chapter 5. LMS DFE for a fixed channel is dealt with in Chapter 6 while
its tracking behavior is obtained in Chapter 7. Chapter 8 concludes the thesis. All ma-
jor proofs are available in appendices included at the end of the corresponding chapters.
ODE approximation of a general system (with some of its components depending on two
previous values) is obtained in Appendix I, included at the end of the thesis. References

are included at the end of the thesis.



Chapter 2

Channel models for a Wireless

Channel

A wireless channel can be fast/slow fading and frequency selective/non-selective ([43]).
We will consider a slow fading, frequency selective channel in this thesis. This model
includes a fixed frequency selective channel (i.e., a time invariant channel with ISI) as a
special case. One can model a slow fading wireless channel either as a block fading channel
or as a continuously varying channel with a slow drift. We will model the continuously
varying channel by an AR process. Our AR processes can also handle some fast fading
channels.

Auto Regressive (AR) processes have been shown to model wireless channels quite
satisfactorily ([2], [28], [34], [60]). We study these processes in detail. We will show that
the trajectory of an AR(2) process can be approximated by a system of ODEs. Using
these ODEs we show that the trajectory of an AR(2) process can be approximated by an
exponential, polynomial, cosine, hyperbolic-cosine, exponential cosine or an exponential
hyperbolic-cosine waveform, if the trajectory is suitably scaled in time and space. These
ODEs will be used to study the performance of the wireless equalizers in Chapters 4, 5
and 7.

The chapter is organized as follows. Section 2.1 describes the Block-fading model,
which will be used in Chapter 3. Section 2.2 provides the AR process model and its

13
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approximation with an ODE. In Section 2.3 we demonstrate via some examples that the

ODEs can indeed provide a good approximation. The appendices provide the proofs.

2.1 Block-fading model

In a block-fading model, the channel is approximated with a constant value over a
frame/block and is assumed to change over to an independent value in the next frame.
This is a very commonly used model for a slow fading channel ([1], [24]). For example,
this model is suitable in a TDMA wireless system like GSM. In GSM, a packet of a voice
call is transmitted in one slot in each frame (consisting of 8 slots). The fading during
a slot may be approximately constant. However, a frame later, the fading might have
changed significantly.

For this model, the training sequence is transmitted once for every frame, and an
equalizer is computed for every frame. We use this model for comparing the blind/semi-
blind equalizers with training based equalizers in Chapter 3. The channel co-efficients

across frames are assumed to be independent and Gaussian distributed.

2.2 AR process model

A slowly varying channel can sometimes be better modeled (than by block fading model)
by a continuously varying process with small variations at a time. To model such a

channel, we use an Auto Regressive processes of order p (AR(p) processes),

Zy = idle—l +ulWy, k=1
=1
where {W}} is an IID sequence independent of initial conditions Zy, Z_;, ---, Z,+; and
pwand d;, [ =1,---,p are some constants. These processes have been shown to model the
slowly varying channels quite satisfactorily ([2], [28], [34], [60]).
Exact modeling of the wireless channel time variations using an AR process is not

possible (the autocorrelation function of an AR process is rational, while the wireless
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channel autocorrelation functions are usually not rational). Nevertheless, AR processes
especially for a large p, are shown to model a wireless channel quite accurately in [2].
However, first few correlation terms of the channel are more important for the design of
receiver algorithms ([28]) and hence low order AR models may be sufficient.

One can estimate the p 4+ 1 parameters of the AR(p) process (the p coefficients and
the variance of the noise, p) from the autocorrelation function of the WSSUS model of
the fading channel (given by a zero order Bessel function of the first kind, Jy(27f,Tk),
with k the lag, f; the maximum Doppler frequency and 1/7 the data rate) using linear
Yule-Walker equations ([2], [28], [34]).

In [28], it is shown that a second order AR process correlation matches the true
Bessel correlations accurately almost up to 20 lags while the first order AR process may
match satisfactorily only for very small lags. Hence an AR(2) process can be a much
better model than an AR(1) process. It includes the frequently used models in literature,
e.g., the Filtered Random Walk model ([34]) obtained with d; + dy = 1 and |dy| < 1
and the Autoregressive Second Order model ([34], [28]) obtained with d; = 2pcoswy,
dy = —p?, where p and wy represent the degree of damping and the dominating frequency
respectively. Also, an AR(2) process sometimes can capture almost all of the channel
dynamics that are required for the receiver design ([28]). Hence we model the wireless
channel by an AR(2) process while studying the tracking behavior of the LMS algorithm
in Chapters 4, 5 and 7.

An ODE approximation is often used to study an adaptive process ([4], [29]). An
AR(2) process depends on two previous values and an ODE approximation for such a
process does not seem to be available in literature. In the next section, we will approximate
the trajectory of an AR(2) process by an ODE. We will show in Section 2.3 that the ODE
approximation is quite accurate for f;7" upto 0.04, which can for example correspond to
a mobile speed of 150 Km/h at 2.4-GHz transmission with symbol time equal to 100us.
We then suggest an ODE whose solution can approximate a more general AR(p) process.

The values of dy, do determine the stability of the channel. The channel is stable,

unstable or marginally stable respectively if its poles are inside, outside or on the unit
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circle ([25]).

We first study a general system in Appendix A (whose current value depends on two
previous values) and use this to obtain an ODE approximation for the AR(2) process.
We obtain a first order ODE whose solution approximates the general system (and hence
the AR(2) process) with dy € (—1,1]. The AR(2) processes corresponding to this case
includes the stable channels and a class of unstable channels. However for d, close to —1,
we show that a second order ODE better approximates the above system. Later on, we
obtain another second order ODE which approximates the process with do = —1. The

AR(2) process in this case will include a marginally stable channel.

2.2.1 ODE approximation of an AR(2) process

To begin with, we study a general system given by,
Ziv1 = (L —do) Zi, + doZy—1 + pH Wy, Zy,).

In Appendix A, we obtain a system of ODEs (2.5), (2.7), (2.9) for dy € (—1,1], dy = —1
and dy close to —1 respectively, which approximate the above system under the assump-

tions:

A.1 Wy is an IID sequence.
A2 h(Z)=FE[H (W, Z(t))] is a C' function.

A.3 For any compact set @), there exists a constant C'(Q), such that
E\H(Z,W)]> < C(Q) forall Z € Q,

where the expectation is taken wrt W.

Using the results of Appendix A, we obtain an ODE approximation for the AR(2)

process. One can rewrite the AR(2) process as,

di +dy— 1
Zppr = (1 —do) Zy + do Zy—1 + (Wk + %Zk) .
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Hence the AR(2) process is an example of the above general system. One can easily see
that the assumptions A.1-A.3 are satisfied by the process if E [|Wkﬂ < oo. We will
assume this in the thesis. Hence using the three theorems of Appendix A, an AR(2)
process {Z;} with a small ;i can be approximated by the solution of the following system

of ODEs (the approximation would be good as long as d; + ds is close to 1),

(1+dy) Zz(t) = [EW)+nZ(t)], ifdye (—1,1],
P20 pwysnz)], itdy =1,
i dt
d 22(25) +mZ @) = [E(W)+nZ(t)], ifdyiscloseto —1, (2.1)

where nédlﬂ# and 771é%- Note that with dy close to —1, two ODEs approximate

the AR(2) process (we will discuss this in detail later).
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The channel ODE (2.1) has a unique solution (which is bounded for any finite time)

given by (with aé% =1),

([ Crernt — 2, n#0, dy € (—1,1],
Bt 4 ¢, n=0, dy € (—1,1],
Cicosh(y/n t) — @, n >0, dy = —1,
Ciecos(y/|n| t) — @, n <0, dy = —1,

Z(t)= 22)

%W) 2+ C, n =0, dy = —1,
Cre2at % t, n =0, dy close to — 1,
Cre~cos(\/|n| — a® t) — @, n < —a®  dyclose to — 1,
Cre~%cosh(\/n+a? t) — %, otherwise,

\

where the constant ' is chosen appropriately to match the initial condition of the ap-
proximated AR(2) process (as given in the theorems of Appendix A). The approximation
of {Z;} by the solution Z(t) holds in the following sense: Given any 7' > 0 and 6 > 0

P| sup |Zy—Z(kp*)|>0] —0
0<k<I5
n
as pt — 0, where a = 1 if Z(t) is the solution of a first order ODE and o = 1/2 if it is the
solution of a second order ODE.
When d; is close but not equal to —1, two ODEs approximate the same AR(2) process.
This is an important case and results when a second order AR process approximates a fad-

ing channel with a U-shaped band limited spectrum. It is obtained for small values of f;7".
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For example if f;T equals 0.04, 0.01 or 0.005 the channel is approximated by an AR(2)
process with (dy, do, it) equal to (1.9707, —0.9916,0.00035), (1.9982, —0.9995, 1.38¢7°) and
(1.9995, —0.9999, 8.66e~®) respectively ([2], [28])). One could approximate such an AR(2)
process with the first order ODE of (2.1). However this approximation will not be very
accurate and will require p to be very small. In this case, the second order ODE ap-
proximates the channel trajectory better. We will plot these approximations in Section
2.3.

In the following, we summarize the above ODE approximations relating them to the

stability properties of the AR(2) process.

Stable AR process

A stable AR(2) process has all the poles inside the unit circle ([25]) and hence satisfies,
di +dy < 1,dy —dy > —1 and |dz| < 1. In this case, n = (dy + ds — 1)/p < 0 and the
solution of the first order channel ODE of (2.1) will be an exponential curve for some

constant vectors Cy, O,
Z(t) = C’leﬁt + CQ.

This has a unique global attractor Z, = Cj.
As discussed in the previous section, stable channels with ds close to —1 are better

approximated by,
Cre "cos(\/|n| — a? t) + Cs.

It is easy to see that even this ODE has C5 as an unique global attractor (note that for

a stable channel a > 0).
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Unstable channels

An unstable channel has the poles outside the unit circle. The AR process in this case is

approximated by,

Z(t) = Cyr(t) + Cy

where with p =1 or 2, r(t) is given by,

€nt, dy +dy > 1,
P d+dy=1.

r(t) =

Note that the hyperbolic cosine curves are also unstable. These curves are equal to
C (e* + e %), for some z and hence their behavior can be understood by studying the

dominating term, the raising exponential.

Marginally stable channels

It has all its poles on the unit circle. An AR process with dy = —1, d; < 2 results in a

marginally stable channel. The AR process in this case is approximated by,
Z(t) = Cycos(y/n t) + Cs.

AR(p) process :

Following a similar procedure, one can try to show that an AR(p) process given by (when

1+ Z?:Z(Z - 1)d1 7é O)?

p
Zi1 = Y diZgsi-i + Wi (2.3)
=1

can be approximated for small values of u, with the solution of the ODE,

1
1YL (G- Dd;

Z (1)
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Complex Channels

A time varying complex channel can be written in the equivalent double dimensional real
domain (a double dimensional real vector is formed from any complex vector by stacking
all the real components first followed by the complex components). The complex channel
modeled by an AR(2) process, can now be approximated by ODEs of this chapter after

converting it to the equivalent real double dimensional vector.

2.3 Examples

In this section we illustrate the theory developed so far using some examples. We consider
a three-tap channel. We assume that Wy, ~ N (Mn, 1) for different values of mean Mn.

In Figure 2.1, we plot the actual trajectory and the ODE solution of a stable AR(2)
process, with d; = 0.6, do = 0.3995 and step size u = 0.001. It is clear from the figure
that, the ODE solutions approximate the actual trajectories well.

In Figure 2.2, we plot the channel trajectories for d; + dy = .8, which is away from 1.
Now we have taken = 0.01. We can see that when 1 — (d; +d») is large, the AR process
converges faster to the attractor and this channel will be like a channel without drift. In
this case, it is very close to an IID Gaussian random variable. This is also evident from
the theory, as, in this case |n| will be larger. Also it is evident from the figures that the

approximation is accurate even for d; + do away from 1.

In Figure 2.3, we plot an unstable AR(2) process. We set d; = 0.9, dy = 0.1001 and
1= 0.001. We see that the AR process is unstable, as d; + do = 1.001 > 1. We observe
that the AR(2) parameters are diverging to infinity exponentially, as shown by the theory.
We can also see that the ODE approximation is very accurate even in this case.

In Figure 2.4, we consider a special case, when dy = —1. We set d; < 2, to get a
marginally stable AR(2) process, whose trajectory is approximated by a cosine waveform.

The channel ODE once again well approximates the actual trajectories.
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Channel Coefficients Versus Time
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Figure 2.1: Trajectories of a stable AR(2) process
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Figure 2.2: Trajectories of a stable AR(2) process with d; + dy = 0.8
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— Actual Trajectory
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Figure 2.3: Trajectories of an AR(2) process when d; + dy > 1, i.e. unstable
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Figure 2.4: Trajectories of an AR(2) process with dy = —1 and d; < 2
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Channel Co-efficients Versus Time
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Figure 2.5: Trajectories of an AR(2) process with d5 close to —1 and d; < 2 for f;7" = 0.01.

In Figures 2.5, 2.6, we consider another special case, when ds is close to —1. In this
case, as is shown theoretically, a better ODE approximation is obtained by a second
order ODE. We set f;7 = 0.01, f;7 = 0.04 (e.g., symbol time 7" = 100us, at 2.4-GHz
transmission with mobile speeds 45 Km/h or 150 Km/h) respectively. We get a stable
AR(2) process, whose trajectory is approximated by an exponentially decaying cosine

waveform. The second order ODE well approximates the actual trajectories for f;7" upto

0.04.

In Figure 2.7, we are plot the channel coefficients of a complex channel. We are
considering a three-tap channel. In these figures, we plot both the real and imaginary

parts of the coefficients separately. We see that the ODE approximation is very close even

for a complex channel.

Finally, we plot an AR(4) process in Figure 2.8. The parameters of the process are

provided in the figure. We see that the ODE solution once again approximates the actual
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Channel Co—efficients Versus Time
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Figure 2.6: Trajectories of an AR(2) process with dy close to —1 and d; < 2 with f;T =
0.04.
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Figure 2.7: Trajectories of a Complex Channel.
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Channel Co-efficients Versus Time
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Figure 2.8: Trajectories of an AR(4) process

trajectories well. Do note that, as in the AR(2) process case (e.g., when dy = —1),
there will be different values of di, ds, d3, d, for which the exponential curve will not be

approximating the channel trajectory.

Conclusions

In this chapter we studied a wireless channel modeled by an AR(2) process. We first
obtained different ODEs for a general system whose components depend upon 2 previous
values. We then obtained a system of ODEs whose solutions approximate the trajectory
of an AR(2) process based on the value of dy. We showed that (Theorem 2.1) with
dy € (—1,1] (all stable and a class of unstable channels), the AR(2) process can be
approximated by a first order ODE. The solutions of this ODE are either exponential or
linear curves. When dy = —1, the AR(2) process either will have poles on the unit circle
(when d; < 2) or outside the unit circle (d; > 2). We showed that (Theorem 2.2) a second
order ODE approximates this class of AR(2) processes. With dy = —1, it is shown that
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the AR(2) process can be approximated by a cosine curve when dy < 2, by a square curve
when dy = 2 and by a hyperbolic cosine curve when dy > 2.

We also showed that with dy close to —1 (a very important case resulting when a
second order AR process approximates the well-known U-shaped band limited spectrum
of the received fading signal with lower Doppler rates [2]), all classes of channels, sta-
ble/unstable channels, are better approximated by a second order ODE (Theorem 2.3).
An exponentially raising/decaying, cosine/hyperbolic-cosine curve approximates this kind
of a channel.

We suggested a system of ODEs, whose solution can approximate an AR(p) process
with p > 2.

For simplicity, we have only shown the theory for the case when all the taps of the
channel are given by the same AR(2) process. But in all the examples of our simulations
we have used different AR(2) processes for different channel taps (we only varied the mean
E(W) in our simulations, one can also use different d;, d, for different taps). The theory

will easily go through even for the general case.

Appendix A

We study a general system given by,
Zyy1 = (1 = do) Zy, + do Zy—y + pH (Wi, Zi). (2.4)

We will approximate it with three different ODEs depending upon the value of dy under
the assumptions A.1-A.3. Note that under the assumption A.2, the ODE, Z= h(Z(t)),

has a unique local solution for any initial condition.
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When d, € (—1,1] :

Under this condition, we will show that the above general system (2.4) can be approxi-
mated by the solution of the ODE;,
1 1

Z W)=y B W Z(0)] = h(Z(t)). (2.5)

We represent the solution of ODE (2.5) with initial condition Z(ty) = A by Z(t,ty, A) for
any ¢t > tg.

Let ()1 and ()2 be any two compact sets such that ()1 C ()2 and we choose T' > 0 such
that there exists a dp > 0 satisfying,

d(Z(1,0,4),Q5) > &, (2.6)

for all A € @, and for all t < T'. If the ODE (2.5) has a unique solution for any initial
condition and if it is bounded for all time then for any T" > 0, dg > 0 and a compact )1,
one can always find a compact () that satisfies (2.6) for all ¢t < T and all A € ;. We
show the existence of unique bounded solutions for all the ODEs considered in this thesis
and conditions similar to (2.6) are then satisfied using this logic .

The general system {Z;} depends upon two previous values Z_; and Z;_o. An ODE
approximation is obtained for the first time for such an adaptive system. We use the

following small trick to achieve this. The ratio

Zy— (1 —dy)Zp1 — doZp—n (1—d )Zk — Zk1 4 9d Zy — Zi—2
=1-dy)——— o
1 I 24

is shown to converge to (1 + dg) Z (¢).

Theorem 2.1 With the above Assumptions A.1-A.8 and with dy € (—1,1], for any two
compact sets Q1 C Qa, for all T > 0 satisfying condition (2.6), for all §, with
(1 —=dy)Zo+deZ 1 = A,
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P sup |Zy — Z(ku,0,A)| > —0
1<kz | £
as i — 0 uniformly for all A € Q.
Proof : Please refer to Appendix B.
When dy = —1 :
With dy = —1, we will show that the solution of the second order ODE,

d*Z(t)
dt?

— E[H(W, Z(t))] = h(Z(2)). (2.7)

approximates the general system (2.4). With the rest of the notations as above, we have
the following theorem. Do note that in this case the time scale is given by k,/u in place

of the usual ku. Here we show that the ratio,

Zp—Zk—1 Zp—1—Zk—2
Iy =2yt Zko T g R

I Vi

2z
converges to G5 ().

Theorem 2.2 With the above Assumptions A.1-A.3, dy = —1, for any two compact sets
Q1 C Qy, for all T > 0 satisfying condition (2.6), for all §, with Zg = Z_y = A, Z (0) =0

P sup |Zy — Z(k\/p,0,A)|>6 7 — 0

ke

as p — 0 uniformly for all A € Q1.

Proof : Please refer to Appendix C.
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When d; is close to —1 :
When d, is close but not equal to —1, we will consider the following modified general

system,

Zr = (2= pm)Zy—1 — (1 — /um) Zy—o + pH(Zg—1, Wy), (2.8)

where 7, is a fixed constant. By Theorem 2.3, we once again approximate the above

trajectory by the following second order ODE,

d*Z dz

7 =~ h(Z(1)), (2.9)

where h(Z) = Ew[H(Z,W)] as before. Do note that the time scale is once again k/J.

Theorem 2.3 With the Assumptions A.1-A.3, for the system (2.8) and the ODE (2.9),
for any two compact sets Q1 C Q2, for all T > 0 satisfying condition (2.6), for all §, with
Zo=Z_1=A4A, 7(0)=0

P sup |Zy — Z(k\/p,0,A)|>6 7 — 0
T

eve| 5]

as p — 0 uniformly for all A € Q1.

Proof : Please refer to Appendix D.

Appendix B
Proof of Theorem 2.1: Let tnénu. Fix A € @ and let Z(t) represent the solution

Z(t,0,A) of ODE (2.5). We will limit ourselves to nu < T. We prove the above theorem

in the following 3 steps.
Step 1: Approximating the solution Z(¢;;,) in terms of Z(t;) and Z(t;_1).

By assumption A.2, there exist constants L;(Q2), L2(Q2) such that,

(Z) = h(Z1)|
(Z)]?

IN

Ll(Qz)’Z — Zl‘ fOI' all Z, Z1 € Qz,
LQ(QQ) for all Z € QQ.

(2.10)

IN
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For any k > 1, Z(t)) can be expanded with respect to Z(tx_1) using Taylor’s series

expansion as,

h(Z(tx))

Tt d ay, where |ag| < Ly®

Z(tk) = Z(tk,1> + 1
for some constant L. Therefore, by (2.10),
|Z(t) = Z(tx1)| < uL,

for some other constant L. For any other k > 1, Z(t;41) can also be expanded with

respect to both Z(ty), Z(tx_1) as,

Z(trr) = (1—do)Z(thsr) + doZ(ts1)
= (1—dy) {Z(tk) + “%ZJF—(ZCQ)) + a;}

WZ{te) | @//]

do | Z(ts_ 2 .
+2[(k1)+ul+d2 k

Therefore, for all t; < t;, < T, the solution Z(t) satisfies,
Z<tk+1) = (1 — dQ)Z(tk) + dQZ(tk_l) + ,uh(Z(tk)) — O, (211)

where

ol = |1 o+ e+ 22 (2 001)) ~ H(Z(00)])

1

=S 114 [(1 — d3) Lo(Q2) + daLo(Q2) + 2d2L1(Q2)£} 12 < Ly,

and constant L is chosen such that,

L = [Ls(Q2) + 2d2 L1 (Q2) L.

1 +dy
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Therefore |ay| < Lp* for all k.

Step 2: Approximating the trajectory Z;,; in terms of Z; and Z;_;.

Define error process, ¢ for any k > 0, by
Ziv1 = (1 — do) Zi, + doZi—1 + ph(Zy) + €, (2.12)
where,
e = uH (Zp, Wi) — h(Zy)].

Define 7:= {inf1gng HE Ly € Qg} . In Step 3, we will need to bound,
k—1 A
1k <7} e (1 . [—d2r+1) .
i=2
Defining,
k—1 A
Kkéz 1{i < 7} (1 — [—dg]ZH) :
i=2
one gets,

§€z‘ (1 _ [_d2]i+1)

where { K} is a martingale wrt the sigma algebra Fkéa (Wi;i < k) as shown below.
Since Zj,_; is measurable Fj,_; and Wj_; is independent of Fj,_y, 1{k —1 < 7} is

measurable Fi_; and hence Ele;_1|Fi_1] = 0. Therefore,

E[Ku|Foi] = g 1{i < 7}e; (1 . [—dg]”l) — Ky 1.
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Thus {K}} is a martingale. Therefore, by Doob’s martingale inequality,

E {sup \Kk|2} < 4sup E|K,,[%.
k<m

k<m

Thus we have,

k—1

e (1 _ [_dQ]iJrl)

1=2
< 4sup E|K;|?

k<L
—n

E|{sup 1{k <7}

k<L
=

k-

< 4sup ZE‘ 1{i < 7} (1 - [= d2]7«+1)
kg% =2
]

< 8 B 1{i < 7}e?

< 8,uT[ (Q2) + L2(Q2)],

-1

=[N
[

where equality a follows because for any 7 < k,

E[lj<rtHk<tlede] = E[E]1{j<7} Wk <1}el el Fy]]
= E[1{j<7} l{k< T}ejTE (e Fi]]

Step 3: Error between the solution Z(¢;) and the trajectory Zj.

The difference between the ODE solution Z(#;) and the actual system value Z, for k = 1,

is given by,

h(Z(0))
1+ dg

Z1 — Z(tl) = (1 — dg)Z() + dQZ_l + Mh(Zo) + €y — Z(O) + %

h(Z(0))
H 1+dy

= /Lh(Zo) — —+ (&) + Q,
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because of the initial conditions given in the hypothesis of the theorem. By Assumption

A.2 and the bound on «ay, we get,
1%y = Z(t)] < pM (1 + [H(Zo, Wo)l)- (2.13)
For any k£ > 1, the above difference is obtained by subtracting equation (2.11) from (2.12),

Zi—Z(t) = (1—ds)(Zor — Z(tyr)) + do (Zis — Z(tr_2)) + bps
= Zp1— Z(th—1) + do (Zy—2 — Z(ti—2))

—dy (Zy—y — Z(ty1)) + b1, (2.14)

where

bn2u [h(Z) — W(Z(t)] + e + i for all k > 0, (2.15)

is a composite term consisting of all the errors. By replacing (Zx_; — Z(t;—1)) in the
equation (2.14) with the same equation for £ — 1 and continuing till £ = 3, one gets after

some cancellations,

k-1
Zy — Z(ty) = do(Zy — Z(t1)) + (Za — Z(t2)) + (—da) (Zior — Z(ter)) + ) _ bi.
i=2
Further, iteratively, from (Zy_1 — Z(tx_1)) one gets (continuing till & = 3),
k—3 4 k—2 '
Zy—Z(te) = do ) [~doJ'(Z1— Z(t1)) + ) [~do (Zo — Z(t2))
=0 =0
k—3 i
+ ¥ b1 Y [—do)
=0 7=0
_ [_dz]ku 1— [—dg]kil
= d Z1— Z(t Loy — Z(t
(= 20) + T (- 2(0)
k—3 i+1
1—1[—d
+ Z bk*l*l [ 2]
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With dy € (—1,1], |1 — [—dy]"] <2 for all 7 and hence we get,

221 — Z(t)| + 2|25 — Z(t2)] + |05 brmii (1 - [_dﬂm) H
1+ds

| Z — Z(tr)] <

and therefore on the set {1 < k < 7}, for any 2 < k < % from (2.15), using the bound
(2.10) and the bound on «a,

k

2
> ailZioy = Z(tia)| + U + ——LpT (2.16)
o 1+ dy

2

7. — Z(t <
| Z, (’“)|—1+d2

with

2 ! sup 1{m <7}

bhda s 1)

)

3 et~ [

where a1 =1, ag = 1+ L1(Q2) i, a; = L1(Q2)p for all i > 3.

Using the bound (2.13), from Lemma 2.1, on the set {1 < k < 7}, for any 1 < k < %

2 2(TLy(Qo)+aq+as)
2= 20| < U+ 2 LT + M+ H 2o, W)
2

Therefore using (37, a;)> <n 3", a2, one gets,

12122T>
At d)? +3u” M*(1 + |H (%, Wo)|)2}

4(TLy(Q2)+aj+ag)
e 1+dsy

sup |Zy — Z(ti)|* < [31/{2 +

1<k<Tt

Thus using Step 2 and assumption A.3,

B| sw 12 - 20

1<k<t

24[L C T + 12L2%12T? 4(TLy(Qg)+a+ag)
C [PUBAQ) SCQIMTL I ] s

For any 6 < dp (do defined in (2.6)), the set {Sup1<k<LZJ |Z — Z(ty)| > 0} is same
- T Lp
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as the set {sup,<j., |Zr — Z(tx)| > 0} because, when k = 7 < HJ, Zi, € @5 and hence
|Z — Z(tr)| > 09 > 0. The theorem follows by Chebyshev’s inequality. W

Lemma 2.1 If for some positive constants 1,712,713, 11 < r3 and v, < ry ELQ WiVi—1+ 1o

forr=23,---n, then with uléo, v < (ro+ r3)e(” o) foralll1 <r <n.

Proof : Define vy = 0, u; = 0. The above statement becomes, vy = 0 and v, <
r1 Y iy piVio1 + (re +rs), for r = 1,---n and the result follows by Lemma 8 of page 231
in[4. MW

Appendix C

Proof of Theorem 2.2: Let t,2n . Fix A € Q, and let Z(t) represent the solution
of the ODE (2.7) with Z(0) = A and Z (0) = 0. We will limit ourselves to ny/p <T. We

prove the above theorem in the following 3 steps as in Theorem 2.1.

Step 1: Approximating the solution Z(t;,;) in terms of Z(t;) and Z(t;_1).

By assumption A.2, there exist constants L1(Q2), Lo(Q2) such that,

|h<Z) — h(Zl)| Ll(Q2)|Z - Zl’a for all Z, Zl < QQ,
h(2)? < Ly(Q2), for all Z € Q».

IA

(2.17)

For any k > 1, the first derivative Z (tx) can be expanded using Taylor’s series

expansion as,
Z. (tk) :Z (tk—l) + \/ﬁh(z<tk_1)) - O_ék, where |65k| S E,U/ (218)

for some constant L. Therefore using the upper bound (2.17) and the initial condition

7 (0) =0,

| Z (t)| < /il
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for some other constant L. For any k > 1, Z(tx11) can be expanded with respect to both
Z(tk), Z(tkfl) as,

Z(ter1) = 2Z(kt1) — Z(tgs1)
= 2 {Z(tk) + VR Z (tr) + gh(Z(tk)) + ak}
— |:Z(tk1) + 2\/ﬁ Z (tkfl) + 4%]1(2(15]@71)) + Oé;;‘|

= 2Z(t) — Z(th) + 2010 [Z (tr)— Z (teer) — VRR(Z (tk—l))}

"

+uh(Z(ty)) + oy -
Using the equation (2.18), the solution Z(tx), for all ¢; < ¢, < T satisfies,

Z(ter) = 2Z(t) — Z(tk—1) + ph(Z(ty)) — ou, (2.19)
where |ay,| < Ly/pi°, for some constant L.

Step 2: Approximating the trajectory Z;,; in terms of Z; and Z;_;.

Here the error process ¢, for any k£ > 0 is defined as in Step 2 of Theorem 2.1. Define
Ti= {iannﬂTJ /S Qg} . Following similar steps as in the Step 2 of Theorem 2.1,
== VE

we can show that,

m—

ZZ+1€mlz

=0

< 8/uT*C

E| sup 1{m<7}

Step 3: Error between the solution Z(t;) and the trajectory Z.

The difference between the ODE solution Z(tx) and Zj, for k = 1, is given by,

Zl — Z(tl) = 2Z0 - Z_1 + Mh(Zo) )]
—12(0)+ Vi Z (0) + §h<z<0)) — ag
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= uh(Zo) — gh(Z(O)) + 6o+ ap,

because of the initial conditions given in the hypothesis of the theorem. By Assumption

A2, we get,
|12y = Z(t)] < pM (1 + [H(Zo, Wo)))- (2.20)
For any k > 1, the above difference is obtained by subtracting equation (2.19) from (2.12),

Zy—Z(tk) = 2(Zp1— Z(tk-1)) — (Zr—2 — Z(tk—2)) + br—1
= Zpo1— Z(thr) — (Lo — Z(ti—2))
+ (Zk—1 — Z(ty—1)) + by,

where

b2 [W(Zy) — h(Z(t)] + e + ai  for all k > 0, (2.21)

is a composite term consisting of all errors. Continuing as in Step 3 of Theorem 2.1 till
k = 2 and since Zy = Z(0), we get,
k—1
Zp — Z(te) = (Z1 = Z(t1)) + (Zior — Z(ter)) + ) _ by

=1

Continuing further we get,

T
(e}

Zy—Z(ty) = k(Z — Z0t)) + > (i + )by,

i

I
o

Using the upper bound (2.20),

T\Zy — Z(t)|
—\/ﬁ +

< TMQ+ |H(Zy, Wo)|)\/1t +

k—2
Ze — Z(te)| < > i+ )bgoi—
=0

k—2
Z(@ + 1)bp—1-i
i—0
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and therefore on the set {1 < k < 7}, for any 1 < k < % from (2.21), using the bound
(2.17) and the bound on «y,

3

2~ 2| < LiQiVAT Y. 17~ Z(t)| +U

+(LT? + TM (1 + |H(Zo, Wo) )11, (2.22)
m—2
with ¢ 2 sup 1{m <7} Z(z +1)ém_1-i
vzl %)

From Lemma 8 in page 231 of [4], on the set {1 <k < 7}, forany 1 <k < \/lﬁ

2 — Z(ty)| < [U + (LT? + MT(1 + |H(Zo, Wo)|)) /1] e(T*11(@2).

Therefore using (37, a;)* < n Y1, a2, one gets,

=1 "1

sup |Zy — Z(ty)]> < [3UP+3L°T* u+ 3MPT?* (1 + |H(Zo, Wo)|)? 4]

1<k<Tt
2
277 L1(Q2)

Thus using the Step 2 and assumption A.3,

E | sup |Zy — Z(zf;€)|2

1<k<T

< [24CT% /i + 3L2T ju + 3MPT? ] 2T 11(Q2),

The theorem follows by Chebyshev’s inequality. B

Appendix D

Proof of Theorem 2.3 : Let t,2n u. Fix A € Q1 and let Z(t) represent the solution
of the ODE (2.7) with Z(0) = A and Z (0) = 0. We will limit ourselves to ny/p <T. We

prove the above theorem in the following 3 steps just like in Theorems 2.1 and 2.2.
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Step 1: Approximating the solution Z(t;,,) in terms of Z(t;) and Z(t;_1).
By assumption A.2, there exist constants L1(Q2), Lo(Q2) such that,

‘h(Z) — h,(Zl)| Ll(Qz)’Z - Zl’a for all Z, Zl < QQ,
h(2)? < Ly(Q2), for all Z € Q».

IN

(2.23)

For any £ > 1, the first derivative A (tx) can be expanded using Taylor’s series

expansion as,

Z (tk) = (1 — \/ﬁT]l) Z (tk:—l) + \//_Lh(Z(tk_l)> — O_ék, where |6ék| S E/UL (224)

for some constant L. Therefore using the upper bound (2.23) and the initial condition

7 (0) =0,

| Z (t)| < /il

for some other constant L. For any k > 1, Z(t41) can be expanded with respect to both
Z(ty), Z(tg—1) as,

Z(t) = (2~ m)Z(t) — (1 VEn) Z(ten)

= = i) |20 + Vi - ) 7 )+ nz(0) + o)

(0= V) |Z001) 4 2V = Vi) 2 (ticr) + 4512 01) +
=@ N2 — (L= IR Z () + Eh(Z(0)
ROV = Vi) |7 () = (L= Vi) 2 (1) = VER(Z (o) + o

where

"

of = @ vima,— (- i+ 7 (o) (YEEL) - I )
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Using the equation (2.24), the solution Z(t;), for all ¢; < t; < T, satisfies,

Z(ter) = 2= um)Z(te) — (1 = /um) Z(te-1) + ph(Z(ty)) — ow,  (2.25)

where |ay| < L,/pi°, for some constant L.

Step 2: Approximating the trajectory Z;,; in terms of Z; and Z;_;.

Here the error process ¢, for any k£ > 0 is defined as in Step 2 of Theorem 2.1. Define
Ti= {iannﬂTJ /S Qg} . Following similar steps as in the Step 2 of Theorem 2.1,
== VE

we can show that,

2

m—2 1
E| sup 1{m< 7} (1-— \/ﬁnl)lem_l_i <8/ T3C.
mﬂ%J i=0 1=0

Step 3: Error between the solution Z(t;) and the trajectory Z.

The difference between the ODE solution Z(t;) and Zj, for k = 1, is given by,

Zy—Z(t) = 2—um)Zo— (L= /um)Z-1 + ph(Z) + €

— | Z(0) + Vi Z (0) + S(h(Z(0)) = m Z (0)) — g

= uh(Zo) — gh(Z(O)) + €0 + ao,

because of the initial conditions given in the hypothesis of the theorem. By Assumption

A2, we get,
17, — Z(t)| < uM(1 + | H(Zy, Wo))). (2.26)
For any k£ > 1, the above difference is obtained by subtracting equation (2.25) from (2.12),

Zp = Z(t) = (2= +um) (Zr-1 — Z(te-1)) — (1 = Vum) (Zi—2 — Z(tr—2)) + br—
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= (L—=+um)[Zk-1 — Z(tr—1) — (Zr—2 — Z(tr—2))]

+ (Zg—1 — Z(tk—1)) + br—1,

where

bn2u [ Z) — W(Z(t)] + e + i for all k > 0, (2.27)

is a composite term consisting of all errors. Continuing as in Step 3 of Theorem 2.1 till

k = 2 and since Zy = Z(0), we get,

Zy = Z(te) = (1= V) N2 = Z(t1)) + (Zkr — Z(te1)) + Z_: bi(1 — /i )F

Continuing further we get,

k-1 k-2 1
Zy — Z(ty) = (1= Vi)' (Ze = Z(t)) + > > (1= /um) br-1-1.
=0 =0 =0
Using the upper bound (2.26),
k-2 1
T\Z, —
\/_ 1=0 z':0
k-2
< TM(L+ [H(Zo, Wo) )i+ DY (1= i) b1y
1=0 i=0

Rest of the steps follow as in Step 3 of Theorem 2.2 using the current theorem’s Step
2. N



Chapter 3

Blind /Semi-blind versus Training

Equalizers

Semiblind /blind equalizers are believed to work unsatisfactorily in fading channels com-
pared to training based methods due to slow convergence and or high computational
complexity ([14], [15], [21]). In this chapter we revisit this issue for MIMO fading chan-
nels. We compare the blind, semi-blind and training based equalizers when the blind
algorithm is CMA. We show that in Ricean (with Line of sight, LOS) environment semib-
lind/blind algorithms outperform training equalizers. We also find the optimum training
length in training and semiblind methods. Furthermore, we show that by adapting the
step size of the semiblind algorithm based on training based channel estimate, one can
outperform the training method even for Rayleigh channels.

This chapter is organized as follows. Section 3.1 describes the problems involved and
our approach to the comparison. Section 3.2 describes our model and our assumptions.
Section 3.3 considers the training based channel estimation/equalization and Section 3.4
studies the blind algorithm (CMA). Section 3.5 combines the two approaches to obtain a
semiblind algorithm. Section 3.6 compares the three algorithms using few examples and
Section 3.7 concludes the chapter. The proofs of the lemmas are available in Appendices

A and B.

43
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3.1 The issues and our approach

While comparing training based methods with blind algorithms, one encounters the prob-
lem of comparing the loss in BW (Bandwidth) in training based methods (due to training
symbols) with the gain in BER (due to better channel estimation/equalization accuracy)
as compared to the blind algorithms. We overcome this problem by comparing these
methods via the channel capacity they provide. Towards this goal, we combine the chan-
nel, the equalizer and the decoder to form a composite channel (Figure 3.1). The input
to this channel will be symbols from a finite alphabet and the output of this channel will
be the decoded symbols. Hence this is a discrete channel. The capacity of this composite
channel will be a good measure for comparison. In this chapter we use a hard decoder
after the equalizer. But the analysis will go through even for a soft decoder, as long as
the output of the decoder comes from a discrete alphabet. We use hard decoder for ease
of notation.

Consider a frame involving N channel uses with N; training symbols. In a training
based method, the channel is estimated from these symbols, an equalizer is designed
using the channel estimate and then the information symbols are decoded (hard/soft
decoder is used after the equalizer) using the equalizer. Using the probability of error
provided by this method one can compute the capacity C'(V;) of the composite channel
per frame. Optimum training sequence length, N/, would be the one that corresponds to
the maximum value of C'(NVy).

In a blind algorithm (say CMA) N; = 0, but using the general statistics of the in-
put /output symbols of the channel, one estimates the channel (or may directly obtain an
equalizer). After all the N symbols of a frame arrive (for delay constrained applications
one can use only a fraction of the N symbols for blind estimation), we obtain an equal-
izer. We use this equalizer to estimate the transmitted information symbols of the frame.
The resulting probability of error can be used to obtain the capacity of the composite
channel Ceopra. Comparing C(N;) with Cepra provides a reasonable comparison. One
can compare these capacities with the capacity obtained by a semi-blind method, which

is a combination of the two methods. In this thesis, training based equalizer is improved
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upon (after the training sequence) using the blind CMA to obtain a semi-blind equalizer.

Obtaining channel capacity of the composite channel, for training based methods in
our model, is not difficult. But for the blind and semiblind methods, one needs to know
the equalizer value at the end of the frame (or till the point the algorithm is updated ).
At that point the equalizer will often be away from the equilibrium point. Thus, we need
the value of the equalizer at a specific time under transience. It depends upon the initial
conditions, the value of the fading channel and the receiver noise and input realizations.
Thus, it is not practically feasible to obtain the capacity of such a composite channel. We
circumvent this problem by using the result in [47], where, given the initial conditions and
a realization of the fading channel, the equalizer value at any time (even under transience)
can be approximated by the solution of an ODE. Also, this value is independent of the
receiver noise and input realizations.

Computation of the exact capacity of the composite channels for training based meth-
ods is intensive. Thus, we will approximate it by a lower bound obtained by limiting the
input to a k' order Markov chain. This bound is tight when the equalizer compensates
the channel reasonably well or if the channel has small ISI. For high SNR regions, we ob-
tain a much simpler lower bound (obtained using uniform input distribution) on capacity.

We use the same lower bounds for semiblind as well as blind algorithms.

Notations

The following notation is used throughout the chapter. The notations in this chapter are
quite different from that in the remaining chapters as we are dealing directly with the
complex signals (in the other chapters the results are obtained for real signals and then
are extended for complex signals).

All bold capital letters represent complex matrices, capital letters represent real ma-
trices and small letters represent the complex scalars. Bold small letters with bar on top
represent complex column vectors, while the same bold small letters without bar represent
their real counter parts given by uéReal(ﬁ)::[ Uy, Ty, - Up, O o0 Upy )l

(for an n dimensional complex vector @). Here i ,+ily; is the k' element of u. A%,
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AT AHT represent Hermitian, transpose and conjugate of matrix A respectively. Special
symbol @ is used for an equalizer and has the following special notation. A complex vector
is represented by @, while = Real(f) is its real counterpart. The complex matrix in this
case is represented by 6, while a real matrix is represented by 6.

Two more real vectors corresponding to a complex vector are defined as, i=Real(a”T)
and 1 = Real(iu”?). Note that §7a, 67u are the real and imaginary parts of the
complex inner product 2 y respectively. For any complex matrix Z, vect(Z) represents
Z in vector form by concatenating elements of all row vectors one after the other. We
will represent vect(Z) by z (and z represents real counterpart as explained above). For a
family of matrices {Z;}1, vect({Z;}}=y") denotes vect([Zo Z1 ---Z1_1]). E(.) represents
expectation.

For any vector (matrix) @ (Z), i (Z) represents its estimate, obtained either by MMSE
criterion or minimum distance criterion. Complex sequence {s; : n;<I<n,} is represented
by §;2. Same notation is used for a real sequence. ©; represents [ length convolution

matrix of dimension Imx(l4+M—1)n, formed from mxn dimensional complex matrices

{0,}1255" as given by,

0y 6, -+ by, O 0

0 6 0. o O, 0
612 20 ZM—-2 M-—1

00 . 0 0 - Oy,

Similarly, let Z; represent the convolutional matrix corresponding to the channel matrices
{ZZ}ZL:_OI. L and M denote channel and equalizer lengths respectively and M LéM +L—1.
Ny is the number of training sequences. Remaining notations are introduced as and when

required.
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3.2 The Model and Our Assumptions

Consider a wireless channel with m transmit antennas and n receive antennas with m<n
(see Fig. 3.1). The time axis is divided into frames; each frame consisting of N channel
uses. The transmitted symbols are chosen from a finite alphabet, S = {1, [2,- -+, [ns}-
At time k, vector §(k)eS™ is transmitted from the m transmit antennas. We use S(Vt)
to represent the set S™™V~N)_ Note that information sequence s§ ,,€S™N-N). We
represent the elements of S™) by {[;; 1<i<(ng)™ " "V ic., each [; is am(N—N,) length
complex vector formed from elements of S. The channel {Z;}/l'is assumed constant
during a frame (quasi-static channel). We assume it to vary independently from frame
to frame. We further assume that the training length N;>L. For the blind/semiblind
algorithm if required, we do not use the information symbols present in the first M,
symbols of the frame (Note that all the symbols in the frame are information symbols
for blind algorithms, while all the symbols after the first N, symbols are information
symbols in the semiblind method). This assumption is required for designing an equalizer
directly as in the CMA. This will ensure that equalizer estimation is independent of
previous frame channel realization. Thus, the channel estimate and/or equalizer, for a
frame depends upon the received symbols during that frame only. Therefore, we will

consider a single frame in this chapter.

n(k)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

(k)

s(k) | MIMO
Channel

x(k) s(0)

+ Decoder —

Equalizer

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 3.1: Composite channel used for capacity comparison

The vectors received at the n receive antennas in any frame are,

L—

,_n

Z,;5(k—0)+n(k), forallk=1,--- N
1=0
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where n(k) is an IID sequence of complex Gaussian vectors with mean 0 and co-variance
021 (denoted by CN(0,021)) and zZ ~ CN(uz, C.) (Note that z = vect({Z;}{,")). This
is a Rayleigh/Ricean channel. At the receiver, one wants to estimate s(k), for all k& > N;.
One common way is to use an equalizer at the receiver to nullify the effect of {Z;}/'and
then use symbol by symbol detection to detect all the transmitted symbols in the frame.
We assume hard decoding here, although soft decoding with discretization can be handled
in a similar way.

We assume that the channel statistics (uz, C.) is available both at the transmitter and
the recewver, but, the receiver and the transmitter do not know the actual channel state
{Z,}[7}.  The receiver tries to estimate {Z;}~"'and then obtain an equalizer as the
channel estimate’s inverse filter, or, directly obtain an equalizer to estimate/detect the
information symbols transmitted. For this, the most common method used in wireless
channels is to send a known training sequence in the frame. This is used by the receiver
to estimate {Z;};;' (say via Minimum Mean Square Error (MMSE) estimator) and then
obtain an equalizer. In the rest of the frame, information symbols are transmitted and
are decoded at the receiver using the equalizer. This results in a training based equalizer.
Alternatively, one can estimate a blind equalizer, using only the statistics of the received
and transmitted signal. One can also use a combination of the blind and training based
methods to obtain a semi-blind equalizer.

The ’composite’ channel, used for comparison of various equalizers, is formed by comb-
ing the channel, equalizer (either training, blind or semi-blind) and the decoder (Fig. 3.1).
Its input is the transmitted information sequence corresponding to one complete frame
SN\,41, while the corresponding decisions §xt form the output. Thus the composite chan-
nel is a finite input-output alphabet channel. Further it forms a time invariant channel.
This is because the channel state is not known to the transmitter and hence the transmit-
ter would experience average behavior in every frame. Using capacity of this composite

channel, we obtain the required systematic comparison of the three methods.
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3.3 Training Based Channel Equalizer

The MMSE estimator (Wiener filter) of the channel is ([27]) obtained by using mN; train-
ing symbols. A MMSE equalizer is then designed using the channel estimate. The symbols
obtained from the equalizer are decoded using minimum distance criterion (equivalent to
ML decoding in Gaussian channels) to output hard decisions.

Let ﬁTgéﬁ]LVt = ATSZ+ﬁgt. This represents received samples corresponding to the
last m(N;—L+1) training symbols. Here Arg is an n(N;—L+1)x Lnm matrix formed
appropriately using training symbols éjlv t. Note that only the last N;—L+1 samples of the
output corresponding to training symbols can be used for channel estimation. The MMSE
channel estimator ([27]) is given by z = jz+C. AR (ApsC. AL 402 1) (Frs—Arsiiz),
and (z,z) are jointly Gaussian with mean (juz,pz). It is interesting to note that, for
uncorrelated channels (i.e. when C, is diagonal), the channel co-efficients corresponding
to each one of the receive antennae signals can be estimated independently to reduce
the computational complexity and the same applies for real and imaginary parts of the
channel.

The corresponding M length left IEJ/IMSE equalizer (of dimension mxMn) equals,
0(z) = {<2Mﬁﬁ+ai[) _IZA,’MIMme] , where Zyf, nm is the matrix formed by first
m columns of the identity matrix of dimension MpnxMyn, and Z v represents the
MnxMpm dimensional convolution matrix formed using z. Using z and Q(%), define
convolution matrices, Zy_n,+a—1 and ©Oy_y,, each of dimensions
(N=N+M—-1)nx(N—N+Mp—1)m, and (N—N;)mx (N—N;+M—1)n respectively. The
equalizer output corresponding to transmitted input vector §%t 4 will be,

XN+1 = ON-Ny (NNt 18N, a2 PN, _arg2) - (3.1)

It is clear that the vector §%§_ M, +2, corresponding to the tail of the training sequence is
common to all the frames and is known. The output, §%t 41, of the decoder is obtained from

symbol by symbol decoding of X%t 4+1- We compute the overall transition probabilities,

{P(é%t +1/8N,41)}, of the composite channel by first computing transition probabilities,
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2N _ N . _ 2 . _ 2 _ 2
{P(SN,+1/8N,41,2,Z)}, given z,Z and then averaging over all values of z,z. (z,z are

Gaussian with known joint distribution). By defining B; as,
A m(N— = _ . .
Bi={xy,  €RM NN | =%, P2 i %N, || for all 1%}

the transition probabilities given (z,z), from (3.1), are

PSx1 = Ji/SNys1 = [5:2,2) = Prob(xN,, B/, ., = [;2,2).
It is easy to see that the overall transition probabilities of the composite channel,
{P(éjz\vft +1/8N, 1)}, can be computed at its receiver and transmitter once the statistics of
the original channel is known.

Hence for a given /N;, the composite channel becomes a time invariant channel with
channel state information known at the transmitter and receiver and hence its capacity
is given by ([12]),

C(N,) = Sup [(éjz\vftﬂa 5%#1)-
P(sy, 11)EP(SINY)
Here 1 (§%t +1,5N,41) represents the mutual information with input pmf (probability mass
function) P(sY, ;) and transition probabilities {P(é%ﬁq/é%ﬁl)}. P(SM)) is the set of
probability mass functions on S and is compact (Note 5% HES(Nt)). Throughout,
we consider P(sY ,,) as an element of an Euclidean space as the set S™) has finite
elements. Since P(§%t +1/8N,41) is independent of the input pmf P(sY ), the mutual
information I(§%t+1,§%t+1) is a strictly concave function of P(s} ;) ([12], p.31) and
hence optimization over the convex set results in a global maximum. Capacity for training

equalizer equals C(N}), where Ny is the optimum training length.

3.3.1 Computation of C'(N;)

As in GSM, the frame length N can be as large as 140 or even more. In such cases direct

computation of C'(N;) may be difficult. Hence we calculate a lower bound on the capacity
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by restricting the input vector 5% +1 to be a Markov chain. Given a specific Markov chain,
I (§]]\VZ 138N, 1), is computed recursively (note that output 5(¢) is Hidden Markov) similar
to the way in [48]. We show below that this provides a tight lower bound.

Let f.:=[ uI' wect(C,)T ]. This parametric vector specifies the distribution of the
complex Gaussian random variable z completely. Let g(f3,) represent the conditional

probabilities of the composite channel for a given [, and let f(P(.|.)) be a capacity

achieving input distribution for given conditional probabilities P(.|.).
Lemma 3.1 ¢ and f are continuous functions. Hence fog is continuous in (3.

Proof : Please refer to the Appendix B.

For channels with zero ISI (say with 3° as parametric vector), it is easy to see that
g(8?) is memoryless (i.e. P(éxﬁl/é%ﬁl) = IL;P(5(7)/3(i))) and fog(8°) will be an 11D
sequence of m length vectors. By the above lemma, for channels with small IST or for
systems with equalizers compensating the ISI to a good extent, a tight lower bound on the
capacity can be achieved by restricting the input distributions to [-step Markov chains.
Further for noiseless systems with ISI and ICI eliminated completely (with sufficient V),
g(3?) will be an identity matrix and fog(3°) will be uniform IID, i.e. an IID sequence
with each m length vector uniformly distributed. Thus under high SNR (Signal to Noise
ratio) conditions, mutual information with IID and uniform distribution will itself form a
tight lower bound. We compute this lower bound (in place of capacity) in Section 3.6. In
fact, while computing capacity for examples in Section 3.6, we noticed that the composite
channel transition matrix is nearly symmetric and that this bound is very tight even for

low SNR conditions and also for blind and semiblind algorithms.

Computing (§%t +1;8N,+1) with Markov chain input

Given a specific Markov chain, / (§xt +1;5N,41), is computed recursively (note that output
s(i) is Hidden Markov), as explained below. This algorithm is similar to the methods
used in [48]. The Markov chain can have any finite memory, i.e. we take an [-step Markov

chain with [ being finite.
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Let M;2 max(M;—1,1) and let § represent Siv,+1- We have
I (sl s') — H(E)+HE)-HE ).

Here H(.) represents entropy. For a Markov chain, H(s") can be calculated easily.

Next we consider H(§'). Clearly, P(§(i)/s_ M, _pr41), the probability of the current
output symbol given the inputs and noise symbols on which it directly depends, is inde-
pendent of step ¢, (for initial steps it also depends upon the tail of training sequence) and
can be computed by first conditioning on (Z,Z) and then averaging in a way similar to
that explained above. These conditional probabilities will be the basic elements in the

calculation of H(§z) Now,

N N

HEY) =" HE0/E ) == Ellog(p:)]

=Ny =Ny

where pZ P(s(i )/s ) At any step i, p; equals,

3 21—1
/CIWZPS (i)/s._ My DG M+1)dF( i M+1>Si- M/S )-

,L',

The above step follows as the output §(i) is conditionally independent of s given inputs
si_y;, and noise 0, , (Note that the output §(i) is a Hidden Markov chain depending on
the Markov chain (s]_,, ,n}_;,,,)). One can easily show that the conditional distributions

i Gi :
F(nl_y,. ., Si—Md/S ) can be computed recursively as,

~i—1
F(nz M+17 i— Md/SZ )

- PTOb( Si— Md7 ’L M+1<n2 M+1/S )

= T T PO Py n)

—Mg— 1 G(C”

_i—1 21—2
dF<nz M’ Si_ 1 Md/s )

Here Ni_,, ., represents the noise at steps i to i—M+1 and F(.) represents the cumulative
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distribution.
H(§%t +1,5N,41) can be computed in a similar way. Similar computations will be used

in the case of blind and semi-blind methods also.

3.4 Blind CMA Equalizer

In this section, we use the CMA algorithm to obtain the equalizer, without using any
training sequence. We first explain the algorithm and then provide the procedure we
use to obtain the capacity for this system. In fact, as mentioned before, it is practically
infeasible to obtain the exact capacity in this case. Thus, we find a lower bound on the
capacity by restricting the input distribution to be ergodic and stationary. We further
assume it to be a Markov chain and use the procedure provided at the end of last section
for computing the lower bound. The same applies to the semi-blind method.

The CMA equalizer is obtained by using the LMS algorithm ([15], [22]) to minimize
the following cost function. For a single user MIMO channel with same source alphabet

for all m transmit antennae, the CMA cost function is ([15])

m p—— 2
Y4 E (IQqu';i_MHIQ—R%) .

This is equivalent to minimizing m independent cost functions (since the terms in the

summation are positive),
E (1070} . P~R3)%, 1=1,2,...m (3.2)

where élT, an nM length vector, represents the (" row equalizer (to decode [*" transmit
_ 4, 2
antenna symbol) and Ry = E[Sy_y, 1| /EISN_p, 11l
To obtain the above optimum, the corresponding m update equations in the LMS

algorithm for a given value of z are ( 1<I<m, M <k<N),

91(k+1) = el(k)+/’LH0MA (Gl(k)a Z(k)> ng—M-ﬁ-l) (3'3)
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where 0,(k) is the ["" equalizer at time k, Z(k’)é_’f,j_MJrl—ﬁk_MJrl = ZuSi_p, 11 and

Herra(6,2,0)2((070)+(070)>—R2) ((070)a+(6"w)0)

with u = z+n and u, 1 defined in notations.

We observe that Hopa(0,z,n) = 0 for all z,n, but 0 is not a minimizer of the cost
function in (3.2). Thus, 6,(0) should not be initialized with 0 in (3.3) for any .

A close look at (3.3) shows that all m sub cost functions are same and the differ-
ent equalizers should be initialized appropriately to extract the desired antenna’s source
symbols. In [15] a new joint CMA algorithm is proposed that ensures that the MIMO
CMA separates all the sources successfully irrespective of the initial conditions. In this
work, we choose the initial condition @ (which will be used in all frames) such that the

lth

. o . . 7k . . . . .
channel capacity is optimized, where ;) is an m-row matrix with its [** row corresponding

to the optimal initial condition for {*

row equalizer ¢;. This solves initialization problem
to a good extent (at-least for channels with good line of sight signal) in blind case with
the original CMA itself. The problem will be solved to a greater extent in the semiblind
algorithm, as here a rough estimate of the training based equalizer forms the initializer.

The equalizer adaptation (3.3) can be started only after leaving out the first M;—1
received samples. This ensures that the equalizer adaptation is independent of previous
frame symbols. Hence initializer §, actually corresponds to the m-row equalizer at step
k = M. One may also update the equalizer tap only for a fraction of the symbols in the
frame. This reduces delay in processing.

For real constellations like BPSK, a more suitable CMA cost function would be
((0Tu)2—R2)2+(#Tu)*. All our analysis extends easily to this cost function also. This
modified cost function forces the imaginary part of the equalizer output to zero. While
computing the capacity for some examples numerically (in Section 3.6), we used this cost
function with BPSK over complex channels.

While computing the capacity of the composite channel for this system, one faces a

problem that, at the end of the frame, the CMA algorithm might not have converged (see

more detailed comments on convergence in ([47]). Thus the equalizer is random even for
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fixed h and computing its distribution for a practical frame length is almost impossible.
In the next subsection, we approximate the value of the CMA equalizer at any time ¢
with a deterministic quantity and then proceed with obtaining the channel capacity with

that equalizer.

3.4.1 CMA Equalizer approximated by ODE

Now we assume that the input is stationary and ergodic. Each of the m update equations
in (3.3) is similar to the CMA update equation for SISO. Therefore, it is easy to see that
all the proofs in [47] for convergence of the CMA trajectory to the solution of an ODE
(Ordinary differential equation) hold. As a result, we have (for any 0 < 7' < oo and for

any 1</<m),

sup [|0:([t/1]) = Oope(t)l > 0 as p— 0
0<t<T

where 0ppg(t), henceforth written as 6(t) (for notational simplicity), satisfies

0u(t) = Hona(0(0) 2B, [En (Horra(01(t), 2, 0))] (3.4)
where ZéZMéﬁ_ M, +1- The initial conditions for both the ODE and the CMA are same.
Thus the update equation (3.3) for any given z, can be approximated by the trajectory
of the above ODE. The approximation can be made accurate with high probability by
taking step size p small. Note that the distribution of z can be defined with respect to
sk My +1, for any step k, as the input is assumed to have stationary distribution.

We obtain the capacity of the composite channel approximately by obtaining the
capacity of the channel using the solution of the ODE as equalizer. The actual practical
system may not use ODE. It should use (3.3). This computation is for offline comparison
of performances.

We can solve (3.4) numerically for each [ and obtain the equalizer 6(7) at time T =
pu(N—Mp+1) (a smaller T has to be taken if the equalizer is updated only for a fraction
of the frame), which approximates the CMA equalizer at the end of the frame. This
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equalizer is used for decoding the entire frame as in previous section. It is easy to see
that, §(T) can be computed at the transmitter and the receiver (of the approximate
composite channel) once the original channel statistics are known and hence the overall
transition probabilities can be calculated as in the previous section. The only difference
being that these transition probabilities depend upon the input distribution P(s}, ) and
the common initial equalizer setting 6,. (Actually N; = 0. But we use the same notation
to maintain uniformity).

Given a value of z equation (3.4) becomes ([47]),

bi(t) = Egy [f(2,0,()) + f(2,01(1))]

§N—ML+1
= gy, 07020 (t)2) (22" +22")10,(1)
+ 2R2026,(t) — 80 |6,(1)]120,(t) — 6026,(1) > — 6026,(t)) (3.5)

where, f(2,0)2R2072z—(072)2—402((072)20+|0]2072z). Matrix Ray is the source
N—My +1
covariance matrix, 0, (t)(3) is the vector formed by taking cube of the individual terms and
||| represents the norm of the vector. Also, 8;(¢)*") is the vector formed by taking square
of the individual terms in ;(t) and then multiplying term by term with vector ;(t).
It is clear that 6(T') is a function of z, , and P(sN_,,, ). Define @(T)é@N_Nt (T), the
A | Re(O(T))  —Im(6(T))

N—N, length convolution matrix constructed using (7). Let © =
Im(©(T)) Re(6(T))

Here Re(O(T)) and Im(O(T)) represent the matrices formed by keeping only the real or
imaginary part, respectively, of each component of the matrix ©(T).

As in the previous section, conditioned on z, P(é%t 4+1) and EO, the transitional prob-
abilities of the approximate composite channel obtained by solving the ODE are (the
probabilities of the initial L—1 symbols will be different, but the number is very small

with respect to the frame length and hence it can be neglected),

2N - - _ _ - _
Q(SNtH = fi/S%tH = fj?z) = Q(@Ru%ﬁMJrQEBi/S%tH = ijZ) (3-6)

where Q( .)éP(. /8y, P(SX, 1)), represents the conditional distribution given 6, and P(s}, ;)
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and B; is defined in the previous section. The overall transition probabilities for a given
P(sy, ;) and 0, are now obtained by averaging over z. The conditional mutual informa-
tion I(§%ﬁ+1; sN,41/0, P(SN.11)), is a bounded function of (8,, P(S},)) as the cardinality
of the input alphabet, §%t 4and the output alphabet §%t .is finite. Thus, capacity (lower

bound as input is restricted to be stationary and ergodic)

CB)= 5w 1(8y1155N,01/Bo, PSNs))
P(sY,41)

of the approximate channel for a given 6,,, is finite. Note that the approximate composite
channel for a given 6, is a discrete memoryless channel as in the case of the training
based equalizer. The overall capacity of the blind algorithm Ceopya & supg, C(8,), is also
finite.

The following lemma establishes the continuity of the mutual information with respect
to input distribution P(sY, ) for any given , and hence the achievability of C(f,). It
also establishes the continuity of C'(f,) with respect to 8, and hence the achievability of

Cena (when éo is restricted to a compact domain).

Lemma 3.2 [ (§%t+1;§%t+1/éo,P(é%t+1)) is a continuous function of 8, and P(SY ;).

Also C(8,) is continuous in 8.

Proof : Please refer to the Appendix A.

Limiting 6, to a compact domain can be justified as follows. Since z has finite variance,
for any given >0, by Tchebyshev’s inequality, we find an U.<oo such that ||z — pz|| < Ue
with probability greater than 1 —e. Let §°(z) represent a CMA (also ODE) attractor
for channel realization z. One can show using arguments similar to Lemma 7 in [47]
that §"(z) is continuous in z. Thus there exists U*<oo such that [|0"(z) — 0 (uz)|| < U
with probability greater than 1 —e. Thus, we can limit §, to the compact disk {0 :
10 — 6" (1) [ <UZ}.

The compact domain can be located more easily (which can be used in computing

numerical examples) as follows. It is shown in [65] that CMA attractor lies close to
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MMSE equalizer (channel estimation is assumed perfect here) under reasonable condi-
tions. Hence, §, can be constrained to a compact region around QOM::Q(MZ) (MMSE
equalizer for mean pu; of the channel, defined in a way similar to 6(z) of the previous
section) instead of 6*(uz).

Thus, when the receiver and the transmitter have channel statistics, one can choose
0y and P*(s¥. ), such that I(§xt+1; SN 1/00, P*(3N.11)) is as close as possible to Coara.
However, it may be computationally intensive. Thus, in Section 3.6 we compute a lower

bound by estimating the mutual information for IID uniform input distribution and using

||

3 = QOM to simplify the computations. We have established the tightness of this lower
bound in case of training based methods for high SNR regions. Hence, comparing the
blind/semiblind methods with training based methods using this lower bound, establishes
that the improvement of the blind/semiblind algorithms would be better by at least that
much (even if the bound is not tight in case of blind/semiblind methods). In fact, while
computing the numerical examples of Section 3.6, we have seen that this bound is very
tight for all three; blind, semiblind and training methods, for all most all the cases we

studied.

3.5 Semi-Blind CMA Algorithm

In this section we study a semi-blind algorithm obtained by combining the previous two
algorithms. We would like to see if this can improve the overall performance of the system.

We use the MMSE equalizer of the training based channel estimator §(Z) obtained in
Section 3.3 as the initializer for the CMA algorithm. The equalizer co-efficients obtained
from the CMA at the end of the frame are used for decoding the data for the whole
frame. Once again we use the ODE approximation of the CMA trajectory in the capacity
analysis. Now T = u(N—N;) if Ny>M. Otherwise, T = pu(N—Mp) and we start the
CMA adaptation only after the first M —1 samples as in previous section. The conditional
probabilities are obtained by first conditioning on and then averaging with respect to z, z

as in Section 3.3.



CHAPTER 3. BLIND/SEMI-BLIND VERSUS TRAINING EQUALIZERS 59

As in the previous section, given IV;, the capacity (lower bound),

2N _ _
Csp(Ny) = sup  I(Sy,q; S%tﬂ/P(S%tH))
P(s, 1)
exists and the approximate capacity Csp for the semi-blind algorithm is Csp(N;*), where
N; is the optimal training length. Once again, we have the following lemma, which

establishes the achievability of the capacity.

Lemma 3.3 I@xﬁ-ﬁ SN,1/P(8X,.1)) is a continuous function of P(SY, ) and hence the

supremum can be achieved.

Proof : Please refer to Appendix B.

Having obtained the capacity of the channel with training based, blind and semiblind
methods, one can compare them for any MIMO wireless (block fading) channel. As
mentioned above, we use the IID uniform distribution lower bound to compare the three.
Then one can obtain the optimal scheme (say a semiblind channel with a given length
N, of the training sequence). In the next section we carry out this comparison for a few

examples.

3.5.1 Modified Semi-blind Algorithm

We have modified the above semiblind algorithm to obtain the following improved algo-
rithm. We get an estimate of the channel realization using training sequences and then
one can estimate the channel and equalizer-initializer combined response. This indicates
how close the initializer is to the attractor. We adapted the step size of the CMA al-
gorithm based on this estimate. This modified algorithm improves the performance of
the semi blind algorithms. The improvement is significant at low K-factors with good
SNR conditions. The details of the modification and the corresponding gains for some

examples are provided at the end of the next section.
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3.6 Examples

We illustrate the theory developed with a few examples of practical interest. As a result we
also draw some interesting conclusions. The three equalizers are compared over complex
Gaussian channels with BPSK modulation. We consider 2x2 MIMO channels. The frame
length V is 64 symbols. The channel lengths are 2, 3 and 4 and the equalizers are of length
2. We set C}, = o71. The channel gain is normalized to 1, for both the receive antennas.
We follow the systematic approach explained above for calculating the capacity of the
composite channel for all the equalizers. We observed that the equalizer value at the
end of the frame was away from the equilibrium point in both the blind and semiblind
algorithms.

In Figure 3.2 we plot the capacity of the three equalizers versus transmitted power
with 02 = 1 and L = 4. Here, the first channel tap is Ricean, while the rest of the taps are
Rayleigh. For this figure, all the four elements of the 2 x 2 mean matrix for the first tap
have equal norm. The mean matrix of channel uz and the relative power ratios between
the channel taps is given in Figure 3.2. We varied the K-factor (ratio of power in the mean
component to that in the varying component of the first tap) of the channel during our
experiments. For K = 3, (typical to terrain with moderate tree density ([18]) and some of
the indoor channels), there is an improvement of up to 3 dB (~ 67% improvement in TX
power) in semiblind/blind (blind being the best) algorithms at around 12dB compared
to the training method. At K = 1.5, the improvement is ~ 20% and the semiblind is
the best. As the K-factor approaches 0 (Rayleigh channel), the improvement in semiblind
diminishes, but, the blind becomes much worse. In fact, in Rayleigh channel, the capacity
of the blind method is almost zero.

We have observed that for training and semiblind equalizers, the capacity increases
with N, reaches a maximum and starts decreasing. From this, one can estimate the
‘optimal’ number of training symbols, N} (see Table 3.1 for some examples). It is inter-
esting to note that the same procedure can also be used for choosing the optimal training
sequences (for a given N;). This is possible mainly because the input alphabet is finite

and hence a finite number of comparisons will do the job. This might be tedious and we



CHAPTER 3. BLIND/SEMI-BLIND VERSUS TRAINING EQUALIZERS 61

have not conducted experiments in this regard.
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Figure 3.2: Capacity vs Txd power : 02 =1L=4 M =2
Relative Power ratios of channel taps in dB = [ 0 —54 —10 —13.7 }
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Hz =\[TX K| 04245042 042434042 0 0 0 0 0 0

Table 3.1 also shows comparison of various equalizers with respect to noise variance
for two different K factors, for a fixed transmit power 8, = 12dB. Here also only the first
tap is Ricean while the rest are Rayleigh. But the terms in the mean matrix of the first
tap have unequal norms, the diagonal terms having bigger norm than the off diagonal
ones. Further, the relative power ratios of the taps, given in the heading of the Table,
are better than in Figure 3.2. Also the channel length L = 3. As expected, the capacity
of the equalizers in this example is more than that in Figure 3.2. More importantly,

semiblind/blind algorithms show more improvement over training methods compared to
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the example in Figure 3.2. Here we obtain a much better improvement of 29% at K = 1.3
and 55% at K = 2 by semiblind/blind methods over the training equalizers. Match o2
in the Table, represents the noise variance o2 of the system for the Blind (in the fifth
column) or the Semiblind (in the last column) algorithm at which the capacity is within
0.1% of that of the training based equalizer.

As expected, the capacity of all three algorithms increases with decrease in noise
variance and for high K systems the optimal number of training symbols is smaller. For
high K systems, blind algorithm is the best at reasonable SNR’s. This is because the
other algorithms are loosing in capacity because of training symbols. But, we can see
that at very low SNR’s (near 0dB, not shown in the table, but this effect can be seen in
Figure 3.2) the blind algorithm becomes worse eventually.

As commented in Section 3.4, we observed in case of high K, the blind algorithm
was successfully separating all the sources (which also explains comparatively good per-
formance of blind algorithms at high K). But for low K, the blind algorithm was not
separating the sources resulting in bad performance (K = 1.3 case in Table 3.1). All the
above observations are mainly because of the following reason. At high K values, the
mean value of the channel is close to channel realizations with high probability. Hence
taking the common initializer (common to all realizations) 6§, = QO% ensures that the
initializer is close to the CMA attractor (and hence to Wiener Receiver ([65])) with high
probability.

For the examples explained above, we performed optimization with respect to input
distribution (k—step Markov chains) and found that uniform IID distribution gives a
very tight lower bound even at low SNR’s. The same is true for semiblind and blind
algorithms. Similarly, for the blind algorithm, we performed optimization with respect to
0, and found that in many cases , = éo#ﬁ gives a tight lower bound. These observations
can be exploited to simplify the computations considerably. For all the examples, we
used the steepest gradient method using forward differences as derivative to obtain the
optimal point. While optimizing with the input distributions, the updated value was

further projected on to the space of probability measures.
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Table 3.1: Capacity Vs Noise Variance 4 = 12dB L =3 M =2
Relative power ratios of the channel taps in dB = [ 0 -89 —-13.3 }

0.7+40.525 —0.206 +:0.206 0 0 0 O
Ha = VE/LHE) | 0906440206 07440525 0 0 0 0
o2 K=2 K=13
Training Semi Blind | Match | Training Semi Blind | Match
(C, Ny) | (C, Ny) C oy (C, Ny) | (C, N} C op
1 {(80.8,5)|(86.3,5) | 8.4 |1.76 B | (71.4,5) | (754,5)| 74.1 | 1.35 S
2 [(70.3,5) | (76.7,5)| 784 |2.78 B (62.3,5) | (65.9,5) | 64.3 | 247 S
4 | (55.9,7) | (60.2,5) | 60.9 | 475 B | (50.2,7) | (53.1,7)| 49.5 | 435 S
6 | (46.2,7) | (48.9,4) | 49.2 | 6.67 B | (41.2,7) | (43.6,7) | 40.8 | 6.50 S
8 | (39.2,7) | (41.1,7) | 41.2 | 880 B | (35.1,7) | (36.5,7) | 34.7 | 850 S

Modified Semi-blind Algorithm

Here we divided the channel realizations into 7 bins based on the estimate of the channel
and initializer combined response. Let §; represent the convolutional vector of the channel
estimate with the training equalizer (initializer) for the I antenna. We used ||s;,, 7|, the
real part of the I term of vector §;, for dividing the channel realization in to 7 bins. The
step size of the bin, with [|s;, || close to 1, is large. For bins with ||§;,, || away from 1
(either below 0.05 or above 2) the step-size is almost zero. This is equivalent to using
only the training based equalizer.

Table 3.2 gives the improvement of the modified algorithm with respect to the original
semiblind algorithm. Match o7? gives the noise variance at which the modified-semiblind
/semiblind algorithm has the capacity within 0.1% of that of the training capacity at
02 =1 (similar to Table 3.1). In other words, it gives the SNR improvement of modified-
semiblind / semiblind algorithms over training based methods at transmit power (equiva-
lently SNR) equal to 12dB. From the table one can see an improvement of up-to 30 —46%,
in transmit power, by the modified-semiblind algorithm over the original semiblind algo-
rithm. The modified-semiblind algorithm shows significant SNR improvement of 30%, 20%
and 8.6% at K = 0.9,0.1 and 0 respectively over the training method. For these K-factors,
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the original semiblind is degraded compared to the training based methods as is evident
from Table 3.2. Also, note that we have not shown the blind capacity in this table, as, at
these K factors the blind performs worse than the original semiblind itself (evident also
in Table 3.1).

These are initial experiments on the modifications possible. One can try working
further in this direction and may achieve much better results. This algorithm is expected
to give improvement in high SNR regions only, as the estimate of channel will be less

noisy.

Table 3.2: Modified Semi-Blind Vs Semiblind 04 = 12dB, L =2 M =2
Relative power ratios of the channel taps in dB = [ 0 —75 ]

0.524:0.39 —0.46+1:0.46 0 O
He =V E/(1+ K) | —0.46 +40.46  0.52+40.39 0 O
K Training ModSemi Semi
(C, N}) (C, N;) | Match | (C, N;) | Match
o2 =1 02 =1 o2 02 = o2
0.9 | (65.55,8) || (70.02,6) | 1.35 | (65.42,6) | 0.99
0.5 | (61.09, 8) || (64.79,8) | 1.28 | (59.00,8) | 0.83
0.1 | (57.74,8) | (60.48,8) | 1.23 | (54.32,8) | 0.76
0.01 || (58.25, 8) || (60.38,8) | 1.12 | (54.53,8) | 0.68
0.0 | (58.46, 8) || (60.45,8) | 1.09 | (55.20,8) | 0.71

3.7 Conclusions

We compared blind/semiblind equalizers with training based algorithms. The difficulty
is in comparing the loss in accuracy of the blind algorithms with that of loss in data
rate in training based methods. Information capacity is the most appropriate measure
for this comparison. We observed that the semiblind/blind methods perform superior to
training methods in LOS conditions (=50 to 70% improvement in transmit power) even
when they have not converged to the equilibrium point. But for Rayleigh fading, the

semiblind methods are bad compared to training based and the blind methods become
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completely useless. Our approach is also used to obtain the optimum number of training
symbols.

We modified the semiblind algorithm, where the step size is adapted with respect to
the training based channel estimate h. Tnitial experiments using this approach show good
improvement over the original semi-blind algorithm. The improvement is significant for
low K-factors (including Rayleigh channels) under high SNR conditions. One may achieve

better results by further investigation.

Appendix A

In this Appendix, we provide proof of Lemma 3.2, We will need several more lemmas.
The proofs of remaining Lemmas 3.1, and 3.3 will be given in Appendix B. This is done

to avoid repetition of arguments.

Proof of Lemma 3.2: Lemma 3.4 and 3.7 provide a proof of Lemma 3.2. m
Lemma 3.4 I(§xt+1; sN.11/8y, P(SN..1)) is a continuous function of 6y and P(SY, ).

Proof of Lemma 3.4: Let (6, , P(sY,,,), ) — (6y, P(SN,1))-

Denote Ox(0,, ,z, P(sy,,,),) and Or(0y,Z, P(sN,.,)) by 0,,(Z) and 0(z) respectively.
By Lemma 3.5t 6,(z) — 6(z) for all z.

Let X, ;j(z) denote a random vector with the distribution equal to the conditional
distribution of 6, (z)u}, _,/,,, given sy, = [; and z. Let ujy (z) denote the mean of

N . _N . o . —
Uy, owith Sy = [;, for a given z. Then
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Let X;(z) be defined in a similar way for 6(z)uy, _;;,,. Then from (3.6) for all n,

=N = = _\ A AN = - = _ _
Qn(SNt-H = fi/S%tH = [};2) = P(SNt-i-l = fi/S%tH = fj;Q(buP(S%t—H)n?Z)

= PTOb(Xan (Z)GBZ)
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where @, (.) denotes the conditional distribution given 6, , P(sY ;) . Q(.) is defined in
a similar way for ,, P(S3 ;). The characteristic function of X, ;(z) converges pointwise
to that of X;(z). Thus, X, ;(Z) — X;(Z) for every j and for all z.

Let OB; represent the boundary of set B;. For every value of z, VHc 4(0) (derivative
of the function Hepya) is a positive definite matrix as seen from equation (3.5). Hence 0
is a repeller of the ODE(3.5). Further, as mentioned earlier, 0 is not taken as an initial
condition. Therefore, none of the rows of 6(z) (formed from the ODE solution) equal 0.
Hence, by Lemma 3.6, Prob(X;(z) € 0B;) = 0 for all z,4, j. Then using Portmanteau
Theorem (Theorem 2.1, p.16 of [9])

QuBrys1 = [i/3N 1 = [5:2) — Qi1 = [i/5N,1 = [;.2) for all z. (3.7)

Then by bounded convergence theorem,

Q@n (SNtJrl fz/SNtH = fJ) Q(SMH fl/SNtH = fj)

The lemma now follows by noting that mutual information is continuous in conditional

probabilities and the input distribution P(s¥, ). m

Lemma 3.5 0(T) and thus Og is a continuously differentiable function of 0,,z and

P(SN_p1, 1) and hence that of P(SY, ;).

Proof : It suffices to show the result for each individual row of §(T), which are obtained
from ODE(3.5). Since the result is independent of row number, [, we omit [ for ease of
notations.

From ODE (3.5), we observe that Hepga(6; P(SN_p7,41):2) is a continuously differen-
tiable function of 6, P(SY_,;, 1), Z. It then satisfies uniform Lipschitz condition with
respect to 0, P(sN_ M;+1), Z in any compact domain. The required C! property, now

follows from Theorem 7.5 of ([11], p. 30). m

Lemma 3.6 Let Y ~ N (u,0%I) and XT = EY, where none of the rows of the 2p X q
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real matriz E equal 0. In the above, ¢>0 is any arbitrary integer and p = m(N — Ny).
Then Prob(X € 0B;) =0 for all i.

Proof of Lemma 3.6: For all [;€S, the original source alphabet, define the two dimen-

sional set C'y; by,
2 2. : 2 . 2 .
Cp,= {X:(x1,$2)€R | [ (21 4 i) || <|| fi— (21 +ixe)||” for all 1#j, 1§l§n5} )

Let [;, represent the k™ element of vector [;. We reproduce the definition of the set

B; of Section 3.3 here,
B2 {xeR” : | [I—x|I">||[;i—x|* for all i#i}.

We will show below that B; = HleCﬂl. Clearly HleCLl C B;. Now we show the converse
by contradiction. Say x€B;. Then ||x — [i||<||x — [i|| for all I#i. Let x} represent the
k" element of vector x. Say for some k, 1,€C, where [;#[;, . Let [; represent the vector
formed from [; by only replacing the k™ element with [;. Then x€B;, which will be a
contradiction.

Let 0C}, represent the boundary of set C},. Then boundary 0B;, is contained in the

set,

R®  k#l

UleﬂzleLl’k Where Di,l,k = .
acy, k=1

Therefore, it suffices to show that Prob(Xe€ll}_,D; ;) = 0 for all ¢, .
Define XkéReal (Xk + i X)4p) where X, represents the k" coordinate of the random
vector X. The above condition is now equivalent to Prob(x,€dC},) = 0 for all [, k.
Finally, it suffices to prove that Prob(x,€dC}, ;) = 0 for all i#l, k, where

A . .
0Cy,, = {x€R?:||[j—(m1 +iz2)|* = || i—(z1 + iz2)|]*}
AP

= {X€R2 D (my +ing) = W}
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The two dimensional Gaussian random vector x; has non-zero variance as none of the

rows of E are zero. Thus the above probability equals zero. m

Lemma 3.7 C(0,) is a continuous function of 0.

Proof : [(§%t+1;§%t+1/QO,P(§%tH)) is a continuous function of §, and P(sY ;). For
every 0,, the constraint set D(§,) = P(S™)) is compact. Thus the correspondence
0, — D(f,) is compact and constant and hence continuous. Now the required continuity

follows from the Maximum Theorem ([51] p. 235). m

Appendix B

In the following we provide proofs of Lemmas 3.1, and 3.3. Here we refer to the arguments
used in Lemma 3.2 repeatedly.

Proof of Lemma 3.1 : Let Z represent the distribution of (Z,Z) with parameters (3..
Similarly, let Z,, correspond to that of (3., , where 3,, — (.. Then the characteristic
function of Z,, converges pointwise to that of Z. Thus, Z,, — Z.

Define O in the same way as in Section 3.4, now using §(z) (the MMSE equalizer
defined in Section 3.3 corresponding to the MMSE channel estimate Z). That is, first
form complex convolutional matrix using the MMSE equalizer §(z) and then obtain its
real counter part O as in Section 3.4. It is easy to see that, for almost all Z, none of
the rows of O equal 0. Following steps as in Lemma 3.2 we can show that, P(§xt =
Ji/8N, .1 = [};2,Z) is continuous for almost all Z, z.

With P,(.) (P(.)) representing the conditional probabilities averaged over (Z,z) which
are distributed as Z, (Z),

2N 7 /=N 7 aN TogN T
Po(Sy,11 = fi/SN1 = [i) = P(Sn1 = fi/Sha = [i)
by the mapping theorem 2.7 in ([9] p. 21). Thus g is a continuous function.
Hence the mutual information I (§%t +1;5N,41/P(8N,41)) is a continuous function of

B., P(sN, 1) and a strictly concave function of P(sY, ) for every given (.. For every f3;,
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the constraint set D(3.) = P(S™)) is compact and convex. Thus the correspondence
B, — D(f,) is compact, convex and constant and hence continuous. The lemma now

follows by the Maximum Theorem under Convexity ([51] p.237). =

Proof of Lemma 3.3 : The proof of this lemma is similar to that of Lemma 3.2.
Here the initial condition Eo(ﬁ) is fixed by Z and then the conditional probabilities, now
conditioned also on Z, will be averaged with the joint Gaussian distribution of z,Z. The
overall conditional probabilities and hence mutual information now depends only upon
P (§]N\,t +1). By following steps similar to Lemma 3.2, one can show the required continuity
(by just removing 0, in all steps). We are also using the fact that ,(Z) is a continuously
differentiable function of zZ and that none of the rows of 8,(z) equal 0 with probability

one.



Chapter 4

LMS-LE versus LE-WF for a

Wireless Channel

In this chapter we consider a time varying wireless fading channel, equalized by an LMS
linear equalizer. We study how well this equalizer tracks the optimal Wiener equalizer.
We model the channel by an Auto-regressive (AR) process studied in Chapter 2.

We obtain an ODE approximation of the LMS equalizer and the AR(2) process, using
the ODE approximation of the general system obtained in the Appendix I at the end of
the thesis. Using these ODEs, the error between the LMS equalizer and the Wiener filter
is shown to decay exponentially to zero for a stable AR process and a class of unstable
AR(2) processes. For another class of unstable channels the error decays linearly. The
error remains bounded for a marginally stable channel.

The Mean Square Error (MSE), between the transmitted symbol and the equalizer
output, also converges towards the minimum MSE (MMSE) exponentially, for a stable
channel. We further show that the difference between the MSE and the MMSE does not
explode with time even when the channel is unstable. Furthermore, we obtain a step size
which provides optimal tracking performance whenever the error decays exponentially.

This Chapter is organized as follows. In Section 4.1 we explain our model. Section 4.2
provides the ODE approximation for the processes of interest. Section 4.3 uses the ODE

approximation to provide exponential/inverse linear decay of the difference between the

70
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ik
% Channel © k Equalizer
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Figure 4.1: Block Diagram of Wireless channel followed by a Linear Equalizer (LE)

—

LMS equalizer and the Wiener filter. Section 4.4 extends the results to Complex channels
and input signals. Section 4.5 provides examples to demonstrate the theory obtained.

The appendices contain the proofs.

4.1 System Model, Notations and Assumptions

We consider a system consisting of a wireless channel followed by an adaptive linear
equalizer (see Figure 4.1). The input of the channel s; comes from a finite alphabet and
is a zero mean IID process. The channel is a time varying finite impulse response filter
(FIR) {Z} of length L followed by white Gaussian noise {n;}. We assume n; ~ N (0, 02).
Also, we assume that {s;} and {n;} are independent of each other. The channel output

at time k is
-1
up = g ZyiSk—i + Ny,
i=0

where Zy; is the i component of Z;,. The adaptive equalizer at time k is an FIR linear

filter ) of length M. The linear equalizer update equation (the LMS-LE algorithm) is,
0k+1 = Qk - ,uUk(QkTUk - Sk), (41)
where the length M channel output vector U, can be written as,

Ui = Sk + Ny,
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where Sy, Ny are the appropriate length input and noise vectors respectively. We assume
ES;CS,? = [. The convolutional matrix 7, depends upon channel values Z,---, Zx_ar11

and is given by

Zp1  Zio ZyL 0 0
0  Zi-1a Zk-1,L-1 0
0
| 0 0 oo Zp—Mi1a o Zk-MtLL |

We model the channel update process by an AR(2) process,
L1 = d1 2y + do Zi—1 + pWy (42)

where Wy, is an IID sequence, independent of the processes {s;},{nx}. We assume

E|Wk|4 < Q.

4.2 ODE Approximation

In Appendix I given at the end of the thesis, we obtain an ODE approximation for a
general system whose components may depend upon two previous values. Using this,
we present an ODE approximation for the linear equalizer (4.1), when the channel is
modeled as an AR(2) process. We obtain the performance analysis of the LMS-LE via
the approximating ODE.

A better ODE (second order) is shown to approximate the channel trajectory when
dy is close, but not equal to —1 (as in Chapter 2 and Appendix I) .

The linear equalizer (4.1) tracking an AR(2) process (4.2) can be rewritten in the
setup of Appendix I. Defining GkHé[Ug, ST|T, one can rewrite the AR(2) process and

the equalizer adaptation as,

Zppyr = (1 —=d2)Zy + daZi—1 + p(Wy +nZy),

Opi1 = Ok + puH (0, Grir),
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2

Hy (0, Gri1) ~Ur(0 Uy, = s1),

where né%. Theorem A.1 of Appendix I can be applied to this system if assumptions
B.1-B.4 of Appendix I and A.1-A.3 of Chapter 2 are satisfied. Assumptions A.1-A.3 are
satisfied as in Chapter 2. The rest is done in the following.

Verification of assumptions B.1-B.4 of Appendix I :

It is easy to see that {Gx} is a process whose transition probabilities Pz, (G, A) are
function of Z; alone. Thus condition B.1 is satisfied. B.2 is also satisfied as for any

compact set () and for any 6 € @),

|Hi(0,G)| <2 [max {1,21615|9|}:| (1+|G?).

Fixing channel Z, = Z for all k, we obtain the transition kernel Py(.,.) for {Gj} which
is a function of Z alone. We write this process as {G(Z)}. It is easy to see that {G(Z)}

is a Markov chain and has a stationary distribution given by
Iz (Aq X [51,52, - 8n]) = Prob(S = [s1, 52, 5,])Prob(N € Ay — mz[s1, 89, 5,]")

where 7z is the M x M + L — 1 length convolutional matrix formed from vector Z and

S, N are the input and noise vectors of length M + L — 1, M respectively. Define,

Rw(2) 2 E, [U(Z)U(Z)T] = (7% + 021),
Rus(Z) = E;[U(Z)s)=m10---0],

h(Z.0) £ Ey(H(0,G(2)) = —Ru(2)0 + Rus(2),
vz(G) = 3 PE(HL(0,G) — hi(Z,0)).

k>0

Since h; is continuously differentiable, it is locally Lipschitz. Thus conditions B.3 a, b
are met.

We now prove condition B.3.c using Proposition 4.1 of Appendix A provided at the
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end of this chapter. {Gy} is a linear dynamic process depending upon channel realization
Z (in this section, Z; represents the [ component of constant vector Z, where 7, is set

equal to Z for all time k) and can be written as,

Gryn = A(Z)Gy + B(Z)Wya,

Ju P
where, A(Z) = :
| Oriar—1xar Jrinv—1
71 1
Ono
B(Z) _ M-1x2 7
1 0
| Onim2x2 |
Wisr =[Sk, ).

In the above definitions, 0,, is a n X n zero matrix, J, is a n X n shift matrix given by,

000 --00
100 ---00
Jo=10 10 -0 0|,
000 10

and the matrix P is a M x L + M — 1 matrix defined by,

b_ Zo 7y Zr 0 -+ 0

Om-—1x14M-1
It is easy to see that, A"(Z) =0 for all n > max{L, L+ M — 1} for all Z as it involves
the powers of shift matrices J, Jrya—1, which satisty J? = 0. It is easy to see that
the function H(6,A), linear in 0, is in L}(R") (defined in Appendix A). Now all other

conditions of Proposition 4.1 are satisfied trivially (because A(Z) and B(Z) are linear in

Z) and hence Proposition 4.1 of Appendix A holds and therefore, B.3.c holds with A = 1.
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The condition B.4 is trivially met, as, for any n > M + L — 1, the expectation does
not depend upon the initial condition X, but, is bounded based on the compact set ()
and because of the Gaussian random variable N and discrete random variable S.

Thus the conditions B.1-B.4 and A.1-A.3 required in Theorem A.1 are met for the
linear equalizer and the AR(2) process. Therefore, by Theorem A.1 of Appendix I, for any
linear equalizer adaptively equalizing an AR(2) process with small y, one can approximate

their joint trajectory {(0x, Zx)} by the solution of the system of ODEs,

(1+ds) Z(t) = [EW)+nZ(t)], ifdse(~11],
d*Z(t
d*Z(t) : e
otz (t) = [EW)+nZ(t)], ifdyiscloseto —1, (4.3)
0(t) = —Ru(Z(1)6(t) + Rus(Z(1)) (4.4)
where nlédQ—\/%l, if we show that the above ODE has bounded solution for every finite time.

We will show below that the above system of ODE’s have a unique solution for any
finite time. Further we will show that the solution is bounded for any finite time and
hence that the ODE approximation is valid for any finite time. We already know that the
channel ODE (4.3) has a unique solution given by (2.2) of Chapter 2. Rest of the job is
done by the following Lemma. This Lemma also shows that the equalizer ODE (4.4) has
a unique attractor for a stable channel (an ODE for a stable channel itself has a unique

attractor).

Lemma 4.1 For each initial condition, the ODE (4.4) has a unique bounded solution for
any finite time. Also, for a stable AR(2) process (i.e. with n < 0, dy # —1), the ODE
(4.4) has a unique global exponentially stable attractor.

Proof : We first prove the Lemma for a Z(t), which is either exponential or a linear
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curve. For this Z(t), one can write

B’ 4 ByeT ' 4 By, for n#0,
Blt2 + Bgt + Bg, fO’I" n = 0,

Cie™a' 4 Cy, for n#0,
Cit + Cs, for n=0,

for some suitable matrices By, By, B3 and vector C4, C5.

Define the vector function,
K(t) = 0(t) — 0, with 0, = B;'C,.

Then,

Define the scalar function b(t),

mon ¢
ce™ ", for n#0,

b(t) = ,
ct>+c, for n=0,

where mo = 2 if n > 0 and mo = 1 otherwise. Choosing positive constants ¢, ¢ appropri-

ately we get,
| — Ruu(Z(1))0, + Rus(Z(1))| < b(t) for all t.

The matrix R,,(Z(t)) is positive definite for all ¢, and it’s minimum eigen value is greater

than o2 for all . Thus, for any vector K, the inner product,

<f< <t>,K> <~ K+ b)|K]
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= [—onl&]+b(t)] |K].

Therefore by Global existence theorem (pp 169 - 170 of [42]), the ODE (4.5) and hence
the ODE (4.4), has a unique solution for any finite time. This solution is bounded by the
solution of the ODE (after choosing the initial conditions properly),

k(1) = —onk(t) +b(1),

if we show that the above scalar ODE has a unique solution for any finite time. But this

is immediately seen as the solution of this ODE is given by,
2 2 t 2
k(t) = cie™ 7" + e‘”nt/ en"b(T)dr,
0

where ¢ is a constant depending on the initial conditions. For 1 # 0, the solution is given

by,

mon

/22 —
k(t) = cie”t +egeT iz,

For n =0,

ol
—~
~
~—
IN

t
cle"’%t—i-/ b(r)dr
0

2
ci1e Tnt + Cgt3 + cst.

IN

This proves the first statement of the Lemma.

For stable channels, i.e., with 7 < 0, from this upper bound it is easy to see that 6,
becomes the unique global exponentially stable attractor.

When Z(t) is given by a hyperbolic cosine curve or by an exponential hyperbolic cosine
curve (these are not stable channels), the proof goes through in a similar manner, because
Z(t) in that case will be sum of a constant term and two exponentials.

When Z(t) is given by a polynomial curve (Z(t) = C1t*> + Cy), the proof once again

goes through in a similar manner (a higher degree polynomial upper bounds the solution
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now).

When Z(t) is a cosine/ exponential cosine curve, the proof goes through also because
a cosine term is always upper bounded. This case includes a stable channel (exponentially
decaying cosine curve). In this case the exponential term can dominate the solution and
one can easily see that the equalizer ODE once again has a unique global exponentially

stable attractor. W

AR(p) process for any p > 1 :

One can also try to show that the equalizer tracking an AR(p) process (2.3) can be
approximated by the solution of the system of ODEs,

Z(t) = 1+Z’~‘_i(z'—1)di E(Wl)+%za) ,
0(t) = —Ru(Z(1)0(t) + Rus(Z(1)).

We have simulated some examples using an AR(4) process and one can see from Figure
4.12 in Section 4.5, that the solution of the above ODE approximates the equalizer and
the AR(4) process well.

4.3 Performance Analysis

We will show that a linear equalizer tracks the instantaneous Wiener filter when the chan-
nel is modeled as an AR(2) process. That is, we will show that the error between the
linear equalizer and the instantaneous Wiener filter decays to zero. We study this perfor-
mance using the solutions of the ODE’s (4.3), (4.4) which approximate the trajectory of
the channel and equalizer adaptation closely for small values of u. We will also analyze
the time evolution of the difference between the instantaneous MSE of the linear equalizer
and the instantaneous MMSE. At the end of this section we obtain an optimum step size
for LMS, when the channel enjoys exponential decay of the error E(t) (defined below).

We define the error process E(t) as the error between the equalizer 6(t) and the Wiener
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filter corresponding to the channel value at ¢, i.e.,

1>

0(t) — 0.(t) where (4.6)

(R Z(0)] 7 Rus(Z(1)).

>

Let M (t) define the difference between the MSE and the MMSE at time ¢, i.e.,

M(t) 9(0(t), 1) — g(0.(1),1),

where the MSE ¢(0,t) at time ¢ with the equalizer 0 is given by,
9(0,t) = [0'Ru(Z(1))0 — 2R.s(Z(1))0 + E(s})] -

By direct computations,

Hence,

(M) < [Ru(ZWO) B (4.7)

We will show that the error process E(t) decays to zero, exponentially for an AR(2)
process with di + dy # 1 and at rate 1 for an AR(2) process with d; + dy = 1. We also
show that M (t) decays exponentially for a stable AR(2) process and that it does not
explode with time for an unstable process. The processes E(t), M(t) remain bounded
for a marginally stable channel. The stable process is dealt with in Subsection 4.3.1 and
the unstable process in Subsection 4.3.2. A Marginally stable channel is considered in

Subsection 4.3.3.
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4.3.1 Stable Channels

Initially we will work with a stable AR(2) process. A stable AR(2) process has all the
poles inside the unit circle and hence satisfies ([25]), di +dy < 1, d; — dy > —1 and
|d2| < 1. In this case, n = (dy +ds — 1)/ < 0 and the solution of the channel ODE (4.3)

will be an exponential curve

Z(t) = C’leﬂt + CQ (48)

where the constants C; and Cy depend upon the initial condition, and constant v is

given by —ﬁ (note that v > 0). When ds is close to —1, a stable channel is better

approximated by an exponentially decaying cosine curve (solution of the second order
ODE). However the exponential term dominates the behavior and hence the performance
analysis of a stable channel can be understood by studying an exponentially decaying

channel. In this case v will be given by a = % and hence we will see that the error

Lty (using |ecos(bt)| < e™, by slight alteration of the proof

2Vm
of Theorem 4.1, which is given below, we once again obtain exponential error decay at

decay rate will be given by

rate a).

With 7o representing the M x L + M — 1 convolutional matrix using vector C,

Ru(Z(t)) = e 'meyme, + e [meymo, + moyme,] + meyme, + oyl

Ry (Z(t)) = [e M7, +7me,][10---0)7.

It is clear that the ODE (4.3) has a unique global attractor Z, = Cy. The Wiener filter

0, corresponding to Z,, is
0, = (me,mé, + 051)_1 To,[10---0]7.

By Lemma 4.1, 6, is the unique exponentially stable global attractor for the equalizer
ODE (4.4). The following theorem establishes the exponential decay of the processes
{E(t)} and {M(t)}. For the special case when o2 = +, the term ¢, in the Theorem 4.1
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would actually be cyt. Since te™* — 0 as t — oo the decay is still ensured. For simplifying

the explanations, we do not consider this case.

Theorem 4.1 The processes E(t), M(t) decay exponentially with time:

o2 _
cie 7t 4 cpe™

|E)]

IN

M) < e 2t + e 1,

Proof : We will show below exponential decay of the error process E(t). Then from
(4.7), the process M (t) also decays exponentially, as, R,,(Z(t)) is bounded by a constant
for all ¢.

The derivative of the error E(t) is given by,

= —Ru(Z®)E®)- 6, (t). (4.9)

The matrix Ry, (Z(t)) is positive definite for all ¢, and it’s minimum eigen value is greater
than o}, for all t. Therefore |[Ry.(Z(t))]~"]| < 0,? for all t. Hence by direct calculations
from (4.8),

6.0 = [IRazn (Fuw (20000~ R (20

1 . )
< L|(Fu z00- e 200
a 1 o 1 o
< 2 (cle WU—% 1 e wt)
< ce ™,

for some appropriate scalar positive constants ¢, ¢y and c. For proving inequality a, we
used |Ru(Z(t)] 7! < 0,2, e < e " for any positive r and that |[ABC| < |A||B||C| for
any matrices A, B and vector C.

Define scalar function, b(t)éce_w. Then using equation (4.9), for any vector FE, the
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inner product

<E (t),E> - (—Ruu(Z(t))E,E)—<6'* (t),E>
< —on| B +b(t)| B

= [—onlE[+b(1)] |£].

By Global Existence theorem ([42], pp 169, 170) the solution of the ODE (4.9) will be
bounded by the solution of the scalar ODE,

é (t) = —ae(t) + b(t)

when the initial condition e(0) = |E(0)| and E(0) is the initial condition of the error ODE
(4.9). Thus the solution of the error ODE (4.9) satisfies

|E@)]

IA
)
—~
<~
~—

with ¢y + ¢ = |E(0)]. W

4.3.2 Unstable Channels

Now we consider unstable channels. An AR(2) process approximating such a channel is

given by,

Z(t) = Cﬂ“(t) + CQ

where r(t) is given by,
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Note that ¥ = —L-. A hyperbolic cosine curve and a square curve (r(t) = ¢2) are another
g 1+d2

class of unstable channels. But they behave similar to the above channels and hence it

suffices to study the above unstable channels. For these channels,

Ru(Z(t)) = Byr(t)* + Byr(t) + Bs, (4.10)

R.s(Z(t)) = Cir(t)+ Cy,
for some suitable matrices By, By, B3 and vectors Cy, Cs.

E(t) process for an unstable channel :

The following theorem shows that the error E(t) given by equation (4.6) decays to zero,
exponentially for an AR(2) process with d; + dy > 1 and at rate % for a process with
dy + dy = 1. We will be dealing with the process M(t) for an unstable channel at the end

of this subsection.

Theorem 4.2 The error process E(t) satisfies:

Y c
IEt)] < cpe ’%t—l—l{bT}—Q

r(t)’

for some T < o0.

Proof : The derivative of the error E(t) is given by,

= —Ru(Z®)E®)- 6, (t). (4.11)

The matrix R, (Z(t)) is positive definite for all . We upper bound the norm of its inverse
in the following. From (4.10)

[Ruu(Z()] = [Bilr(t)* — [Balr(t) — | Bs|.
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The matrix B; = mgml, for some vector C' and hence is a positive definite matrix unless

C' = 0. Therefore, |B;| > 0. Thus, it is possible to choose T' > 1 large enough such that,

B B
\Bl—ﬂ—|3| >F>0 forallt>T,
r(t)  r(t)?
eait 2
2 > e:’% L forallt>T,t>t.

The second inequality is required for r(t) = ¢ and it’s use will become evident in the last

step of the proof. Defining,

and choosing o appropriately we can get |[Ru.(Z(t))]™' < f(t) for all ¢t. By direct

calculations we get,

i) = [iRazo) (R Z000.0- B 210))|

< 10| (o 201000~ R (20) )|
< 10 (ar %2 p0r0 + a0 + )

for some appropriate scalar positive constants ¢i, ¢s, ¢3. Defining,

ce " di+dy>1andt>T,
b(t)=q ct™2, di+dy=1andt>T,
c, 0<t<T,

and choosing the positive constants ¢, ¢ appropriately, we can ensure that b(t) is a con-

tinuous function and

0, (t)‘ < b(t)
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for all t > 0. Using equation (4.11), for any vector £, the inner product

<E (t),E> - <—Ruu(2(t))E,E>—<é* (t),E>
<~ EPP +b(t)| E|

= [—onlE[+b(1)] |£].

By Global Existence theorem ([42], pp 169, 170) the solution of the ODE (4.11) will
be bounded by the solution of the scalar ODE,

é (t) = —ae(t) + b(t)

when the initial condition e(0) = |E(0)|, where E(0) is the initial condition of the error
ODE (4.11). Thus the solution of the error ODE (4.11) is bounded as before by,

[E@®)] < e()
t
= clle_"%tjte_"it/ e Tb(7)dT
0

2 _ 2 ’
C1€ Unt+e O’ntc/
0

min{T,t}

IN

t
T dr + 1{t>T}e_"’21t/ b(T)BU%TdT
T

IN

¢
cle ont 1{t>T}6_Uth/ b(7)e " dr.
T

Thus for r(t) = e, the proof is complete.

For r(t) = t, b(t) = ct~% and hence the second term in the above expression is upper

bounded for all t > T by,

t t, —2 02T

_ 2 2 _ T “e’n
et [ b(r)eTdr = et | ———dT

-L-—Qecr t

T T "

< ct? /T t d(T)

= ct 2t —T)<ct ™
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The above inequality follows by the choice of T. M

M (t) process for an unstable channel :

By Theorem 4.2 the error process E(t) decays exponentially/polynomially with time for
any unstable AR(2) process. We also have,

|Ruu(Z ()] < bir(t)® + by

for some constants by, bs. Hence from equation (4.7), one can upper bound the process

M(t) as
IM ()| < e 270t (1)? + d).

Thus M(t) does not explode with time as long as e27#‘r(t)?> does not. This will not

happen unless r(t) = € with v > ¢2. In this case, by using the optimum step size u.
(defined at the end of this Section) one can again ensure that M (¢) does not explode with
time. Hence M (t) does not explode with time for any unstable channel (by choosing the

optimum step size pu, if required).

4.3.3 Marginally stable Channels

A Marginally stable channel (d; < 2 and dy = —1) is approximated by a cosine waveform.
For this channel, we are not able to show that the error decays with time. However, using
similar steps as before, one can see that the processes E(t) and M (t) remain bounded
with time. In fact, for this case, we can see in Section 4.5 that, the error may not decay

to zero.
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4.3.4 Optimum Step-size for channels with exponential error

decay

Theorems 4.1 and 4.2 show that for an AR(2) process with d; + dy # 1, if the channel

7]

Trq; 1s large, the decay will be faster. Our examples in Section

noise variance o2 and/or
4.5 will verify this dependence. But this does not imply that the system performance is
improved with larger o2. With o2 increasing, the variation in the Wiener filter reduces

(note that the performance of the Wiener filter itself worsens as o2

increases) and hence
error between the Wiener filter and the actual equalizer decays faster. We will also see
this in the simulations in Section 4.5. But below we will use this dependence to obtain a
step size that optimizes the decay rate for any o2.

With dy +dy # 1, we see that the error decays exponentially at a rate which is equal to

the minimum of o2 and % By introducing a constant r in the equalizer adaptation

Or1 = O — /M"Uk(QkTUk - Sk),

we see that the error E,.(t) (we introduce the subscript r to show the dependency on factor

r) decays as

1B, (1) < cre™ + cpe iyt

This decay is obtained in the same way as in Theorem 4.1, the only difference being

2

that [rR,.(Z(t))| is now lower bounded by ro;. Then the error decay rate is equal

to the minimum of ro? and % If 02 << %, the error decay rate reduces

considerably, which can be compensated by choosing an appropriate scaling factor r.

|d1+d2—1] 1

2 (4da)’ }, to achieve the fastest decay

Hence one can choose the optimum r, = max {
in the error. But note that this decay only considers the first order analysis and hence if
the value of r is very large such that the overall equalizer adaptation step-size 7, is large
then, one must choose a smaller r. We will denote the optimal step size r.u by fis.

In Section 4.5, we will show that the improvement obtained by p. can be significant.
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4.4 Complex Channel and inputs

In this section we will study a linear complex equalizer that adaptively equalizes a complex
channel whose inputs are complex signals from a finite alphabet. We will see that the
theorems and their proofs are simple extensions of the real case. The same will hold
good for the other systems studied in this thesis. Thus, we will not explicitly provide this
extensions in the rest of the thesis.

We introduce an extra notation in this section. For any complex matrix, £ = E,.+iF;,
we denote the corresponding double dimensional real matrix by f(E), which is defined

as,

o
E;
We use E* to denote the conjugate transpose of the complex matrix E. The rest of
the notations remain same as before except that now all symbols will represent complex
signals.
The channel, the channel output and the equalizer adaptation with complex inputs

and signals can be written as,

Iy = A2y +doZy—q + pWy,
Uy, = 7Sk + Ny,

9k+1 = Qk — [I,Uk; (QZUk — Sk)* . (4.12)

Here Ny, ~ CN(0,621), Wy ~ CN(0,1) are IID complex circularly symmetric Gaussian
vectors independent of each other and independent of the complex IID vector sequence
Sk coming from a finite alphabet.

We define 0:=£(6y), Z:=f(Z;), which are real vectors. Defining,
Gro=[f(Ux)"; f(Sk)T], one can rewrite the complex equalizer adaptation (4.12) and the
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channel adaptation, in the equivalent real domain as,

Zk;+1 = i Zy+dy s+ nf(Wh),
ék+1 = 0, + qu(ék, Gr11) where
Hi (0, Grp1) = f(Urs}) — Arby where,

Up, UL, + U UL, Uy UL, — Uy UE,
Ay =
Uy, UL, + U UL, Uy UE, + Uy UL

89

Once again, {Gy} is a process, whose transition probabilities Pz, (G, A), are a function

of Zk alone. Thus condition B.1 is satisfied. B.2 is also satisfied as in Section 4.2.

Fixing channel Z;, = Z for all k, it is easy to see that {G1(Z)}, where Z = f(Z), has

a stationary distribution given by,

Iz (f(A1) X f([s1,52,---8a])) = Prob(S = [s1, 82, n])

Prob(N € Ay — my[s1, 52, sa]").

Define,
Ru(2) & EzAL2),
R.(Z) = E;f(Un(2)s}),
h(Z,0) & E;(Hi(0,G(Z)) = —Ru(2)0 + Rys(2),
vs(Q) £ N PHH\(6,G) — (8, 2)).

k>0

Once again, we see that the conditions B.3 a, b are met using these definitions. Also, it

is easy to see that,
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Rus(f(2)) = flmz[10---0"),

which shows that the instantaneous Wiener filter is a zero of the gradient vector hy(.,.)
at that time.

As in Section 4.2, using Proposition 4.1, we can prove condition B.3.c. Condition B.4
can also be verified as in Section 4.2. It is trivial to see that the conditions A.1-A.3 are
also satisfied.

Thus the conditions B.1-B.4 and A.1-A.3 required in Theorem A.1 are met for the
complex linear equalizer and the complex AR(2) process. Thus, for any complex linear
equalizer adaptively equalizing a complex AR(2) process with a small p, one can ap-
proximate their joint trajectory {(Zg,0%) = f((0x, Zi))} by the solution of the system of
ODEs,

(1+dy) Z(t) = |EW)+nZ(t)|, ifdye(—1,1],
2 Z(t) r -1
W = _E(W) + nZ(t)_ s if d2 = —1,
*Z(t . i -1
dt2< ) +m Z () = E(W) + nZ(t)_ , if dy is close to — 1, (4.13)
0(t) = —Ru(Z(1))0(t) + Rus(Z(1)), (4.14)
where né% and nlé%. The approximation holds for all finite 7" > 0 because as

we show below, this ODE has a unique bounded solution for all initial conditions and for
all time.
Writing the ODE’s directly in terms of the complex channel and equalizer co-efficients

we get,

(14+dy) Z () = [EW)4+nZ®t)], ifdye (—1,1],
T2~ mw) 4 nz)]. =1,
d*Z(t) : e
+m Z (@) = [EW)+nZ(t)], ifdsiscloseto —1, (4.15)
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0(t) = —[mzmmye +ond] 0) + 70 | | | - (4.16)

0

Once again, ODE (4.13) has a unique solution which is similar to the solution (2.2),
the only difference being that it will be in a double dimensional space. As in Lemma 4.1,

we obtain the following.

Lemma 4.2 The ODE (4.14) and hence the ODE (4.16), has an unique bounded solution
for all initial conditions and for all time. For a stable AR(2) process (n < 0 and dy # —1)
the ODE (4.14) and hence the ODE (4.16), has an unique exponentially stable global

attractor.

Defining the error process E(t) as in Section 4.3,

But the process 6,(t) is the double dimensional real vector formed from the real part and

complex part of the instantaneous Wiener filter 6, (t), i.e., 6,(t) = f(,(t)). Hence,
[E@)] = 16(1) = 0.(1)]-

Repeating all the steps in Section 4.3, we get the following theorem.

Theorem 4.3 The error process E(t) decays exponentially/polynomially with time:

—|nl 4

et if n#0 and dy # —1,
|E(t)] < cre™ + ¢ 5 if =0 anddy# —1,
ti27 if n=0anddy=—1.
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The above theorem shows that for a complex linear equalizer adaptively equalizing
a complex AR(2) process the error between the equalizer value and the instantaneous
Wiener filter decays, exponentially if dy + dy # 1 and otherwise at the rate % (Just like
in Section 4.3). Once again as in Section 4.3 M(t), the difference between the MSE and
MMSE at time ¢, reduces exponentially to zero for a stable channel and does not explode

with time for an unstable channel.

4.5 Examples

In this section via examples we illustrate the theory developed so far. We consider a
three-tap channel with a two tap equalizer. Wy, ~ N (Mn, 1) for varying values of mean
Mmn. The input is BPSK.

In the first example, we set d; = 0.6, dy = 0.3995 and p = 0.001. This is a stable
channel. The results are plotted in Figure 4.2. In first subfigure of Figure 4.2, we plot the
actual trajectory and the ODE solution of the AR(2) process. In the second subfigure, we
plot the corresponding equalizer trajectory and the ODE solution for two different values
of 02. We also, plot the instantaneous Wiener filter in the same figure.

It is clear from both the sub figures, that the ODE solutions approximate the actual
trajectories well. Figure 4.2 also shows that the error E(t) decays faster with o2 = 0.5.
This is also evident from Theorem 4.1. But as one can see from the second sub figure
of Figure 4.2, this is mainly because the Wiener filter itself does not change much with
time for the same channel if the noise variance is increased. We have also varied di, ds
values keeping Mmn,n fixed and seen that the decay rate increases with decrease in do,
which is once again evident from Theorem 4.1. We can obtain a better performance, even
with smaller o2 (or bigger dy) by using an optimum step-size for the equalizer u, given in
Section 4.3. We will show the improvement with p, in subsequent figures.

In Figure 4.3, we plot the equalizer and the channel trajectories for d; +ds; = .8, which
is away from 1 . Now we have taken p = 0.01. We can see that when 1 — (d; + dy) is
large, the AR(2) process converges faster to the attractor and this channel will be like a

channel without drift. In this case, it is very close to an IID Gaussian random variable.



CHAPTER 4. LMS-LE VERSUS LE-WF FOR A WIRELESS CHANNEL 93

2 T T T
' 2
Channel Coefficients Versus Time d,=06d,=03995 o =01

n=0.001 error convergence slower
08 —H 15
— Actual trajectory o
08l == ODE 1 ooo""
o4r S =t e — Actual Trajectory |1
% o == ODE
o - o WF
I o T
05 o
T, 62=05
3 n
% error convergende faster
-04p u=0.001 1 o g
st/ d -06d,-03995 " \L-
00000
o8 Q0 L L L N
0 05 1 15 2 25
) 05 z 25 No of Iterations X101

, .
1 15
No of Iterations x10*

Figure 4.2: Trajectories of the Channel, the LE coefficients along with the Wiener filter
for a stable channel.
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Figure 4.3: Trajectories of the Channel, the LE coefficients along with the Wiener filter
for a stable channel with d; + dy = 0.8 << 1.

This is also evident from the theory developed as in this case |n| will be larger. One can
also see from figures that the approximation is accurate even for d; + dy away from 1.

Furthermore, because of larger u, the equalizer trajectory is more random.

In Figure 4.4, we plot the AR(2) process and the equalizer coefficients for an unstable
AR(2) process. We set d; = 0.9,dy = 0.1001 and g = 0.001. We see that the AR(2)
process is unstable, as dy + dy = 1.001 > 1. Thus the AR(2) parameters are converging
towards infinity exponentially, as is shown by theory. We can also see that the ODE

approximation is very accurate even in this case.
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In Figure 4.5, we plot the error between the actual equalizer trajectory and the Wiener
filter, i.e., |0 — 0.(tx)|>. In this figure, we varied the noise variance o2 keeping the
remaining parameters fixed. The plots in the Figure 4.5 confirm the results of Theorem
4.1. They show that the error decays faster with larger o2. However, by using a bigger
step size ji. obtained in Section 4.3, we see that the error decays fast even for smaller o2
(Figure 4.8).

In Figure 4.7, we plot the channel coefficients and the equalizer coefficients for a
complex channel and a complex linear equalizer. Once again, we are consider a three-tap
channel and a two-tap equalizer. In these figures, we plot both the real and imaginary
parts of the coefficients separately. In Figure 4.6, we plot the corresponding error curve
|0, —0.(tx)|*. We see that the ODE approximation is very close even for a complex channel
and equalizer. We also see that the error reduces to zero exponentially.

In Figure 4.8, we plot the equalizer coefficients and the ODE solution for different step
sizes. The channel model remains the same for both the values of step sizes. We see that
with a step size of p. (defined at the end of Section 4.3), the error between the Wiener
filter and the ODE solution (hence the actual equalizer trajectory) decreases very fast.

In Figure 4.9, we consider a special case, when dy = —1. We set d; < 2, to get a
marginally stable AR(2) process, whose trajectory is approximated by a cosine waveform.
Even in this case, both the channel ODE and the equalizer ODE solutions well approxi-
mate the actual trajectories. For this case, we could not get a result on the optimal step
size, L, as in Section 4.3. We still choose a better step size for the equalizer by trial and
error and obtained the equalizer ODE solution (and hence the actual equalizer trajectory)

well approximating the Wiener filter.

In Figure 4.10, we consider a stable channel with ds is close to —1. In this case,
as is shown theoretically, a better ODE approximation is obtained by a second order
ODE. Here, the channel trajectory is approximated by an exponentially reducing cosine
waveform. We considered an AR(2) process, which approximates the fading channel with
band limited and U-shaped spectrum and received with f;7° = 0.01 (f,T represents the

product of maximum Doppler frequency and the actual data sampling time). We once



CHAPTER 4. LMS-LE VERSUS LE-WF FOR A WIRELESS CHANNEL 96
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Figure 4.9: Trajectories of an AR(2) process, the LE coefficients with dy = —1 and d; < 2,

i.e., for a marginally stable channel.
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Figure 4.10: Trajectories of an AR(2) process, the LE coefficients with dy close to —1 and
dy < 2, for a exponentially reducing cosine channel with f;7"= 0.01.

again obtained a better step size for the equalizer by trial and error and got the equalizer

ODE solution (and hence the actual equalizer trajectory) providing good approximation

to the Wiener filter.

We plot the instantaneous MSE versus time in Figure 4.11. We plot it for the channel
of Figure 4.2 and for two values of noise variances ¢2, 0.1 and 1.0. We can see from

the figure that the MSE converges exponentially to the steady state value as is given by
Theorem 4.1.
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Figure 4.11: MSE Versus Time for a LE

Finally, we plot the AR(4) process and the corresponding equalizer trajectories in
Figure 4.12. We see that the ODE solution once again approximates the actual trajectories

well. We also used the optimal step size defined in Section 4.3. We see that the error
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Figure 4.12: Trajectories of AR(4) process, LE coefficients with r = r,, the optimum
defined in Section 4.3.

between the instantaneous Wiener filter and the actual equalizer trajectories really decays
fast. Do note that, as for an AR(2) process (e.g., when dy = —1), there will be different
values of dy, ds, d3, ds for which the exponential curve will not approximate the channel
trajectory.

Also note that in some of the figures provided above, the equalizer ODE (and actual

equalizer trajectory) is initialized away from the Wiener filter of initial channel state Z(0).

Conclusions

In this chapter we study an LMS-linear equalizer tracking a time varying channel modeled
by an AR(2) process (which is approximated by an ODE in Chapter 2). We obtain the
first order analysis of the error, which is defined as the deviation of the equalizer value
from the instantaneous Wiener filter. Towards this end we obtained the ODE of a general
system whose components may depend upon 2 previous values, in Appendix I at the
end of the thesis. Using this general system, we showed that one can obtain an ODE
approximation for a linear equalizer while tracking an AR(2) process for any finite time
T. For a stable channel (ds # —1 and d; + dy < 1), we showed that the error between the
equalizer and the Wiener filter falls exponentially with time. For an unstable channel the
error decays exponentially if d; + dy # 1. For an unstable channel with d; + dy = 1, the
error decays at the rate % if dy # —1 and at the rate t% if do = —1. But for a Marginally
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stable channel (ds = —1 and d; < 2), the AR(2) process is approximated by a cosine
waveform (Figure 4.9) and the error does not decay to zero but remains bounded in time.

The MSE is shown to approach the instantaneous MMSE exponentially with time
when the channel is stable. It is also shown that the difference between the MSE and
the MMSE does not explode with time even when the channel explodes (in case of an
unstable channel).

We obtained an optimal step size for the linear equalizer tracking an AR(2) process
when dy # —1 and d; + dy # 1 (i.e., when the error decay is exponential). This can
substantially increase the rate of decay of the error.

We suggested a system of ODEs, whose solution can approximate an AR(p) process
with p > 2 and the corresponding linear equalizer trajectory.

For simplicity, we have only shown the theory for the case when all the taps of the
channel are given by the same AR(2) process. But in simulations we have used different
AR(2) processes for different channel taps (we only varied the mean E(W;) in our simu-
lations, one can also use different dy,d, for different taps). The extension of the theory
to the general case is very easy. The only thing to note here is that the error decay rate
is governed by o2 as well as 1 of the tap for which |n| is the smallest.

In this Chapter we have not considered the problem of designing an equalizer with
delays greater than one. This is once again done to keep the discussions simple and the

analysis can be easily extended.

Appendix A

In this section we prove the Proposition 4.1 that is used in this chapter as well as the
next chapter. This is obtained after modifying the Proposition 10, p.270, [4] to suit our
setup. We use the notations of Section 4.1.

Let the process {G,,}, taking values in R? and parameterized by (0, Z), be defined by,

Gri1 = A0, Z)Gn + B(0, Z)Wy1, (4.17)
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where A(0, Z) is a p x p matrix, B(6, Z) is a p X p’ matrix and {W, } is a sequence of 11D
random variables taking values in R”'.

The following definitions are used. For any given function g, for any p > 0 we set,

_ 9(G)|
||g||oo7p - Slép1+|g|p7
S (/B (<))
p

ez |G -G (1+|GF +1G'°)
Li(p) = {g:lglp < oo},

o(9) = s {llgllcpin [9]y

A function f(6,Z,G), differentiable wrt G, is of class Li(Q) if there exist positive

constants, L, Lo, p; and py such that,
e For all (QJ Z) € Q? Npl (f(QvZ7 )) S L1~

e Forall (0,2),(0',2") € Q, all G,

1f(0,2,G) - f(0,2,G) < Ly (8, 2) — (¢, Z)| (1 + |G|"*).
A function f(0, Z, G) is of class Li'(Q) if there exist positive constants, Ly, Lo, p; and po
such that,
e Forall (0,2) € Q, |f(0,Z,0) + N, (f'(0,2))] < Ly,
e For au (Qa Z)v (Q/7Z/) € Qa |f(Q7 Za O) - f(Q/aZ/y 0)| S L2 |(Q7 Z) - (Qlazl)l 3

e Forall (,2),(0,2') € Q, all G,

11'(0,2,G) - f(¢. Z',G)| < L21(0, Z2) — (¢, Z)| (1 + |G[*) .

We assume the following;:

X.1 For all p > 0, [W,], < pp < o0.
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X.2 Let (0, Z) take values in a subset ). There exist positive constants, oy, as, 31, Fa,
M and p € (0,1) such that for all (9, Z), (¢, Z') € Q, and all n > 0,
(a) [A(E, Z2)| < o,
(b) |A(Q7 Z) - A(Q/)Z,)‘ S %) |(Q7 Z) - (Q/7Z,)‘7
(c) |A™(0, Z2)] < Mp",
(d) |B(0. 2)| < p,
(e) |B(0,2) - B(¢,2") < B:0,2) — (¢, Z')|.
We make a slight modification to the Proposition 10. Here the adaptive process {6, }
is modified as in Proposition 10, [4]. However the Markov chain {G}} is parametrized by
(0, Z) in contrast to a single parameter § of the Proposition 10. Hence only the above

assumptions have changed appropriately. One can easily see that the proof goes through

even with this modification.

Proposition 4.1 Let D be an open subset. Suppose the linear dynamical process (4.17),
satisfies the assumptions X.1, X.2 for any compact set () of D. Let,

with {41} a sequence of positive steps. If H or Py zH(0,.) = [ H(0,y)Pyz(.,dy) (the
expectation of the function H(0,.) wrt the one-step transition measure Py z) is of class
Li(Q) (Li*(Q)), for any compact set Q of D, then {0,,, Z,} satisfies the following for all
A<l (A=1):

There ezists a function hy on D, and for each 0,2 € D a function vz4(.) such that
1. hy s locally Lipschitz on D.
2. (] - Pg,z)l/97z<G) == H1(0, Z, G) - h1<9, Z)

3. For all compact subsets Q of D, there exist constants Cs3,Cy,q3,qs and X € [0.5,1],
such that for all 0,2.0',Z € Q
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(a) |vo.z(G) < Cs(1 +G|™),

(6) |Pozv0.2(G) = Py vy (G)] < Cu(1+1G|") |0, 2) = (0, Z2)|".

Proof : It is easy to see that the Lemma 8 p.266 and Lemma 9 p.268 of [4] goes through
with @ replaced by ordered pair (¢, Z) as the above assumptions are just the assumptions in
Proposition 10 with 6 replaced with the ordered pair (6, Z). By modifying the statements
of Theorem 5, p. 259 and Theorem 6, p. 262 (by replacing # with the ordered pair (6, Z))
it is easy to see that the remaining proof of the Proposition goes through as in [4] (note

that the {6,} updation is similar to that of Proposition 10 p. 270). W



Chapter 5

DD-LMS-LE versus WF for a

Wireless Channel

We consider a time varying wireless fading channel, equalized by an LMS linear equalizer
in decision directed mode (DD-LMS-LE). We study how well this equalizer tracks the
optimal Wiener equalizer. We also examine when this equalizer can be used, i.e., when
one can switch over to the DD mode.

We first study a DD-LMS-LE on a fixed channel. We obtain an ODE approximation
for its trajectory. Using this ODE, we obtain the existence of DD attractors near the
corresponding Wiener filter at high SNRs. We also show via some examples that for large
noise variances (i.e., at low SNRs) the DD attractors will not be close to the WF.

Next we study a DD-LMS-LE tracking a time varying wireless channel, modeled by an
AR(2) process of Chapter 2. We use the stochastic approximation theorem of Appendix I,
provided at the end of the thesis, and obtain an ODE approximation for the DD-LMS-LE.
Using this ODE approximation, we illustrate via some examples, that a DD-LMS-LE can
indeed track an AR(2) process reasonably (the DD-LMS-LE trajectory is quite close to
the instantaneous WFs) as long as the SNR is high (when properly initialized). With
increase in noise variance the DD algorithm loses out.

This chapter is organized as follows. In Section 5.1 we explain our model. Section

5.2 studies the decision directed (DD) algorithm on a fixed channel. Section 5.3 obtains

103
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the ODE approximation for a time varying channel. Section 5.4 provides examples to
demonstrate the ODE approximations and the proximity of the DD attractors to that
of the WFs (at high SNRs). Section 5.5 concludes the chapter. The appendices contain

some details on the proofs.

5.1 System Model, Notations and Assumptions

We consider a system consisting of a time varying (wireless) channel followed by an
adaptive linear equalizer. The input of the channel s; comes from a finite alphabet and
forms a zero mean IID process. The channel is a time varying finite impulse response
(FIR) linear filter {Z;} of length L followed by additive white Gaussian noise {n;}. We
assume ny ~ N(0,0?). We also assume that {s;} and {n;} are independent of each other.
The channel output at time £ is

L-1

Uy = Z Ly iSk—i + N,
i=0
where Zj; is the i component of Z;. At the receiver, the channel output u; passes
through a linear equalizer 6, and then through a hard decoder @). The output of the hard
decoder at time k is §j.

In this chapter we consider a linear equalizer updated using the LMS algorithm in
decision directed mode (DD-LMS-LE). For this system, the LE 6, of length M at time
k, is initially updated using a training sequence. After a while, the training sequence is
replaced by the decisions made at the receiver about the current input symbol s;. This is
the decision directed mode.

The output of the hard decoder, 5, = Q(0,U}), where Uy, = m.Sy, + Nj and Sy, Ny, Uy,
are the appropriate length input, noise and channel output vectors respectively. We

assume E[SS}] = I. Note that the convolutional matrix 7, depends upon the channel
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co-efficients Zj, - - - Z,_pr11 and is given by,

Zny  The o Znp 0 e 0
0 Zr11 - Zrk1rn-1 e 0
0 .
| 0 0 oo Zp—Mi o LMt L |

In this chapter we assume the input to be BPSK; i.e., s, € {+1,—1}. This assumption
is made to simplify the discussions and can easily be extended to any finite alphabet
source. For BPSK, Q(z) = 1{z50y — l{z<0}-

In DD mode, the LE is updated using (3,(0) = Q(8'Uy)),

Ohi1 = Op — Ui(0L Uy — 34(0,)) (5.1)

where i, is a positive sequence of step-sizes.
Initially we study the DD system when the channel is fixed, ie., Z,, = Z for all k.
Later, we consider a time varying channel when the channel is modeled by an AR(2)

process:
Zk—i—l = dle + dQZk_]_ + [LWk (52)

Here W, is an IID sequence, independent of the processes {s;}, {ng}. An AR(2) process
can capture most of the channel dynamics of a wireless channel, required for the receiver
design ([28]) and has been approximated by an ODE in Chapter 2. Using this ODE
approximation, we obtain the required tracking performance analysis.

The fixed channel is studied in Section 5.2 while the time varying channel in Section

5.3.
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5.2 DD-LMS-LE for a fixed channel

In this section, we assume that the channel is fixed, i.e., Z, = Z for all k. We first obtain
an ODE approximation for it when the step-sizes i — 0. We then obtain the existence
of DD attractors (ODE) near the corresponding Wiener filters at high SNRs. We show
that as noise variance o2 tends to zero, these DD attractors tend to the corresponding

WFs.

5.2.1 ODE approximation

DD-LMS-LE for a fixed channel has been approximated by an ODE in [4]. (given by
Theorem 13, p.278) . For convenience, the Theorem 13, p.278, [4] and its assumptions
are reproduced in Appendix D as Theorem 5.3. We start our analysis with this ODE.
Towards this goal, as a first step the DD-LMS-LE algorithm (5.1) is rewritten to fit in
the setup of Appendix D (i.e., as an example of system (5.5))

§ = [ﬁi U, §k]’
H(0,&) = U (0'U-3),

0, = Qkfl_/lk—lH(Qkfhgk)‘

Let 6(t, to, a) denote the solution of the following ODE with initial condition 0(¢y) = a

(mz is the convolutional matrix 7 of the previous section for a fixed channel Z),

R, = 7Tz7TtZ + 0?1,

R = E[UQ(U')].

It is easy to see that the Markov chain {{;} has a unique stationary distribution for every
0 and that the DD-LMS satisfies all the required hypothesis of Theorem 5.3. Also, as
shown below, the above ODE has a bounded unique solution for any finite time. Hence

one can approximate its trajectory on any finite time scale with the solution of the above
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ODE. We reproduce the precise result below.
For any initial condition 6, and for any finite time T, with t(r) := >~ _, ptx, m(n, T) :=
maz,s>p{t(r) —t(n) < T}

sup |0, — 6 (t(r), t(n), 6,)] =0

{n<r<m(n,T)}

as n — 00, whenever ), = 00, Y, ,u,ﬁ” < oo for some § < 0.5, pur < 1 for all k£ and

lim infy, ’% > (0 for all r.
As in Lemma 5.1 of Appendix C one can show that, the above ODE has a unique
global bounded solution for any finite time. We will also show the existence of attractors

for this ODE, near WF, at least at high SNRs in the next subsection.

5.2.2 Relation between DD attractors and WF's

In the following we study the desired attractors in more detail. Using implicit function
theorem ([5]), we obtain the existence of DD-LMS attractors close to the WFs at high
SNRs. For this we make an extra assumption: @ (Q*<O)tﬂ'zsk) = s, for all S, and that
Ty is invertible. In the above, Q*(aﬁ)éR;ulRus, the WF at noise variance o2. These as-
sumptions are generalization of the commonly made assumptions of perfect equalizability
at 02 = 0 (see e.g., [16], [21]). Theorem 2 in [16] provides explicit conditions for perfect
equalizability at o2 = 0.

Let (note that R,,, R, depend on o2),

1>

(8,07
0"(0”)

= R, R,s, where R,, = E[Us].

Note that 0*(c?) represents the WF at noise variance o2, while a DD attractor is a zero
of the function f. At o? = 0, by the above mentioned assumptions, R,;(6%(0)) equals
R,s. Hence 0°(0), the WF at zero noise variance, also becomes a DD attractor. Thus,

(67(0),0) is a zero of the function f(.,.). One can easily verify the following :
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e f(0,0) = —Ru0 + Rys whenever § € B(6*(0),¢) for some € > 0, where B(x,r) =

y:lz—yl <r}.

e Thus, g’g (07(0),0) = — Ry, and R,, is invertible.

e Using Lemma 5.2 of Appendix C, f is continuously differentiable.

By implicit function theorem (Theorem 3.1.10, p. 115, [5]), there exists a o2 > 0 and

a unique differentiable function g of o2 such that, for all 0 < 02 < o,

f(g(0?),0%) = 0.

Since g—g(Q*(O), 0) = —R,, is negative definite and is continuous at (6*(0),0), ag is
negative definite over a small neighborhood around (Q*(O), 0). Thus zeros, g(o?) are DD
attractors for all 0® small enough. We represent these DD attractors at noise variance
o2, by 05(c?).

We will now relate the DD attractors, 65(c?) = g(0?), to the corresponding WFs,

2 is close to zero. Define h(c?) = R,:(05(c?)). Using dominated con-

0%(0?), when o
vergence theorem and continuity of the map g, one can see that h(c?) — h(0) = Rys

whenever g2 — 0. Define
m(Qa 027 77) = _RUUQ + R“‘S +1.

At any noise variance, o2, m(0*(0?),0%,0) = 0 as §*(¢?) is the unique WF at noise
variance o2. Also, the function m is C* (infinitely differentiable) in all parameters (note
that R, is a fixed vector independent of all the parameters whenever input is IID). Hence
once again using implicit function theorem at any noise variance, o2 there exist «, 3 > 0

and a continuous function 7(.,.) such that,
m(y(o?,n),0% 1) =0 when |p| <3, and |o® — of| < a.

Hence by continuity of the functions v and h, the WF (which is also given by (0?2, 0))
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will be close to the DD attractor, v (02, [Rys — Rus(05(0?))]) at low noise variances.

Above we have shown the existence of DD attractors at high SNRs (under zero
noise perfect equalizability conditions), near the corresponding WF (the DD may have
other attractors also, e.g., [38]). The following theorem shows that if the DD mode is
started in the region of attraction of such an attractor, the DD-LMS-LE will converge
to the attractor (and hence close to the WF) almost surely as the step sizes tend to
zero (Proof is presented in the technical report no TR-PME-2007-1 downloadable from
http : | Jwww.pal.ece.iisc.ernet.in/ PAM [tech_rep07.html).

Theorem 5.1 Let ju, = puvy for all k, where Y., vy = 0o and >, i ™ < oo. Then there

exist 0* > 0 and € > 0 such that, for all 2 < o* and for all ' € B(6,,(c2),¢€),

Poye (Jim 0, = 0.4(0%)) > 1= 6(3),
where () — 0 as p — 0.

Therefore, the DD mode should be started when the LE is within the region of attrac-
tion of the above mentioned attractor (e.g., when the ’eye’ has opened, as mentioned in
chapter 11 of [21], [37], [43]). To reach the region of attraction, one starts with a 'good’
initial condition and then uses a training sequence. The region of attraction of the desired
attractor depends upon the channel Z, the input distribution and 2. However, for a given

set of parameters it may be computed via the various available methods (]20]).

5.3 DD-LMS-LE tracking an AR(2) process

In this section we present the ODE approximation for the linear equalizer (5.1) in decision
directed mode when the channel is modeled as an AR(2) process (5.2). Here we set the
step-size pr = p for all k, to facilitate tracking of the time varying channel. We use
Theorem A.1 of Chapter 4 to obtain the required ODE approximation.

We will show below that the trajectory (6,, Z,) given by equations (5.1), (5.2) can be
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approximated by the solution of the following system of ODEs,

(1+dy) z () = [EW)+nZ®)], ifdye (—1,1],
2O _ By 1yz)], itdy =1
2 dt

d £§t> +m Z @) = [EW)+nZt)], ifd,iscloseto — 1, (5.3)
6 (t) = —Ru(Z(1)0(t) + Rus(0(t), Z(1)), (5.4)

é d1+d2—1 :1+d2

n = —M , Th \/ﬁ

Ru(Z2) 2 Ey [U(Z)U(Z)T} = (r7L + 021),
R.s(6.2) = E;[U(2)3(9)]

By Lemma 5.1, the above system of ODEs has unique bounded global solutions for
any finite time. Let Z(t,tg, Z),0(t, to, ) represent the solutions of the ODEs (5.3), (5.4)
with initial conditions Z(t) = Z, (ts) = 0 and Z (t;) = 0 whenever the channel is
approximated by a second order ODE.

We prove Theorem 5.2 using the Theorem A.1 of Appendix I, provided at the end of
the thesis.

Theorem 5.2 For any finite T > 0, for all 6 > 0 and for any initial condition (G, 8, Z),
with doZ_y + diZg = Z, Z (to) = 0 whenever the channel is approrimated by a second
order ODE and 0y = 0,

PG,Z,G sup |(Zk7Qk) - (Z<:uak70a Z),@(,uk, 07Q>)| Z 5 - Oa

{isks

as ;. — 0, uniformly for all (Z,0) € Q, if Q is contained in the bounded set containing the
solution of the ODEs (5.3), (5.4) till time T'. In the above a =1 if Z(.,.,.) is solution of
a first order ODE and equals 1/2 otherwise.

Proof : Please see the Appendix A.



CHAPTER 5. DD-LMS-LE VERSUS WF FOR A WIRELESS CHANNEL 111

The approximating ODE (5.4) suggests that, its instantaneous attractors will be same
as the DD-LMS-LE attractors obtained in the previous section when the channel is fixed
at the instantaneous value of the channel ODE (5.3). We have shown in the previous
section that these attractors are close to the WF at high SNRs. We will verify the same
behavior for tracking, using some examples, in the next section.

One of the uses of the above ODE approximation is that, one can study the tracking
behavior of the DD-LMS (e.g., proximity of its trajectory to the instantaneous WF's) using
this ODE. This is done in the next section. Further, one can also obtain instantaneous

theoretical performance measures (approximate) like BER, MSE.

5.4 Examples

In this section we illustrate the theory developed so far using some commonly used ex-
amples.

We first consider a fixed channel, Z = [.41,.82,.41]. This channel is very widely used
(see p. 414, [25] and p. 165, [21]). We use a two-tap linear equalizer. We plot the DD-
LMS-LE, its ODE approximation and the Wiener filter for two values of noise variances
0? = 0.01, 1 in Figure 5.1. We see that the ODE approximation is quite accurate for
all the coefficients. We can also see that the DD-LMS coefficients as well as their ODE
approximations converge to the DD attractor for both the noise variances. The ODE
approximation thus confirms that, with high probability the realizations of the DD-LMS
trajectory (the DD-LMS trajectory in the figure being one such realization) converge
to an attractor (of course, when initialized properly). One can see from this example
that the DD-LMS attractors are close to the corresponding Wiener filters at high SNRs
(02 = 0.01) as is shown theoretically in Section 5.2, but are away from the same at low

SNRs (0% = 1).

We next consider two examples of a time varying channel equalized by a four-tap equal-
izer. We consider stable and marginally stable channels in Figure 5.2, 5.3 respectively. For

both the examples, the mean channel is a constant multiple of a commonly used raised
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Equalizer coefficients trajectory

1.5

Z=[41, .82, .41] 1=0.0008 -~ ObE

0 4000 8000 10000

Figure 5.1: The fixed channel equalizer coefficients for three tap channel Z = [.41, .8, .41]

cosine channel, [—0.4,1,0.6,—0.3,0.1]. The AR parameters, d; = .497, dy = 0.5 and
i = 0.0007 are used for the stable channel, while the same parameters for the marginally
stable channel are set at 1.99999, —1 and 0.000001 respectively (these parameter are cho-
sen appropriately to obtain a suitable period for oscillations as from (2.2) of Chapter 2,
the period of oscillation is controlled by ,/ l_dlll—_d?). Both the examples are run under
high SNR conditions (02 equals 0.1 and 0.05 for marginally stable and stable channels
respectively). In both the examples, the DD-LMS and the ODE are started with the
initial value of the WF. One can see from both the figures that the ODE once again
approximates the DD-LMS quite accurately. Also, the DD-LMS and the ODE track the
instantaneous WF quite well. We also plot the instantaneous BER of the DD-LMS, the
ODE and the WF' in the last subfigure of the Figures 5.2, 5.3. One can see that the
performance of the DD-LMS and ODE are quite close to that of the WFs throughout the
time axis. The proximity of the ODE solution and the BER once again indicate that with
high probability the realizations of DD-LMS track the instantaneous WFs.

Finally, in Figure 5.4, we consider a stable channel with d5 close to —1 (from the figure,

it actually looks like a marginally stable channel but its magnitude is reducing at a very

1+do
Vi

small rate, as dy is very close to -1). In this case, as is shown theoretically, a better
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ODE approximation is obtained by a second order ODE. Here, the channel trajectory is
approximated by an exponentially decaying cosine waveform. We considered the AR(2)
process, which approximates the fading channel with band limited and U-shaped spectrum
and received with f;T" = 0.002 and hence d; = 1.999926, dy = —.9999789, 1 = 2.218332¢—
009. The mean of the channel is constant multiple of [.41, .8, —.4] while the noise variance
is set at 0.03. Once again, as is seen from the Figure, the DD-LMS (and also the ODE)
is tracking the WF well. Further, the performance (BER) of the DD-LMS and ODE is
quite close to that of the WF's throughout the time axis.

Next we plot the DD-LMS, the ODE and the instantaneous WFs at two different noise
variances in Figure 5.5 for a marginally stable channel. It is evident from the figure that
the LMS-LE in DD mode, can track the channel variations at high SNR (¢% = 0.05),

while it looses out at low SNRs (6% = 1).

5.5 Conclusions

We obtain theoretical performance analysis of an LMS linear equalizer in decision directed
mode. We first study a decision directed LMS-LE for a fixed channel. We approximate the
trajectory of the DD-LMS-LE by an ODE. Next using this ODE, we obtain the existence
of DD attractors in the vicinity of the WFs at high SNRs. We also illustrate this for
some commonly used channel examples. We further show via some examples that, a DD
attractor may be away from the Wiener filter at low SNRs. We thus conclude that at
high SNRs, one can update the LMS-LE in decision directed mode to obtain the WFs,
by initializing it with a 'good’ enough (the initializer must be in the region of attraction
of the desired attractor) training based estimate.

We next consider time varying channels. We model the time varying channel by an
AR(2) process and obtain an ODE approximation for the tracking DD-LMS-LE. Using
this ODE approximation, via some examples, we illustrated that LMS-LE in decision
directed mode, can also be used to track the instantaneous WF at high SNRs. We also

show that, at low SNRs the decision directed mode does not provide a good equalizer.
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Channel Coefficient Trajectories
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Figure 5.2: Trajectories of raised cosine AR(2) channel, the DD-LMS filter coefficients
and the BER for a stable channel.

Appendix A

Proof of Theorem 5.2 : Defining Gkﬂé (UL, S,?]T, one can rewrite the AR(2) process

and the DD equalizer adaptation as,

Or + pH1 (O, Gry1)

~Ur(0F U, — 33)

Zs1

Or-+1

H (0, Gry1)

>

= —Ui(0[ U, — Q(ULG,,)).
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Channel Trajectory
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Figure 5.3: Trajectories of raised cosine AR(2) channel, the DD-LMS filter coefficients
and the BER for a marginally stable channel.

This is similar to the general system (1), (2) of Appendix I (provided at the end of the
thesis). Hence by Theorem A.1 of Appendix I, it suffices to show that our system satisfies
the assumptions A.1-A.3 of Chapter 2, B.1-B.4 of the Appendix I and that the above
system of ODEs has a bounded solution for any finite time.

The AR(2) process {Z,} in (5.2) clearly satisfies the assumptions A.1 - A.3 as is

shown in Chapter 2. Assumption B.2 is satisfied as for any compact set ) and for any

beq.
(6.6 < 2 [mam {1,sup|e|H (1+1GP).
0eqQ

Fixing channel Z;, = Z for all k, we obtain the transition kernel I14(.,.) for {Gj} which
is a function of Z alone. Thus condition B.1 is satisfied. It is easy to see that {G\(Z)}
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Channel Trajectories
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Figure 5.4: Trajectories of an AR(2) channel, the DD-LMS filter coefficients and the BER
for a stable channel with f;7" = 0.002.

has a stationary distribution given by,
Mz (Aq X [s1,52,---8n]) = Prob(S = [s1, 89, 5,])Prob(N € Ay — mz[s1, 50, 5,]"),

where 77 is the M x M + L — 1 length convolutional matrix formed from vector Z (as in
the fixed channel case) and S, N are the input and noise vectors of length M + L — 1, M

respectively. Define,

1>
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Channel Trajectory Equalizer coefficients trajectory — DD-LMS

Actual Trajectory ok 6% =0.05

or T~~~ ODE

Figure 5.5: DD-LMS versus WFs at varying o2 in a time varying channel

vez(G) = N T5(HL(0,G) — hi(Z.0)).

k>0
By Lemma 5.2 of Appendix C, h; is locally Lipschitz. Thus conditions B.3 a, b are met.
We now prove condition B.3.c using Proposition 4.1 provided in Appendix A of Chap-

ter 4 in similar lines as in Chapter 4. {G}} is a linear dynamic process depending upon

the channel realization Z and it can be written as,

Gk+1 = A(Z)Gk—f-B(Z)Wk_H,

Ju P
where, A(Z) = :
| Oriar—1xnr Jrnm—1
Al 1
Oni
B(Z) _ M-1x2 ’
1 0
I Op+M-—2x2 |

Wi =[Sk, ).
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In the above definitions, 0,, is a n X n zero matrix, J, is a n X n shift matrix given by,

000 --00

100 ---00
Jp=1010 -0 0],

000 ---10

and the matrix P is a M x L + M — 1 matrix defined by,

b_ Zo Zs Zr 0 - 0

OM-1xL+M-1

It is easy to see that, A"(Z) = 0 for all n > max{L, L+ M —1} for all Z as it involves the
powers of shift matrices Jz, Jp4a/—1, which satisfy J! = 0. By Lemma 5.3, the function
PyzH(0,G) is L;(R"). Now all other conditions of Proposition 4.1 are satisfied trivially
(because A(Z) and B(Z) are linear in Z) and hence assumption B.3.c is satisfied for any
A<

The condition B.4 is trivially met as for any n > M + L — 1, the expectation does
not depend upon the initial condition G, but is bounded based on the compact set () and
because of the Gaussian random variable N and discrete random variable S.

Finally the theorem follows by Lemma 5.1, which gives the existence of unique bounded

solution, for any finite time, for the DD-LMS ODE. W

Appendix C

Lemma 5.1 The ODE (5.4) has a unique solution, which satisfies,
6(t)| < co+ e,

for appropriate positive constants ¢y and c;.
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Proof : For convenience, we reproduce the ODE (5.4),

0 (t) = —Ru(Z(1)6(t) + Rus(8(1), Z(1)).

y =

The matrix R,,(Z(t)) is positive definite for all ¢, and it’s minimum eigen value is greater
than o? for all t. Also, |R.:(0(t), Z(t))| < C|Z(t)| for all t for some constant C' > 0.
Using the channel ODE solution curves (given in Chapter 2), |R,s(0(t), Z(t))| < C(T)
for all ¢ <T for any finite time 7" for some positive constant C(7T') depending only on 7.

Thus, for any vector 6, the inner product,

<é <t>,e> < 8P+ D)o
_ [0+ C(T)] 18

Therefore by Global existence theorem (pp 169 - 170 of [42]), the ODE (5.4), has a unique
solution for any finite time and the solution is bounded by the solution of the following

scalar ODE (after choosing the initial conditions properly),
k (t) = —a’k(t) + C(T),

whose solution is given by, k(t) = et + C (T'), where ¢ is an appropriate constant.

Lemma 5.2 The function R,:(0, Z) is continuously differentiable in (6, Z), o and hence
15 locally Lipschitz.

Proof : With fy (02, N) representing the zero mean M dimensional Gaussian density,

with variance 0?1,

Ru(0,2) = E[(7zS+ N)Q(0'(nzS + N))]
- TzS o2 d
g/{Ni9t(ﬂZS+N)>O}( z0 + N)f/\/( ,N) N

—/ (125 + N) far(0?, N)dN.
(N0t (1 5+N)<0}
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We make the following change of variable,

Y = A(f)(rzS + N) where matrix

0, O -+ Oy

() 1 0
A(0) =

() () 1

With | B| representing the determinant of the matrix B,

Ra0.2) = 3 [ AV [A©)] furlo®, A®)Y — 7)Y
5 J{Y 1 vi>0}

_/{Y Vo) A(G)*lY |A(6)*1‘ fN(O'Q,A(Q)ilY . WZS)dY

Using dominated convergence theorem, we can show that the terms on the right hand

side are continuously differentiable. W

Lemma 5.3 Let Py z(.|.) represent the transition function of the Markov chain {G (0, Z)}
(when the channel and equalizer are fived at (8,Z)). The function Py zHy(G) is locally

Lipschitz.

Proof : Note that,

PyzHo(Go) = E[H.(0,G1)|Go = (Up, So)]
= E[H, (0, (A(2)Go + B(Z)W))].

For all (#, Z) in a compact set, one can get a positive constant C; depending only upon

the compact set () such that,

|Py.zHy(Go) — Py 2 Ho(GY)]
< E ‘(GtUl)Ul (O U + 2B (U, — Ul + CLE QUL — Qo'UY)|,

where UléA(Z)GO + B(Z)W, U{éA(Z’)G{) + B(Z")W;. Thus it suffices to show the
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Lipschitz continuity for the last term. Now,

E|Q(0'Uy) — Q(0"UY)| = 2P(Q(0'Uy) # Q(0'TY))

The Lemma follows because, using the steps as in Lemma 5.2, we can show that the above

term is continuously differentiable. Il

Appendix D

In this section we provide the statement of Theorem 13, p.278, [4] that is used in this
chapter as well as the next chapter. We state the Theorem 13, [4], in our setup using our
notations.

We consider the following dynamical process {Vj, Ux}:

Vi = AVi_1+ Bsy,
upen = CVioi +ny,

Ul = [Uren, 5 Up_n]-

For the quantizer Q we define a sequence of random variables 8, Sk, 0, by:

gg = [§k7 T ék*erl]
S, = @ (Qf’,;lUk + Qb};_lgkq)
Qk; - Qk_l + ,ukH(Qk—la gk)a Qk = [Qf57gbg]a (55)

where &, = [V,L v, Ul ng]

We make the following assumptions:

D.1 The matrix A satisfies :

A" < K.p", 0<p<]1.
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D.2 The sequence {(sk,nx)} is a sequence of IID random vectors with values in S x R,
for some finite set S of R. The {si} are uniformly distributed over S.

D.3 The decoder (@ is assumed to satisfy

(a) There exist sq,---,s, € R such that {|s —s;| > |s — | forall i} = Q(s) =
Q(s").

(b) There exists an [ € S, 5§ € R such that s > 5 = Q(s) = /.
D.4 H is of class Li(K) (defined in Appendix A of Chapter 4) for any compact set K.

D.5 The random variable n; has a density f satisfying,

f>0and for all m > 0:sup(1+ [t|™)f(t) < oc.
¢

D.6 For any integer r

lldn-l—r

lim inf > 0.
n Mn
D.7 > pn = 0.
We consider the ODE
0 (t) = h(0()), (5.6)

where h2 lim,, Py H(O,.)(§) (This limit is shown to exist in Theorem 13. Here, Py repre-
sents the n—step transition function of the Markov chain {{;} obtained by fixing 0, = 6
for all k) for t > to. Let (¢, 9, a) denote the solution of this ODE for 0(ty) = ay.

Define D = {9 = (Q?,QbT) : [6;] > 0}. We choose T > 0 and two compact sets Q1,
@2 of D with Q1 C ()2, which we assume to satisfy:

d(0(t,0,a),Q5) > dy > 0,
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for all @ € @7 and all ¢ < T. This condition can be satisfied by showing that a ODE
has a bounded solution for any finite time (as in Chapter 2). Let t(r) := >, _, i,
m(n,T) := max,>,{t(r) —t(n) < T}.

Theorem 5.3 (Theorem 13, p.278, [4]) : Under the above assumptions, the algorithm
(5.5) and the ODE (5.6) satisfy the following:

For any compact set () C D there exist constants Bs, Ly and s, such that for all k > 0
with p, <1, all a € Q, all &, all § < &y, and for all X < 1,

B
Po¢a { sup |0, — O(t,, tn,a)] > (5} < 75(1 + &)1+ T)exp(2LT). Zuz/\(1+)‘/2)

n<r<m(n,T) k>n

where P, ¢, denotes the n—step transition function of the chain {&, 0} with initial con-

dition &, a.



Chapter 6

LMS-DFE versus DFE-WF for a
Fixed Channel

A Decision Feedback Equalizer (DFE) can significantly improve the performance of a
system as compared to an LE (especially when there are deep nulls in the frequency
response of the channel). A DFE feeds back the previous decisions of the transmitted
symbols, to nullify the ISI due to them and makes a better decision about the current
symbol. However, due to feedback, studying its performance is complicated and hence
there is no known method to obtain an MSE optimal DFE (henceforth we will call it DFE-
WF) even for a fixed channel ([10], [32], [43]). An ’optimal’ DFE is commonly obtained
by assuming error free decisions. We will call it IDFE. It is believed that the IDFE is
close to the optimal DFE under high SNR. However it is not known how an IDFE really
compares with the DFE-WF.

Another way to obtain an optimal DFE is to replace the feedback filter of the DFE
with a precoder at the transmitter. The precoder requires that the channel state be known
at the transmitter. This is possible for a wireline channel by estimating at the receiver via
a training sequence and sending this information to the transmitter. But for a wireless
channel, due to its time varying nature, this will be inefficient.

A common iterative algorithm to obtain MMSE filters is LMS (as we studied in the

previous chapters). LMS has also been used to obtain a DFE ([43]). But the convergence

124
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Figure 6.1: Block Diagram of Decision Feedback Equalizer (DFE)

behavior of an LMS for a DFE is not well understood. In particular, it is not known
whether the LMS will converge to the DFE-WF even for a fixed channel.

In this chapter we theoretically study the LMS-DFE and show that under high SNR it
converges to a limit close to the optimal DFE, the DFE-WF. We also show, via examples,
that the IDFE (designed also using perfect channel estimate) may perform much worse
than the DFE-WF and the limiting LMS-DFE (limiting LMS-DFE is close to the DFE-
WF). In fact, the performance improvement is very significant even at high SNRs (up to
50%), where the IDFE is believed to be closer to the optimal one. To obtain these results
we again approximate the LMS-DFE trajectory with an ODE and relate its attractors to
the DFE-WF using implicit function theorem. We thus conclude that, via LMS one can
obtain a computationally efficient way to obtain the true DFE Wiener filter under high
SNR for a fixed channel. In the next chapter, we will study the tracking behavior of an
LMS-DFE for a wireless channel.

This chapter is organized as follows. In Section 6.1 we define the model and specify our
assumptions. In Section 6.2 we discuss the problems involved and the approach followed
by us. In Section 6.3 we show that the trajectory of the LMS-DFE can be approximated
by the solution of an ODE. We use this ODE for further analysis of the LMS algorithm.
We study the differentiability of the stationary distribution of the system in Section 6.4.
In Section 6.5 we show that the LMS attractors are close to that of the DFE Wiener
filters at high SNRs. Section 6.6 provides some examples while Section 6.7 concludes the

chapter. Proofs are contained in the appendices.
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6.1 The model and notations

We consider the system shown in Figure 6. Inputs {s;} enter a time invariant finite
impulse response channel {zl}lL:_O1 and are corrupted by additive white Gaussian noise

{n} with variance 0. The channel output, uy, at any time k, is given by,

L-1

Uk = E Sk—121 + Ng.

=0

We use a DFE with a forward filter 6 7 and a feedback filter §,. The decisions are made
by hard decoding. The performance of this system will depend upon the DFE filters ¢,
and ¢,. We are interested in obtaining the (¢, 8,) that minimizes the probability of error.
Since it is not easy to optimize the probability of error, the common criterion used is to
minimize F [|sk — §k|2} We consider this problem in this chapter.

We make the following assumptions (some of these can be easily weakened) and use

the following notations:

e We assume BPSK modulation, i.e., inputs s € {+1,—1}.

Sequences {s;} and {n,} are IID (independent, identically distributed) and inde-
pendent of each other. The inputs {s;} are uniformly distributed.

fa(y) is the NV dimensional standard IID Gaussian density, where V is the dimension

of the vector y, i.e.,

1 B
fN(Q) = Wexp z.

The equalizer forward filter is given by {efl}fﬁofl, while the feedback filter is given
by {63, }1,. Also, NLéNf—I—L—l.

The decisions are obtained after hard decoding. Hence decision s is given by,

Ny—1 N,

<§k = Q Z Qfluk_l + Zeblgk—l where
=0 =1
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Q) = +1 z:f x>0, 6.1)
-1 if x<O.

e The following vector notations are used throughout:

S = [ Sk Sk—-1 - - Sk—Np+1 ]Ta

Ne = Do et oo w10

U, = [ Uk Uk—1 - - Uk—N;+1 ]Ta

Sk 2 [ 81 Skt - . BNy I,

X, 2 [uf 5, T

G, = [sf S, MO

Qf £ [ efo 01, efo—l ]T’
9, = | Op1 Obo Oy, 1
0= [o7 67"

e With § := {+1, -1}, for a fixed §, {G} is a Markov chain taking values in S x
SN x RNr. where R is the set of real numbers. We represent throughout this
chapter the current and previous state values of this Markov chain by the ordered
pairs (i,y), (j,y') respectively. Here 4, j take values in the discrete part of the state
space, SNt x SM | while y, 1/ take values in RN,

e For any vector, z, we use z; to represent its [ component and z, | < k, represents

T
the vector | a; x;, --- my

o 70 ={z0, f\i L(fl represents the convolution of the channel {z }and the forward filter

0.

e The input to the hard decoder for a given state of the Markov chain is represented
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by,

Np—1

Ny Ny
6Q(i,£> = Z z@lsk_l + Z Qflnk_l + Z leék—k
=0 =1

=0

Note that 5,1 = Q(eé(jvgl))-

e B(0,0), B(#,0) are the open and closed balls respectively with center § and radius
0.

e Throughout the chapter, unless otherwise mentioned, integrability is always with

respect to the measure fu(y)dy.

e The equalizer output without noise, e4(7,0) # 0 for all values of i at the LMS
attractor. Without this assumption the LMS algorithm makes more errors than the

correct decisions.

One can easily extend the theory in this chapter to any finite alphabet input source
with any arbitrary distribution as in the next chapter. Also, the theory to follow, considers
an optimal equalizer for delay 0. However, the entire theory will go through for any
arbitrary delay. Indeed in Section 6.6, an example with an optimal equalizer for delay 1,

is presented.

6.2 The issues and our approach

A DFE-WF is given by,
0" = arg m@in E[0'X, — si] ? (6.2)

where the expectation on the right hand side is under stationarity for a given # and is
shown to exist in Theorem 6.1 below.
N T ~
For a DFE, vector X, = [Ug , S,?_l] , includes previous decisions S;_; along with

channel outputs U, and hence its distribution depends upon the parameter 6. Thus, there
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is no known way to compute a Wiener filter. We address this problem directly via the

iterative algorithm, LMS, given by the following iteration:
01 = O — X, (K;ﬁk - Sk) ) (6.3)

where {4} is a decreasing sequence.
In practical systems, a DFE Wiener filter is commonly designed by assuming perfect
decisions (i.e. S, = §£_Nb+1)7 which we called IDFE. It is easy to see that the IDFE is

given by,
Orpre = (E [ik&?l;] )_1 E[X,s1],

where X} = [ U §’]z:}vb +1t ] . This computation may be expensive because of matrix
inversion and LMS (6.3) is actually used as an alternative. Our claim is that in case of
a DFE, apart from being computationally efficient the LMS algorithm also outperforms
the popularly used Wiener filter, IDFE, 6,5 and can indeed be close to DFE-WF. We
achieve this goal by showing that the LMS-DFE attractors are close to that of the DFE-
WF at least for high SNRs (later in Section 6.6 we show via examples that this covers
the practically used SNRs).

Towards this, we first show the existence of a unique stationary distribution for {X,}
for every 6 (one can now define the optimum in (6.2) under stationarity). Using this along
with the ODE approximation in [4], we obtain a more tractable ODE,

0 (t) = —%Eg Vo [0'X —s)| = By [x (X - 5)]. (6.4)

The attractors of the LMS-DFE will be the zeros of the RHS of the above ODE, while
the DFE Wiener filter will be a zero of the gradient (if it exists) of the RHS of equation

(6.2). Under certain conditions these two terms can be related by,

Voby |[0X ~s]°| = By [Vo[0X ~ '] + E|[0X 5" Vom| . (65)
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where 7y is the stationary density of {G,} wrt the Lebesgue measure (we will show that
it exists), when the DFE 6 is used. One can expect the LMS-DFE attractors to be close
to the DFE Wiener filter, if the second term in the RHS of (6.5) is close to zero. We
show in this chapter that, the above is indeed true at high SNRs, for a decoder that is
slightly perturbed from the original one. The perturbation of the decoder is required
because with the original decoder mp may not be differentiable. We show that the DFE
Wiener filter and an LMS-DFE attractor of this perturbed decoder converge to that of
the original hard decoder as the level of perturbation tends to zero. Then we analyze this
perturbed decoder and show that the LMS-DFE attractors of this decoder are close to
the DFE Wiener filters of the same at high SNR. This suggests that at high SNR an LMS
attractor for the original decoder is close to its DFE-WF.

6.3 ODE Approximation

We first show that the Markov chain {Gj} has a stationary distribution for any given
DFE, 6. This result was not known so far and is of obvious interest. Later we use this

result to obtain an LMS-DFE ODE approximation with a more tractable ODE.

Theorem 6.1 For every 0, Markov chain {Gy} has a unique stationary distribution Il,.
Starting from any initial conditions, the Markov chain converges geometrically to the
stationary distribution. The continuous part of the stationary distribution has a density,
mp that is continuous with respect to 8 in Ly norm. Also the MSE under stationarity is

continuous in 6.

Proof : Please refer to Appendix A.

Because of the continuity of the MSE as a function of 6, by confining our search
to an approximately compact region, we obtain the existence of the DFE Wiener filter.
Next we consider the LMS attractors. For this we first approximate the trajectory of the
LMS-DFE with an ODE and then study the ODE’s attractors.

DFE with a hard decoder has been approximated by an ODE in [4] (given by Theorem

13, p.278 . For convenience, the Theorem 13, p.278, [4] and its assumptions are reproduced
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in Appendix D of Chapter 5 as Theorem 5.3). We start our LMS-DFE analysis with this
ODE. Towards this goal, as a first step the LMS-DFE algorithm (6.3) is rewritten to fit
in the setup of Appendix D (i.e., as an example of system (5.5))

& = [S« Xi}tv

H(0,§) = X'(0'X ~3),

0, = Qk—l_ﬂk*IH(Qk—lafk)'

Let 0(t, to, a) denote the solution of the following ODE with initial condition 6(ty) = a,

b(t) = —h(o)
where h(0) = TLILIEOPQTLHQ(j,y_'), (6.6)

and P is the n-step transition function of the Markov chain {G}} with DFE 0, and
Py Hy(j,y') is the expectation of the function H(f,&) using the conditional measure
Py(.|7,9') (note that & is a fixed function of (). The existence of the limit in the
right hand side of (6.6) is established in the next para. We will show later on that, this
limit will be independent of the initial condition (j,%') and will equal EyH (0,¢).

We will now show that our algorithm satisfies the assumptions D.1-6 of Appendix D of
Chapter 5. The LMS algorithm satisfies assumption D.1 as the matrix A of D.1 is a shift
matrix now and hence for any n > Ny, |A"| = 0. Assumption D.3 is satisfied for a BPSK
source (for a fixed channel DFE, we obtain the ODE approximation using BPSK source.
However we relax this condition in the next chapter and obtain an ODE approximation
for tracking DFE for any finite alphabet source. The fixed channel DFE is a special case
of the tracking DFE and hence can be approximated for any finite alphabet source) and
the hard decoder Q with s; = 0, [ = 1 and 5 = 0 (p.277, [4]). Assumptions D.4 and
D.5 are easily satisfied by the function H and the noise process {n;} respectively. As in
previous chapters, one can see that the above ODE will have unique bounded solution for
any finite time (this will be a special case of Lemma 7.1 of next chapter). Hence the LMS

algorithm satisfies all the required hypothesis of Theorem 5.3 and we obtain :
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e The existence of the limit in the right hand side of (6.6).

e For finite time T, with ¢(r) := >, _ pk, m(n,T) := max,>,{t(r) — t(n) < T}, and

for any initial condition 6§,

sup |0, — 0 (t(r), t(n), 8,)| = 0 asn — oo

n<r<m(n,T)

whenever,

= DMk =00
_ Zku”‘s < oo for some 0 < 0 < 0.5,

— 0 <y <1forall k and

:u‘k+r

— liminfy > ( for every integer r.

We will show below that the RHS of the ODE (6.6) is same as that of the ODE (6.4)
and hence equate the ODE (6.6) with a more tractable ODE (6.4). For each 6, {G} is a

Markov chain taking values in a general state space. Its transition function is given by,

Py(i,y € Blj.y') = 8(i,7)8(y. y)P(i)P(y, € By)Faling+115,). (6.7)

where & (y,9') equals 1 only when the vector formed from all but the last component of
the vector 3’ equals the vector formed from all but the first component of the vector y and
(5( j) = 6( LN )5 (Z%iiJYL,ijijle> (note that the first component, i}'*, represents
the sample value of S}, while the second one, @%bfﬁ@, represents the sample value of S ee1)-
Note here that, i1 represents the current input s; while, 7y, +1 represents the most recent

decision §;_1. The only component of the transition function (6.7) that depends upon @

is, Py(in,+1]j,y’) given by,
Py(ing+1 = 17, y) 1{6@0@'»0}'

By IID nature of the input s, and noise n; one can choose ng large enough such

that the continuous part of the n step transition function Fg'(i,y € B |7,9) is absolutely
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continuous with respect to fa(y)dy for all n > ng. Further, ng is chosen larger than
Np to ensure S, Sy, are independent. Fix one such n. The corresponding density

(Radon-Nikodym derivative)
py (yliy) = > / (SEE_y Py(8k1n—qlz(q)) far(v) du, (6.8)
1 v

where (the following notations are used throughout),

L k4n— NL ~k+n—1— Nb
l T (Sk+1 S )7
. k+n—Nf
v o= ﬂk—i—l 3
L k+n—q ak+n—q—1 k+n—q
£<Q) T (Sk+n q— NL+17SI<:+TL q—Ny» Mk—&-n q—Njy+1

It is easy to see that the density of the n—step transition function pg(z‘,g\ 7 y_’) < 1,
ﬁ(’j?i) — WQ‘ — 0 for every

value of j,3 as n — oo in Ly norm. The function H () can be bounded uniformly by,
[H(0,6)] < Ci|X,[* + Ca | X,

for all 6 in a small neighborhood, for some appropriate constants C;, C5. The above
bound is square integrable and depends only on {Gj}. Hence by Lemma 6.1 of Appendix
E

Y

h(0) = lim PyHe(j,y') =1lgH(0,¢),

n—oo -

1
In the above, IIpH (6, €) represents the expectation of the function H (@, .) with respect to
the stationary measure IIy. Thus the trajectory of the LMS-DFE can be approximated
by the solution of the ODE (6.4), reproduced here for convenience,
. 1
0(t) = —5F |V

X~ s]°]
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for any t < T, where T is any finite constant.

One expects that the attractors of the above ODE will be LMS-DFE attractors. The
ODE attractors will be zeros of the RHS of the above equation. While the DFE Wiener
filter will be the zero of the gradient (if it exists) of the MSE (the cost in the RHS of

(6.2)). Under certain conditions (which will be discussed in Section 6.5) we get,

VoFy |[0X - s]'| = By Vo [0X )" + > By |[0°X ~ 5] Vum|
8.8
where Vymy represents the gradient of the stationary density. One can easily see that an
LMS-DFE attractor will be exactly (close to) the DFE Wiener filter if in addition the
gradient of the stationary density equals zero (is close to zero). This shows that to get
the connection between an LMS-DFE attractor and the DFE Wiener filter one needs to

look at the differentiability of the stationary density.

6.4 Differentiability of the Stationary density.

One can see from equation (6.8) that it is very difficult to comment on differentiability of
the n-step transition density itself. Thus, it is even more difficult to discuss the differen-
tiability of the stationary density. To proceed further with the analysis, we perturb the
hard decoder () such that the n-step transition density and the stationary density become
differentiable. Next we show that the LMS attractors and the DFE Wiener filter of this
perturbed decoder converge to that of the original decoder as the level of perturbation
tends to zero. Finally we study the DFE using these perturbed decoders in Section 6.5.
We alter the decoder function Q(x) to,

1, with prob 1, x > €,
Qe () = ¢ —1, with prob 1, r < —€o, (6.9)
1, with prob % [cos <M> + 1] x| < eo,

2¢€0

where € is a small constant. Observe that the perturbed decoder is also a hard decoder.
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With the perturbed decoder @, (), the 8 dependent component of the transition function

is given by,

Py (in, 41 = 104,9) =

OP," (iny +1=105,9)
o0

The partial derivative, exists everywhere and equals,

B I L ((ee(jjy_’) = 60)”) Oeo(s.¥') (6.10)

460 aQ

260

By the uniform upper bound on the derivative (6.10) and by the bounded convergence
theorem one can see that the m-step transition density (6.8) (with n > ng) becomes

differentiable (more details are in Appendix B) and equals (using the notations of equation

(6.8)),

apeo n 6P60<§k+n—m|£(m))

Y (iali) Z/ZH P G glal0) =

P(Si) fy(v) duv. (6.11)

For these perturbed decoders, we show that the stationary density (with respect to
Ny dimensional Gaussian IID vector) also becomes differentiable. Furthermore, using an

Implicit function theorem, we get a bound on the norm of this gradient.

Theorem 6.2 For every e¢g > 0, for every 0,, the Markov chain {Gy} has a unique
stationary distribution, 1L, It’s continuous part has a density, ", that is continuously

differentiable with respect to 6 in Ly morm.

Proof : Please refer to Appendix B.
In the proof of the above theorem, we also get the following upper bound. For every

§ > 0 and 62 > 0 there exists a constant C' < oo such that for all § € B(6,,0), 0% < 02,

2
€

<oz

St76 + 03, , +Q}Nk‘ < 60) n 02> . (6.12)
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We conclude this section by showing that the DFE Wiener filters and the LMS-DFE
attractors of the perturbed decoder converge to that of the original decoder. Let @, and

QﬁM 5 denote the DFE Wiener filter and an LMS-DFE attractor for perturbation ¢,
Theorem 6.3 There exists a sequence €y, — 0, 8,, a DFE Wiener filter of the original
decoder, and 0*™° an LMS-DFE attractor of the original decoder, such that,

0* N 9*’

Zn =z

QﬁMS _

for any fized noise variance, o?.

Proof : Please refer to Appendix C.

Thus we can always take the perturbation €y in (6.9) small enough such that the LMS
attractors and the DFE Wiener filters for the perturbed decoder are close enough to the
corresponding equalizers for the original decoder. Henceforth, we analyze these perturbed

decoders to draw important conclusions.

6.5 LMS attractors versus Wiener filter at high SNRs

In this section we would like to understand the connection between an LMS attractor and
a DFE Wiener filter for a perturbed decoder. Since the former is a zero of the RHS of
equation (6.4) and the later is the zero of the gradient of the MSE (the cost in the RHS
of equation (6.2)), we study the connection between the two RHSs.

Fix an ¢g > 0. With the error defined by, errg(Gi) := (s — eg(Gg)) (note that i
defined in the notations in Section 6.1 represents, (S,,S,_,), the discrete part of the

Markov chain, {G}}),

VQEGk(Q) [6TTQ(Gk>2] = ZVQEfN [ETTQ(Gk)ZWEO(Gk)
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L2 ZEfNVQ [eer(Gk)%T;O(Gk)}
— ZEfN |:VQ (errg(Gi)?) g (Gr) } ZEfN |:67“7’9(Gk) VQ’/TEO(Gk)}
Ea, ) [Vg (erm(Gk + ZEfN [errg(Gk) Vg (Gk)]

(6.13)

Here equality a follows by the existence of the stationary density 7Ti0 with respect to the
Gaussian measure fy(y)dy. Equality b is given by Lemma 6.2 of Appendix E. The above
equality (6.13) is true for any ¢y > 0 and for any o?.

We will show that the DFE Wiener filter will be close to the limiting LMS-DFE if the
second term on the right hand side of (6.13) is small.

We have assumed that StZ6 + 015, | # 0 at an LMS attractor. By continuity, we

choose an ¢; small enough such that
0¢ [EZZ_Q + Qisk—l - 61751;2_9 + Qiﬁk—l + €1,
for all (S,,S, ,) and for all § in a small neighborhood of an LMS attractor. Choose

€0 < €1. By Chebyshev’s inequality, if 0 ¢ [c — €, ¢ + €] and if n is a Gaussian random

variable with mean zero and variance o2,

P(lc+n| <€) < P(|n| > min{|c — €, |c+ &]}) — 0
as 02 — 0. Thus, from the upper bound 6.12 of Theorem 6.2, for any fixed ¢y < €,
|Vymg| — 0 as o® — 0.
Thus by Cauchy Schwartz inequality as o2 — 0,

VoEy [erra(Gr)?] — Eg [V (errg(Gr)?)]|

= Z Ey [erra(Gr)*Vome(Gi)]
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< > (B lerrg(Gi)'])* [Vgmg|  — 0.

i

Now we show that this implies that the LMS-DFE attractors will be close to the DFE
Wiener filters. In general two functions f;, fo can be close to each other at every point,
but their zeros may be far apart, i.e., if 21 is a zero of f; then fy(z) will be close to zero
but the zero of f5 closest to x1 may still be far away. It is useful to rule out this possibility

in our scenario. We show this using the following theorem. Define,

s(0,0%) = Eg,e) [Ve (erre(Gr)?)] and

w(®, 0% n) = s(0,0%) +1.

Theorem 6.4 There exists an €5 with 0 < €5 < €1 such that for any €y < €5, there exists
a continuous function

q: B(0,0) CR xR~ RN, such that,

w (q (02,7]) ,02,7]) =0.

Proof : Please refer to Appendix D.
For any fixed ¢y < €5, the gradient of the stationary density, near an LMS attractor, is

tending to zero as 0> — 0. Thus there exists a small enough o2 such that for all 02 < o2,
(0%, VoEgerro(Gy)?* — EgVgerro(Gr)?)| < 6.

For these 02 < 02, the LMS attractors, ¢(a?,0), will be close to that of the Wiener filters,
q(0®, (VoEgerrg(Gr)® — EgVoerrg(Gi)?)).

It is clear from the above Theorem that at high SNRs, for very small ¢, (close to the
practical decoder), the LMS attractor is close to the DFE Wiener filter. Since, IDFE
0,prE, is designed with an improper assumption (like perfect decisions), there is a good

chance of these filters to be inefficient in comparison to the LMS attractors. We will see
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this in the examples of the next section.

We conclude this section by pointing out another useful consequence of the Theorem
6.4. This theorem also establishes the existence of the LMS attractors at high SNRs for
perturbed decoders with perturbation level ¢, small. A Remark at the end of Appendix
D establishes this point.

6.6 Examples

In this section we reinforce the theory developed so far using some examples. We take a
few examples of channels obtained from previous studies and show the proximity of the
DFE Wiener filter and the LMS attractor for practical values of SNRs. We also show
that in many cases, the IDFE performs much worse than the DFE Wiener filter and an
LMS attractor close to the DFE-WEF'. Probability of Error (P.) and the MSE are used to
compare the various equalizers. We used Monte-Carlo simulations to estimate P, using
one million samples of data.

DFE Wiener filter, 8" for these examples was obtained by running a gradient descent
type of algorithm on the cost function (6.2) itself, where the gradient was approximated

at each point by finite difference approximation,

1
Al

2

[Egea (X(O0+A)(0+8) = 5)° = By (X(0)'(0) - 5)°].

Here the expectation E, (X (0)'(0) — s)* is obtained approximately by the sample path

averages,
1 N
N Z (X7(9)0 — Sz’)g

=1

using a large number of samples, N. Vector sequence {X; (Q)}fil is obtained by running
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the DFE with fixed coefficients #. Thus 6" is estimated by the following algorithm,

N N
Oppr = Op — N/rgkl Z (X3 (010, — Sk,i)2 - Z (X (O + Ak) (0 + Ax) — Skz,i)2

i=1 =1

N
i=1

Here si; are IID with the distribution of the inputs, s;. Vector sequence {Xj;(0)}._, is
obtained by running the DFE with fixed coefficients 0. Sequences {Ag}, {pu} are chosen
appropriately to reduce to zero. In our simulations we used p; = %, Ay = 5up. We
obtained the estimates with N = 4 x 10% samples.

In Table 6.1, we have used an interesting example (significant part of the raised cosine
channel of [21], p. 199) to show that the LMS attractors will be very close to the Wiener
filters at practical SNRs. Its coefficients are provided in the table. We also provide P,
in this table. One can see an improvement up to 25% in P, in LMS in comparison with
the IDFE. In fact this improvement is more at high SNRs (where the IDFE is assumed
to have lesser problem because of error propagation). We can also see that the P, of the
DFE Wiener filter is very close to that of the LMS attractor.

We have developed the entire theory for an equalizer with delay zero. One can easily
extend these results to the equalizer with any arbitrary delay. In fact, the channel in
Table 6.2 is one such example. Here the equalizer with delay 1 will be the best one. The
channel of Table 6.2 is very widely used (see p. 414 of [25], p. 165 of [21]). We can see
once again a huge improvement (up to 50%) in P. of LMS with respect to 0;ppp. We

can also see that the LMS attractors are very close to the DFE Wiener filter, 8* for all
practical SNRs.

6.7 Conclusions

Obtaining MSE optimal filter for DFE is a long-standing problem. Precoding provides
one practical solution but may not be feasible with wireless channels. Otherwise one
commonly uses the optimal Wiener filter obtained assuming perfect past decisions.

In this chapter we show via ODE analysis, that LMS itself can provide the optimal
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Table 6.1: Comparison of DFEs for raised cosine channel with Ny =5, N, = 10
and Channel = [ 0.45 0.59 043 0.11 -0.22 —-0.32 —-0.27 0 0.11 0.11 ]

SNR 0" OiprE Ors

MSE | P, || Dist from §* | MSE | P. | Dist from 6* | MSE | P,
16.7 21 | .024 1.1 .26 | .027 .035 21 | .024
14.5 .38 | .089 1.7 .64 .10 .037 38 ] .091
12.5 49 | 150 1.6 94 | 184 .027 49 | .151
11.5 .54 | 176 1.5 1.0 | .215 .023 o4 | 17T
4.5 .81 | 311 .64 94 .33 .021 .80 | 311
1.5 87 | .353 37 .93 | .364 .023 87 | .353

Table 6.2: Comparison of DFEs with Ny = N, = 2, Channel = [ 0.41 .82 0.41]

SNR A 91prE Orus
MSE | P. Dist from 8 | MSE | P, Dist from 8 | MSE | P,

16.7 || .11 | .0027 13 12 1.0035 .014 11 | .0028
14.5 .16 .01 .26 18 .015 .021 .16 011
12.5 23 .03 .35 .26 .037 .025 23 .032
11.5 27 | .047 .40 30 | .055 .031 28 | .050
4.5 .54 184 43 .59 2 .009 .54 184
1.5 .65 | .235 .32 .69 .25 .008 .65 | .235
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Wiener filter. We show it by proving that the attractors of the LMS are close to that

of the optimal DFE at high SNRs. Proofs become nontrivial partly because of the non-

differentiability of the hard decoder. Next, we show by examples that the SNRs need

not be very high, i.e., in fact practically used SNRs can be sufficient. We also show that

the BER of the commonly used Wiener filter, designed assuming perfect past decisions

(also designed using perfect channel estimate), can be up to 50% higher than the optimal

Wiener filter even at high SNRs (where the former is believed to be closer to the later).

Of course, one advantage of LMS over Precoding is that it can be used at the receiver

and has tracking capability when the channel is time varying. In the next chapter we will

study the tracking performance of LMS-DFE.
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Appendix A

Proof of Theorem 6.1 :
We prove the existence and continuity of the stationary distribution of the Markov
chain, {Gy}, using the results on Markov chains and Stochastic stability ([39]).

For any 0, and for any € > 0,

M2 wmin  Z0'S, + 05, .. (6.14)
SpS_1,0€B(8€)

Continuity of the map considered in the bound and compactness of the closed ball B(8,, €)
ensures |M;| < co.
By continuity of the map (8, N,) — 0,'N,, its inverse image of the open set, {z >

—M,}, is open and hence it is possible to get a open set C and a ¢ < e such that,
{(N}.0) : 04N, > =My} D C x B(b,,4). (6.15)

Thus decoder (6.1) outputs 1 (irrespective of the inputs/past decisions) once the noise

vector is in C' whenever § € B(f,,¢). Hence,

P(S,=[1 .. 1)) = P(Min{s=1})
> P (N n,_i{N, € C})

> P(szNb*Nerl S Cl X 02)7

where sets C; € R, Cy € RN’ are selected such that their respective Lebesgue measures

are not equal to zero and such that the open set,
ﬂf:k—zqu{ﬂz € C} D Cy x Cs.

DefineG:=[1 .. 1]x[1 .. 1]xRM. For any ng > maz{N, + Ny + 1, N.},
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for any initial condition Gj_,,, for any measurable set By, and for any 0 € B(6,,d),

PGref{l1 .. 1]x[1 .. 1]xBn}Gr-ny)
= PS,=[1 .. 1];31671:[1 .. 1],Ny, € Bn|Grn,)

v

PSy=[1 .. 1 ]7ﬂ’lszbef+1 € Cy x Uy, Ny, € By)
> aP(N, € Byn(Cy)

where v ;= P(S, =[1 .. 1 ])P(MZ:xZJFNf € C}). Thus for any 0 € B(6,,9), and for

any initial condition G_,,, the ng-step conditional measure is majorized :
Py(Gy € E|Gi—ny) > vno(ENG),
where the measure v,,() is defined by,
vno([1 .. 1]x[1 .. 1]xBg) = aP(N, € BgNCy).

Thus the entire state space SN2 x SN x RNV7is v,,,—small (hence also a petite set) for all
the Markov chains, {G}}, parameterized by 8 € B(6,,5). Thus using Proposition 9.1.7,
p. 206 and Theorem 10.01, p. 230, [39] one obtains the existence and uniqueness of the
probability stationary distribution, Il for each 6.
Define p = 1 — v,,,(G). Further, by Theorem 16.2.4 in page 392 of [39], for all § €
B(,,0), we get the following uniform convergence in total variation norm,
Py (17.y) — g < p7o for all initial conditions (7, 4).
This along with the continuity of the transition function, establishes the continuity of

the stationary distribution IIy under total variation norm at ¢,. This is because, for any

QE B(Q076>

|

Tim [Ty = Tlg, | < Jim ([T — P71 + Mo, = B3, (1o + | P (i) = By (17 y)
v=Y Y=Y
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< 2ph0 4 elirg Py (z,.) — Pi(x,.)
v—0bg

= 2p"L0 for all n > 1.

Equality a follows by continuity of the transition function with respect to 6. By letting

n — o0 we get,
lim H@ - H90 =0.
Q"Qo - N

The stationary distribution, Iy, has discrete and continuous components. The contin-
uous component of Ily, is absolutely continuous with respect to the measure far(y)dy for
every . Hence the stationary density, mp for {Gj} exists. Continuity in total variation
norm of the stationary distribution implies the continuity of the stationary densities in
Ly norm (Theorem 8.2, p. 110, [55]). It is also easy to see that the stationary density
mo(7,y) < 1 for all (7,y).

MSE, the cost in RHS of equation (6.2), can be rewritten as,

By [0X ~s]" = 3 By | (X~ 5)" o)

Lemma 6.1 in Appendix E, now gives the continuity of the MSE with respect to . W

Appendix B

Proof of Theorem 6.2 :

The existence and continuity of the stationary density 7y’ for every € is achieved in
a way similar to the proof of the Theorem 6.1. The only difference being, ¢y, must be
added to —M; in the definition of the set (6.15). We leave superscript €y to simplify the
notation in the rest of the proof.

We use an implicit function theorem to prove differentiability. For that, we will need

to prove the following results. Consider the Banach spaces :

e X = RN+tNo with Euclidean norm.
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o YV ={g: SNt M x X — R;|g| < oo} with Ly norm, |.|, defined by,

1/2
lg] = éz (/ylg(i,y)ffjv(g)dg> :

where |S| represents the cardinality of set SNtV

Fix ng > maz{N¢+ Ny, N }. We consider the following continuous map f: X xY —
Y,

F6,m) = g(6,m) — 7w+ <Z [ Gty - 1) ,

i 7Y

where,

g0, ™), y) = Z/,pZO(Z}g|j,g’)7r(j,y_’)fN(g’)dy_’-

Observe that (0, my) is a zero of f.

By Lemma B.1, Lemma B.2 the function f is differentiable with respect to 7 and 6
respectively and further the derivative % is a homeomorphism. Also, ’(g—i)_l‘ and ‘%
are upper bounded locally by the RHS of (6.16) and (6.19) respectively.

Using similar logic one can easily show that both the partial derivatives of f are
continuous in (6, 7). Hence by Implicit function theorem on Banach spaces, (Theorem

3.1.10 and corollary 3.1.11, p. 115, [5]), the map 6 — 7y is continuously differentiable and

the derivative is given by,

__|of
Veme = - law

-1
] of
(0,m9) 00

Upper bound 6.12 is obtained by bounding the above gradient using the upper bounds
(6.16), (6.19). W

(8,m9)

Lemma B.1 f s differentiable with respect to w and the derivative is a homeomorphism.
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Also for any § > 0,02 > 0 there exists a constant Cy < oo such that,

-1
of <C (6.16)
on (8,mq)

for all 0 € B(6,,9), o < o?.

Proof : The function f is affine linear in the second variable 7 € Y. Thus,

of

5| (M =9 m) -7+ (2]: /y 7T(J}y_')f/v(g’)dg'> : (6.17)

(0,7%)

We will show below that this map is one-one through contradiction. It is easy to see that

g(8,m) — 7 is in the set,
H = {W 1 Z/ g,y ) In(y)dy' = 0} cv.
i Y

Operator 7 — (Z i fy, 7, y) In(y)dy' ) has one-dimensional range which lies inside H°.
We can show that the partial derivative (6.17) is one-one, if we show that there is no
common non-zero vector in the null space of both the operators. Say there exists a vector

7w # 0 in the null space of both the operators. Let,

D = {(i,y):w(i,y) >0},
. / / /
a = E 7T(]>y)f/\/(y)d3/a
; /{y/:@,y')eD} T

|, = Z/ |7 )| vy dy'-

As 7 is in the null space of the operator, 7 — Zj fy, 73,y ) far(y)dy

>/ g Il = —a.
— Jiyiy)en)
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Hence ||, = 2a. Also, because g(6, ) =,

g@,m)(i,y) >0 foralli,yc D and

g(@,m)(i,y) <0 foralli,ye D°

= 2 [ = i 0 i
-/ e 2 [ 50l 7)) () @)y

7

Fu_gmiz / (Z / pZ°(i7glj,y_’)fN(g)d£> (7 ) ()Y
— Jy . Jy(iy)eD

/ (Z/ EDC 0’ (417, y') v (y) _) 7(5,9) fn(y)dy

- Z/ By (i,y € D0j,y) =4, y) fn(y)dy

j YL

-3 [ ety e D) 76

- / -
j Yy

= 3 [ (B D) - By € D) 7))y
i
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B Z/ L (=2Re G e D) G )i
j Jy

+y (1 — 2P (iyy € D|j,y_’)> 17(, )| fv (Y)Y

j JydyeD

- M

/ D(l 2o (D)) |7 (5, 9)| I (y)dy'
Yy €

2Vn0 ‘ij }f/\fg
S/

y'gy'e

- %(2_2%(00) 20, (D))

= |7l (1 = v (Y)) < |7l

This provides a contradiction as 0 < v,,(Y) < 1 and hence ||, = |g(8,7)|, < |r|;. This
proves that the partial derivative (6.17) is one-one. The inequality is obtained by using the
majorizing measure, v, (.), defined in the proof of continuity of stationary distribution.
The map g(0, 7) is compact integral operator (example 2, p. 277, [64]). The last map
of the partial derivative has one-dimensional range and hence is compact. Therefore, the
partial derivative equals T'— I, where T' is a compact operator. Then by Riesz-Schauder

Theory (Theorem 1, p. 283, [64]), the fact that gj: is one-one implies that it is onto and

also further that the inverse is bounded. Hence g—fr is a linear homeomorphism.
—1
Furthermore, the mapping (02,6) — Hgi . m)} ‘ is continuous. This continuity

follows by the joint continuity of the ng-step transition function, py° (i, y|7, y’) with respect
to (¢°,6) and then by bounded convergence theorem (as py°(i,ylj, ') + 1 is uniformly
bounded) and finally by the continuity of the map = — z~! (p. 135, [52]). Hence the

lemma follows for some Cy < o0, § > 0,0 >0. W
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Lemma B.2 f is differentiable with respect to 6. The partial derivative 2 % s upper

(0,mo)
bounded by bound (6.19).

Proof : We reintroduce the notations that will be used here (notation of equation (6.8)).

o | = |Skftmo ghtmo—1 _ prk+no
T | Ek+no—(Np+L—2)) Zk+no—1—(Np—1) » Y = ktno—(Np-1

) represent the current state

of the Markov Chain, at k + nqg.

k1
o j = [Sk (Nj+L—2)> Sk—(v,— 1)] Y = = N§_ (N;—1) represent the initial condition for

no—step transition function, which is the state of the Markov chain at k.

k+no—(N;+L—3) gktno—1—(Ny—2) k4+no—(Ng—2 . .
o= [ﬁkHO Nrth=2) g, ,u=N, " (N7=2) Lepresent the intermediate
input, decision and noise vectors.
o z(q) == |y L SpmeTaT | N represent the intermediate
- q T ~k+no—q— (Nf+L 1 Ek4+ng—q—Np» —k+n0—q—Nf p

state of the Markov chain at k£ + ny — gq.

To begin with, we will show component wise differentiability of the function f, i.e.,
differentiability of f(0,7)(i,y) for every (i,y). We will show the differentiability of the
np—step transition function, p,° (z ylJ, y) along with that. Positive and finite constants
are introduced in the derivations as and when required. While obtaining upper bounds we
have taken advantage of the finite alphabet nature of the set S. By simple computations,

one can see that the density with respect to the Gaussian measure is,
0 (yliy) = 1521 Po(8k4mo—alz(q)) P(SET) far(v) dv.  (6.18)
pQ 7gjay_ g=11 0\"k+ng q|Z\q k+1 N\ i
1 v
Hence,

FO.m) (0 y) = iy S a2 PolSrno—alz(@) PSiTT)m (5, ) far (0) fr(y ) dudy
—7(i,y) (Z Sy 7 Gy () dy' —1)

The only component of the above functions which depend upon 8 is Py(8x1no—qlJ, ¥')-
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By (6.10),

0Fy .

24 k+mno—
o Grn-laa)| < e kis |

uniformly in (4,y), for every 0, (j,%') and for every ¢. Thus for any ¢, in a small neighbor-

hood of 0 and for any 7,y, j,y’, @ and ¢ (by mean value theorem, Theorem X.4.5, p.312,
[7]).

) X OP,
Po(3k1no—ql2(q)) — Paro, (3rtno—qlz(q)) — Q}la—; (sk+no—q|£(Q>)‘

oFy ,. .,
Qza_gg (5k+no—Q|jay_)'

S ‘PQ(§k+nO_Q|j7 y_/) - PQ+Qh(§k+no—q|j7 ?/_,)| +

k+no—q
S 2¢ |Qh’ )Mk—l-ng—q—Nf’ .

Finally by dominated convergence theorem, we obtain the existence of the following

partial derivatives,

oy ., O (11— Py (Sk-4no—qlz(q n
L) = X/ Wics PG e0)) pgtny ooy an
1YL =

00
of

00

0,7 - 8Q

() = 3 [ 2B (iylion)) w ) )

For obtaining the second partial derivative, the function inside each of the integral (one

each for different values of i, j,1,7),

R R or .
| (Batenshalr) = Pavs, Geonarlalr) = 8552 Gt latr))
vy’ A

7 Hgil,q;érPQ(gk-i-no—q,@(CZ))’ﬁ(jv i)fN(Q)fN(gl)deg

(for which the limit limg, | ¢ is taken inside the integral by dominated convergence theo-

rem), is dominated by some constant multiple of the integrable function,

k4+no—r
—k+no—r—Ny

=GOl
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The above function is integrable by Cauchy Schwartz inequality.

The component wise partial derivative, %| h(z’, g), is uniformly upper bounded by,

/!

< < Hy| + 1} for all (i,y), all @,
, L Y

where the constant ¢’ depends on ||
One can now prove the existence of the overall partial derivative % at every (0, )
using the above upper bound and the dominated convergence theorem (in Ly norm).

Consider the limit,

2

0
qu — [0+ 0,,m)(i,y) — 0}, 8§ . (i,9)| fa(y)dy
2
0
- Z/IHI;}IEOm [0, mo)(iy) — f(O+8,,m)(0,y) — &), ag 97"0( y)| fv(y)dy

The first equality follows because the function inside the integral tends to zero at every

point and is upper bounded by the following integrable function,

/ l/

& gy (5 00 0) 1, oy

We will now upper bound this partial derivative for all (8, 7). First observe that, because

(i, y) < 1 for all (i,y), from (6.10),

8 nﬁl s TLO—(II '
Z/ (T Pa(akg |2(a))) PS5, ) fr (0) S ) dudy

IN

(Clzz/’y,lﬂeg ()| <o} N () (Y )dvdy) + e y| + E(IN),

r=1 [j Y=

for some appropriate constants ¢, ¢, ¢3. Then using (3 ,_, ak)z <ndy ., a3, |$|2 < |z|
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(when |z| < 1), we get,

5 2 9 2 1/2
/ / f : v
20 o7 (4, y)| Tor(w)dy
‘ 00| (g.ry) Z v | Bgry | 1S5
< AN [ Yo P e dy
r=1 ljiJo¥y
+0§Z/!Q!2fN<g)dg+c;, [E(|N,[)]?
i Y
= D P{|b+0N] <e}) + o, (6.19)
1
where the constants b; take values S%Z60 + QZS be1- [ |

Appendix C

Proof of Theorem 6.3 : Let

fl(Q) 60) = Eg)k(g) [eTTQ(Gk)2:| )
fo(l,€0) = ‘Eg]k(g)vﬁ [er"’Q(Gk)Q] ‘ :

Note that for any fixed €y, LMS attractors will be the zeros, i.e., minima of f5(., ¢y) while
the DFE Wiener filters are the minima of the MSE cost function fi(.,€p). Also note that
€p = 0 corresponds to the original decoder.

Let {€p,} be any sequence converging to 0. Let Q@ = {¢,}. Take a compact set C
large enough such that the Wiener filter is inside it (as 6 is increased to infinity, eventually
MSE will start increasing and will tend to infinity).

One can follow steps similar to Theorem 6.1 and show that the stationary density ﬂéi"
converges to 7 as (€,,0,) — (0,6). Similarly, one can also show that both functions
f1, fo are jointly continuous in (6, ¢) € C' x .

The domain of the parameter 0 for every €, say D(€p), is the same compact set C

and hence the correspondence €, — D(¢g) is compact and continuous ([51]). Then by the
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maximum theorem (p. 235, [51]),

Dif = i 0
1n arg glelg fl (_7 6071)7

DQZ = arg Iéél({"l fQ(Qa €0n)7

are compact valued upper semi-continuous correspondences on €2. Thus by Proposition
9.8, p. 231, [51] there exists a subsequence of LMS attractors Qﬁéws converging to an LMS
attractor of the original decoder, Q(’;*M % Once again by the same proposition there exists
a further subsequence such that the DFE Wiener filters ¢, =~ converge to a DFE Wiener
filter of the original decoder, 8. Thus there exists a sequence (after renaming) €y, — 0

such that

and

Qr,[{MS N

LMS
oy

0, — 0 _

T

Appendix D

Proof of Theorem 6.4 : By the last assumption of Section 6.1, we have §};Z_6’+Qé$kfl #
0 for all values of S}, S w1 at an LMS attractor. This implies the same (in fact the sign
of the term, S%Z0 + Q};Sk_l, for each §k,ﬁk_1 remains same) in a small neighborhood of
the LMS attractor by continuity. Thus, when 02 = 0 (the noiseless case), for the original

decoder at an LMS attractor (call it 0;), we have,

P
%(i,gu,i) = 0 for all values of (i,y) (j,¥).

Thus following the proof of Theorem 6.2 we can show that the gradient of the stationary
density, Vymy exists and equals zero at the LMS-DFE attractor of the original decoder

for the noiseless case. Hence at g,

VQEGk(Q) [GTTQ(GIC)Q} = EGk(Q) [VQ (QTTQ(GIC)Z)} .
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Thus in this case, the DFE Wiener filter coincides with the LMS-DFE attractor, 6j.

Choose €35 > 0 such that,
coz < | (S} 205 + SZAQSI)

for all values of S, and S, _,.

The DFE Wiener filter (§°) and the LMS-DFE attractor () coincide and equal
0;, for a noiseless system having a perturbed decoder, with ¢y < €p,. This happens because
the perturbed decoder coincides with the original decoder for ¢y < €p9, when there is no
noise.

Fix €y < €py. Then, w(6°°,0,0) = 0 and the partial derivative,

ow ds
— = — = Fy, [Vo (Vo (erra(Gr)?) mo(Gp))],
00 (€2,,0,0) i W [ Q< Q( o ) o )}

= Ly [VQVQ (67’7"Q(Gk)2)} ’
== QRJ:x(Q*’EO)?

where R, (6%%) is the autocorrelation matrix of the vector X (6), under stationarity,
at 0. As 0" is a Wiener filter, the above partial derivative will be invertible (all
the eigenvalues of the derivative should be negative for the equilibrium point to be an
attractor).

Continuity of the above partial derivative with respect to 02,7, § can be seen as before.
Applying Implicit function theorem at (0, 0,0), one gets a § > 0, and a continuous
function ¢(c?,n) such that ¢(0,0) = 6% and w(q(c?,n),0%,n) = 0, for all (¢2,n) such
that |(o2,n)] < 4. |
Remark : The above theorem also provides the following useful conclusion. For all
0?2 < 6, the zeros of w(.,0?,0) exist and equal ¢(c?,0). These zeros are continuous in o2.

One can see that these zeros will indeed be LMS attractors as invertability of the derivative

of the function f() at 0? = 0 guaranties its invertibility in a small neighborhood of o2 = 0.



CHAPTER 6. LMS-DFE VERSUS DFE-WF FOR A FIXED CHANNEL 155

Appendix E

Lemma 6.1 Let 7w b mo. Let |f(0,,2) < g1(z), |f(8,,.2)|* < ga(z) for all n, where
g1, 9o are integrable functions (with respect to measure p). Also let f continuous and

|mg, (z)| < C < oo for all z. Then asn — oo,

/ £ (O 2)mg, (2)(d) — / 10, 2)mo(w)pld).

Proof : We have

‘/ (f<Qn7§)7TQn (&) - f(Qv &)WQ(E)) :U’(di)
/!(f(sz)ﬂen( ) = f(0,2)mp(2)) | p(dz)
< / (8, 2)] |mo. (2) — ma(2)| ) + / (6, 2) — F(8, 2)| mol)ulde)

0
(fre. |udx>)1/2(/m<>—m \udaf)m

+ / (0, 2) — £(0, 2)| mo(x)u(da).

IN

IN

The first term on the right converges to zero because,

(/‘m;n()—m; |ud:c) < 402(/|7r9"()—7re ‘de>

The second term converges to zero by continuity of the function f(.,.) in 6 and by the

bounded convergence theorem, M

Lemma 6.2 Let my represent the Radon-Nikodym derivative of measure 11y with respect
to the common measure | for all @ € R™, for some m. Assume myp < 1 everywhere for all

0. If Vymg exists in Ly norm, then
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where g(8,.) is square integrable, continuously differentiable in 6 and bounded by a square

integrable function uniformly in a neighborhood of 6.

Proof : Since,

ﬁ / 1900+ 0,)70.0, — 9(0)70 — B, (9(6)Viamy — Vg(8)74)| p(duw)
< IQlj/ |9(0) (7o46, — 7o — 0, Vom) | u(dw)
+@ / masa, (9001 6,) — 9(0) — 0.59(0)) | u(duw)

+|Q—1h|/ (o1, — m0)0}, Vg (0)| p(dw), (6.20)

we will have the result if we show that each of the terms on the right tend to zero as

|6,,| — 0. By Cauchy Schwartz inequality,

o
i, 7 190 (s, =m0 5:503) |t

‘ 1 1/2
< gle im — </ |<7TQ+Q}L — WQ—QZVQWH)‘2u<dW>)
10,1—0 [0,

The right side tends to zero because the gradient Vymy exists in Lo norm.

The second term on the right hand side of (6.20) tends to zero by bounded convergence
theorem and mean value theorem (as in Appendix B), because my < 1 everywhere for all
¢ and as Vg is uniformly bounded in a neighborhood of 8 by an integrable function.

The third term of (6.20) tends to zero by Cauchy Schwartz inequality and by the
continuity of the stationary density 7 in Ly norm, and by uniform boundedness of the

function (Vyg) in a neighborhood of @ by a square integrable function. W



Chapter 7

LMS-DFE versus DFE-WF for a

Wireless Channel

In this chapter we study the tracking behavior of an LMS-DFE while tracking a time
varying wireless channel. We model the wireless channel by an AR(2) process of Chapter
2. We obtain an ODE approximation for the LMS-DFE. The instantaneous attractors of
this ODE are the same as the LMS attractors of the previous chapter, with the channel
fixed at the instantaneous value. It is shown in the previous chapter that the LMS
attractors are close to that of the DFE-WF's at high SNRs. Hence one may expect that
the LMS-DFE while tracking an AR(2) process moves close to the instantaneous WF at
high SNRs. Using the ODE approximation of the LMS-DFE and the channel, we show via
some examples that the LMS equalizer moves close to the instantaneous Wiener filter after
initial transience. We also compare the LMS equalizer with the instantaneous ’optimal’
DFE (the commonly used Wiener filter) designed assuming perfect previous decisions
and computed using perfect channel estimate (we will call it as IDFE). We show that the
LMS-DFE significantly outperforms the IDFE at all practical SNRs almost all the time
after initial transience. An interesting observation is that, the improvement is significant
even at high SNRs where an IDFE does not suffer from error propagation.

This chapter is organized as follows. Our system model, notations and assumptions

are discussed in Section 7.1. In Section 7.2, we obtain an ODE approximation for the

157
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tracking trajectory of an LMS-DFE. Section 7.3 provides some examples verifying our

claims, while Section 7.4 concludes the chapter. Proofs are provided in the Appendices.

7.1 System model and Notations

Iy
Decoder
Sk Uy -
T4 o b Q)
Channel S

Figure 7.1: Block diagram of a Wireless channel followed by a DFE.

We consider a system with a time varying wireless channel and a DFE (see Figure 7.1).
Inputs {s;} enter a time varying finite impulse response channel {2}, and are cor-
rupted by an additive white Gaussian noise {n;} with variance . The channel output,
ug, at any time k, is given by,

L-1

Up = E Sk—12k, + N
1=0

The time variations of the channel are modeled by an AR(2) process,
Zy = Zy y +doZy o+ plVy, (7.1)

where W, is an IID vector sequence of Gaussian random variables (Gaussian assumption
is not really needed) and Z;, = | 2,0, 2zp1 -+ Zrrpo1 ] The channel outputs u; pass
through a DFE with a hard decoder. The details about the equalizer are given below.

We use the following notations and assumptions.

e We assume BPSK modulation, i.e., sy € {+1,—1}.
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Sequences {s;} and {n,} are IID (independent, identically distributed) and inde-

pendent of each other.

The equalizer forward filter is given by {6}, fifo_l, while the feedback filter is given
by {ebz}lN:bl‘

NLENj+L—1.

The decisions are obtained after hard decoding. Hence decision §; is given by,

Nj—1 N,

=§k = Q Z Gfluk_l + Zebl‘gk—l where
=0 =1

Olr) = +1 z:f x>0,
-1 of x<DO.

e For any vector, x, we use z; to represent its [* component. gf, [ < k, represents
T
the vector | z, zp_1 --- 2y

e The following vector notations are used throughout.

Sy = S';LNLHa Ny = nllz—Nf+1>
Uy, = U]E—Nf+1> S, = Sk Np1
X, = [ur &, G, = [s7 xTT,
o, = 0r0' ", 0, £ o)
Jy = 18T S, NI 0 = [o7 07"

e 0, represent the time varying equalizer at time k.

o Let S :={+1,—1}. For a fixed (0, Z), {G\} is a Markov chain made of the channel
input S, channel output U, and the decoder output S w1, When the channel is the
fixed vector Z and the equalizer is fixed at §. G, takes values in SV x SN x RN7,
where R is the set of real numbers. We represent throughout this chapter the

current and previous state values of this Markov chain by the ordered pairs (3, g),
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(j,y') respectively. Here i,j take values from the discrete part of the state space,

SNt x SN, while y, ' take values in R™s .
o 70 ={z0, f\i Lo_l represents the convolution of the channel {z }and forward filter 0.

e B(0,6), B(0,6) are the open and closed balls respectively, with center § and radius
0.

o K(e,M):={(8,,0,) € RN x RNe : ¢ < |0, < M,|0,| < M}.

. E]ng, represents the expectation of the Markov chain {G}.} for fixed channel, equalizer

pair (¢, Z), when the initial condition is j,y’.

® FEj .0z represents the expectation of the Markov chain {Gk, 0., Zx, Z—1} with initial

condition (j,y',0,2).

o F2Z0Z represents the expectation of the Markov chain pair {(Gj,G})} under
the initial condition (j,y',7,y). Here {G}} is the Markov chain for fixed channel-
equalizer pair (¢, Z) with initial condition (j,y’), while {G}} is the one for channel-
equalizer pair (¢, Z') with initial condition (¢,y). When both the initial conditions

0.2:0'.Z'

are same, it is simply represented by E; . When the channel-equalizer pair is

same but with different initial conditions, it is represented by E(%’%), )
o PQvZk( |.), %2, E%Z respectively represent the k—step transition function, the sta-

tionary distribution, and the expectation wrt to the stationary measure (existence

will be shown) of the Markov chain {Gy} for a fixed channel, equalizer pair (¢, Z).

e We use a DFE, 0, to track the wireless channel modeled by an AR(2) process, {Z,.}.
The LMS algorithm is used to continuously update the equalizer 6 to cater to the

time varying channel.

Qk—H = 0, — MHlﬁk (Gy) where (7.2)

1>

Hyy(G) X (X'0—5s).
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One can easily extend this theory to any finite alphabet input source. Currently, the
theory to follow considers an optimal equalizer for delay 0. However, the entire theory
will go through for any arbitrary delay. Indeed in Section 7.3, an example with an optimal

equalizer for delay 1, is presented.

7.2 ODE Approximation

We can rewrite the channel AR(2) process (7.1) as,
Zk+1 = (1 — dg)Zk + dQZk;_l + ,U(Wk + 7]Zk). (73)

We will show below that the trajectory (6, Z,) given by equations (7.2), (7.3) can be
approximated by the solution of the following system of ODEs,

(1+dy) Zz () = [EW)+nZ®)], ifdye (—1,1],
T2~ lpwy oz, =1
diigt) +m Z(t) = [EW)+nZ(t)], ifdyis close to —1, (7.4)
6 () = hi(0(t), Z(1)), (7.5)
where
WZ) & EW,+nZ)=EW)+nZ,
 di+dy—1 1+ d,
n o= 0 y T = \//7
m(0,Z) 2 E*Z[X, (X410 — st)] = —Rua(8, 2)0 + Rus(6, 2),
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By the following Lemma, the above system of ODEs have unique global solutions that

are bounded for any finite time.

Lemma 7.1 The ODE (7.5) has a unique solution, which satisfies,
10(t)] < co + cre™,

for appropriate positive constants cy, ¢1 and cs.

Proof : For convenience, we reproduce the ODE (7.5),

0(t) = —Re(0(t), Z(1))0(1) + Rus(0(1), Z(1)),

) =

It s easy to see that [Run(8(t), Z(1)] < C1|Z() + Cor [ Rus(8(1). Z()| < C|Z(8)
for all ¢, for some positive constants C;, Cy and C. The above inequalities follow by
boundedness of the decisions 5. By boundedness of the channel ODE solution curves
(given in Chapter 2) given below, |R.s(0(t), Z(t))| < C5(T), |R.(0(t), Z(1))| < C4(T),
for all £ < T for any finite time 7" for some positive constants C5(7"), C4(T") depending

only on T'. Thus, for any vector 6, the inner product,

<é <t>,Q> < OO + CuT)
— (D)8 + Cu(T)] 6]

Therefore by Global existence theorem (pp 169 - 170 of [42]), the ODE (7.5), has a unique
solution for any finite time and the solution is bounded by the solution of the following

scalar ODE (after choosing the initial conditions properly),
k () = Cs(T)k(t) + Ca(T),
whose solution is given by,

k?(t) = Clng(T)t + C4(T),
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for some appropriate constant ¢;. W

Let Z(t,to, Z),0(t, to,0) represent the solutions of the ODEs (7.4), (7.5) with initial
conditions Z(ty) = Z, 6(ty) = 0 and Z (to) = 0, whenever the channel is approximated
by a second order ODE. We prove Theorem 7.1, using the Theorem A.2 of Appendix I,
provided at the end of the thesis.

Theorem 7.1 For any finite T > 0, for all 6 > 0 and for any initial condition (G, 0, Z),
with doZ 1 + dvZy = Z, A (to) = 0, whenever the channel is approzimated by a second
order ODE and 6y = 0,

PG,Z,G sup ’(Z/ka) - (Z(:U’akaoa Z)70<:uk7 07Q>>| 2 Y - 07
frevs 2}
as i — 0, uniformly for all Z,0 € Q, if Q is contained in the bounded set containing the
solution of the ODEs (7.4), (7.5) till time T'. In the above a =1 if Z(.,.,.) is solution of
a first order ODE and equals 1/2 otherwise.

Proof : Refer to Appendix A.

Thus we obtain the ODE approximation for the LMS-DFE tracking an AR(2) process.
The approximating ODE (7.5) suggests that, its instantaneous attractors will be same as
the LMS-DFE attractors when the channel is fixed at the instantaneous value of the
channel ODE (7.4) (as in the previous chapter, Chapter 6). In the previous chapter,
these LMS-DFE attractors are shown to be close to the DFE-WF at high SNRs. Hence
the ODE suggests that the LMS-DFE may move close to the instantaneous DFE-WF's.
We will in fact see that this is true for the examples we study in the next section.

One of the uses of the above ODE approximation is that, one can approximately obtain
the performance (e.g., BER, MSE) of LMS-DFE at any time by using the trajectory of
this ODE. Of course, obtaining BER theoretically is still a problem because the BER of
a system with a fixed known channel and a fixed DFE is still not available. But our ODE
approximation is still useful because one can obtain the performance (transient as well
as stationary) of the LMS-DFE with only one simulation, which would not be possible

otherwise.
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7.3 Examples

We use the ODE approximation of the previous section to obtain some interesting con-
clusions. The ODE approximation gives accurate deterministic approximation of the
LMS-DFE and the channel trajectory for practical values of step sizes. Hence as com-
mented above, using these ODEs one can get good estimates of instantaneous performance
measures like, Bit Error Rate (BER) and Mean Square Error (MSE) for almost all realiza-
tions of the LMS-DFE and the channel trajectory. Using the channel ODE, one can also
obtain the same performance measures for instantaneous IDFE. Then one can compare
the IDFE and the LMS-DFE along the entire time axis.

In all the examples below, we estimate the DFE-WF as in Chapter 6 (directly using
steepest descent algorithm by approximating the gradient of the MSE with difference of
estimated MSEs at two close points divided by the distance between the same two points).
In the figures, the solid line, the dash dot line and the dash dash line represent the true
coefficient trajectory, the ODE approximation and the IDFE trajectory respectively, while
the stars represent the DFE-WFs.

To begin with we consider a stable channel (for which all the poles are inside the unit

circle) in Figure 7.2,
Zy = 49957251+ 0.5Z)_2 + 0.0001W}.

Here W}, is a Gaussian IID random vector with independent components of unit variance

and its mean is a constant multiple of,

026 0.34 0.25 0.064 —0.13 —-0.19 —-0.16 0 0.064 0.064]-

We consider a five tap feed-forward filter and a five tap feed-back filter. The LMS step-
size equals p = 0.001 (In theory, it is shown that step-size of LMS p is also equal to
the channel step-size. However one can absorb the difference into one of the Hi(), H()
functions.) The noise variance o2 = 0.05. We plot the channel in the first subfigure. Th

equalizer coefficient trajectories along with their ODE approximations are plotted in the
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next four subfigures of Figure 7.2. We start the LMS and the ODEs at time ¢t = 0 with
the instantaneous IDFE. We also plot the instantaneous DFE-WEF and the IDFEs in the
same sub figures. We can see that the ODE approximation is quite accurate for all the
co-efficients. The approximation for the feed-forward coefficients is better than for the
feed-back coefficients. We also see that the LMS-DFE is very close to the instantaneous
DFE-WF after some initial transience. Furthermore, the IDFE trajectory is away from
the DFE-WF in most of the cases. We also plot the instantaneous BER and MSE of the
IDFE and the LMS-DFE (both calculated from corresponding ODE approximations) in
the last two sub figures of Figure 7.2. One can see a huge improvement (upto 35%) of
LMS-DFE (also of DFE-WF) over the IDFE both in terms of BER, MSE after the initial
transience (Figure 7.2). On the other hand, performance of the LMS-DFE is quite close
to that of the DFE-WF.

Next, we consider a marginally stable channel in Figure 7.3. Here d; = 1.9999998,
dy = —2, e, = 1e7" (One can see from channel solution curves, (2.2) of Chapter 2, that
W% gives the period of oscillations). W is generated as before. Again there are
five taps in the feed-forward filter and five in the feed-back filter. The step size of the
LMS equals, puras = 0.001. Here the channel trajectory is approximated by a cosine
waveform. From Figure 7.3, we can make the same observations as in the stable case.
In particular we see that the LMS-DFE has BER and MSE upto 50% less than for the
IDFE. We also see that the LMS-DFE is always (after initial transience) very close to the
DFE-WF, while the IDFE stays quite away. This again explains the poor performance of
the IDFE (in terms of BER, MSE) over the LMS-DFE after initial transience.

We consider two more examples one for stable channel in Figure 7.4 and the second for
a marginally stable channel in Figure 7.5. Here we consider a 3 tap channel followed by
a (2,2) tap DFE. One can make similar observations as above. However the improvement
(in BER, MSE) of LMS-DFE/DFE-WF over IDFE is slightly lower (= 18%).

Finally, in Figure 7.6, we consider a stable channel with ds close to —1 (from the

figure, it actually looks like a marginally stable channel but its magnitude is reducing at

1+do
m

a very small rate, , as dg is very close to -1). In this case, as is shown theoretically,
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a better ODE approximation is obtained by a second order ODE. Here, the channel
trajectory is approximated by an exponentially reducing cosine waveform. We considered
the AR(2) process, which approximates the fading channel with band limited and U-
shaped spectrum and received with f;7" = 0.001 (f4T" represents the product of maximum
Doppler frequency and the actual data sampling time). One can see that, the LMS-DFE
once again tracks the instantaneous DFE-WF after initial transience (in this case more
than half of the first cycle, as this is a fast varying channel) and that the IDFE is poor
in comparison with the LMS-DFE and the DFE-WF.

7.4 Conclusions

We study an LMS-DFE tracking a wireless channel, approximated by an AR(2) process.
We considered a long-standing problem of tracking the true MSE optimal DFE. We ap-
proximated the LMS-DFE trajectory with the solution of a system of ODEs. Using this
ODE approximation, we show that the LMS-DFE comes close to the instantaneous DFE-
WEF after the initial transience. We also see that the performance measures BER and
MSE of the LMS-DFE are quite close to that of the DFE-WF after the transient period.
We thus conclude that the LMS-DFE can be used to track the DFE-WF.

Furthermore, we also compared the LMS-DFE with IDFE, the popular WF designed
assuming perfect past decisions (also designed from perfect channel estimate). IDFE is
shown to be far away from the DFE-WF (also from the LMS-DFE) trajectory throughout
the entire time axis. Its performance (BER, MSE) is substantially worse than that of the
DFE-WF and the LMS-DFE.

Appendix A

Proof of Theorem 7.1 :  We considered a general system (1)-(2) in Appendix I
(provided at the end of the thesis) and proved the ODE approximation for this in Theorem
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A.2. The channel, equalizer pair, (6,,Z,) given by equations (7.2), (7.3), is a specific
example of the general system (2), (1). Thus Theorem 7.1 is proved if we show that
(04, Zy.) given by (7.2), (7.3) satisfies the assumptions A.1-A.3 of Chapter 2 and B.1-B.4
(after replacing the assumption B.3.c.ii with B.3.c.ii’) of Appendix I (the solution of the
system of ODEs is bounded for any finite time by Lemma 7.1).

The AR(2) process {Z,} in (7.3) clearly satisfies the assumptions A.1 - A.3 as is shown
in Chapter 2. If (0,,Z,) stay constant and equal (0, Z), then {Gx} is a Markov chain
whose transition probabilities P%Z(G, A) are a function of (6, Z) alone. Thus condition

B.1 is satisfied. B.2 is also satisfied as for any compact set () and for any 6 € Q,

|Hp(G)| <2 [max {1, 325 |9|H (1+|G)?).

The condition B.4 is trivially met as for any n > Ny + N; + 1, the expectation does not
depend upon the initial condition G but is bounded based on the compact set ) and
because of the Gaussian random variable N and discrete random variable S, S.

In the previous chapter, we showed that for every fixed channel, equalizer pair (6, 2),
a unique stationary measure of the Markov chain {J,} (we referred it as {Gj} in that
chapter) exists and is continuous in §. One can show the joint continuity wrt (6, Z) pair,
on similar lines by redefining M; of upper bound (6.14) of the Appendix A in the previous
chapter by,

1>

M, min 28'S), + 6,5, ;.

§k7$k711Q€B(Q076)7ZGB(ZO7EO)
We can show the same for the Markov chain, {G}} also, as G, = I'(J},) for some fixed one-
one, onto C'* function I', whenever the channel and equalizer values are fixed. Further
in Chapter 6, it is shown that hy(0, Z )éEQ’Zng exists for every channel equalizer pair,

(0, Z). We will show that,

1>

vp,z(G)

3 PYEN(H (0, G) — hi(0, 2)),

k>0
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exists and will satisfy the conditions B.3. This will complete the proof.

Verification of Assumptions B.3.b and B.3.c.i :

We will use the Proposition 2, p.253, [4] and Proposition 4, p. 257, [4] to verify the
required assumptions. For convenience, the statement of both the Propositions (and the
assumptions under which they are valid) are reproduced in Appendix C as Proposition
7.1, Proposition 7.2 respectively.

We will first verify the assumptions X.1 to X.4 of Appendix C. Towards this, one can

clearly see that for all initial conditions j,y', i,y and all equalizers 0,

C Zf p>Nf

Efy ([U[7)
1Y Cl ‘gl‘p Zf p S Nf,

(7.6)

g plvn-upy sy O e 77
= C'ly—y|" if p<Ny,
whenever the channel Z € B(0, ¢') for any €.

Thus the Markov chain {Gj} satisfies the assumptions (X.1), (X.2) for any fixed
channel, equalizer pair (¢, Z). In Lemma 7.2 and 7.3 of Appendix B, we show that {Gy}
satisfies the assumptions (X.3), (X.4). Here all the constants in the upper bounds are
same as long as (6, Z) € K(e, M) x B(0,¢€). Hence Proposition 7.2 follows and then we
can apply Proposition 7.1. This Proposition also needs the inequality (7.6) . By this

Proposition,

h (0, Z) = lim PA2°H,g(j, o), (7.8)

k—o00

exists for every (¢,Z), and for any initial condition j,y’. Note that P%Z* a5 mentioned
in Section 7.1 represents the k-step transition function of the Markov chain, {Gy}, with
channel, equalizer fixed at 6, Z. The function h; is actually equal to the expected value of

function H;p under stationary measure as is shown above. Also, by the same Proposition,
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for some constants C' < oo, ¢ > 0 and p < 1,
mi(0,2) = PP2" Higli,y)| < CpH(1+ Jyl?), (7.9)

We also get the existence of,

1>

3 PYZN(H (0, G) — hi(0, 2)),

k>0

vp,z(G)

for all channel, equalizer pairs (6, Z), which satisfy the assumption B.3.b. Finally, by
uniformity of all the inequalities for any 0 € K (e, M), Z € B(0,¢'), assumption B.3.c.i is

satisfied, i.e.,

vo,2 (i, y)| < Co(1+ Jy|*), with Cs < o0,

uniformly in 6 € K(e, M), Z € B(0,€).

Verification of Assumption B.3.a :

One can easily see that for (8,2), (¢, Z') from a compact set, @, there exists a constant

C depending upon @ such that, for all £ > Ny,

|Hio(Gr(0,2)) — Hig (GR(8,2")| < C|(6,2) — (¢, Z)] (1 + |N,]).
(7.10)

Hence for all & > Ny,

0,2:0',.2'
E(ivg);(j,yi’)

H(Gy(0,2)) — Hig (Gr(¢,2"))| < C'[(6,2) — (¢, 2))].
Using limit (7.8) and the upper bound (7.10) we get,

(0, 2) — (¢, 2)| =

) k . 1 o1k .
lim (PQ’Z Hip(5,y') — Pz HlQ’(]vy_/))‘

k—o0
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= | im BEESE {H(Gu(6, 2)) - Hip(Gu(E. 2))]}|

oo Gy)i(Gy)
S C/ ’(Qa Z) - (6/72,)‘ )
whenever (0, Z) (¢',Z') are in a compact set Q.

Verification of Assumption B.3.c.ii’ :

Note that,

i)
15
IN

X

IN
/
o
QQ\
N—

Il

02Gy) = 3 { P2 ) — 18, 2)}

k>1

Hence, for any (0, Z), (Q/,Z) pair and any jvy_,7

P22y, 4(j,y) — P2 vy 4 (J}g')‘ <

- ko o gk
> <PQ’Z Hy(j,y') — P*# Hw(%g))'

k=1

+n—1) (0, 2) — (¢, 2)]

n ok B v ok .
|0 (PIE Hg .y — P Hw/<%£’>)|
k=1

The second term is bounded by a constant multiple of the term, n|(4, Z) — (¢', Z')|, as
hy is locally Lipschitz (proved in the previous para). Using the upper bound (7.9), one
can see that the fourth and fifth terms are bounded by a constant multiple of the term
P (1+ | Y }q). Without loss of generality, we can further choose ¢ > 2. The third term can
be bounded because |Hig(i,y) — Hig(i,y)| < C ‘Q‘Q |6 — 0| whenever 6,6 come from a
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1k

compact set and because PJQ;/Z Y ‘4 < <1 + |g’}4> for any k. Hence we get,

2 2

k. / /k .
< BmZ\P” Hig(jy) = P*# " Hio(j,y))

i (an 0.2) = .2+ Byp™ ) (14 [y

Fixe >0, M >0, € > 0. Define 72 inf,, {(0,.2,) ¢ K(e, M) x B(0,¢)} . By Lemma 7.4

and 7.5 for any m,

m~+1ZEm+1 Zm Em

2
Ei’y’QO’ZO{I(m +1<7) | PlmerZmsiyy g (Gupa )PPy g (G| }
k i 2
S Blnz Ei7y’90720{[(m * L S T)‘PQm-‘-lemﬂ 1Qm+1 (Gm+1) me - H19m+1(Gm+1)‘ }
k=1
” 2 2 2n
(an 1) Zinsr) = s Zy)|” + Bap )

Bin2Cspi (1 + \g\“) + Byn?Cgp® (1 + |g|2q) + Byp™ (1 + }2|2q>

< B(n*p’® + p? )<1+|g|2q>.

1) (1 s

IN

Now, we choose n = {log,uo"r’. (logpQ)_l-‘, where [z] represents the smallest integer > .

Then,
logp™ > logu®®
Hence we have for some constant C' depending upon p,
n20% 4 < O <1 1 |l0gu0'5|2> (05 1 05
Then for any A < 0.5, the upper bound

sup (1 + ‘logu0'5‘2> p*5 A < 0.
0<p<po
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This follows because the limit, lim, .o z*(log(z))? = 0 whenever a > 0 (by applying
L’Hospital’s rule twice). Hence there exists a constant B’(\) not depending upon p such

that,

2
E@%QO’ZO{](WL +1< 7') |PQT"+1’ZT"+1V9 VA (Gm—i-l) — Pgm’gmygrmgm (Gm-i-l)‘ }

Zm+1DEm+1
< B (1+]y").

This completes the verification of Assumption B.3 and hence the theorem follows. W

Appendix B

Lemma 7.2 Let A(n) = {Sk #+ S;, k=1,2,--- ,n} . Given €, M, €, there exist positive
Cy < o0, and p < 1 such that, for all Z € B(0,¢), 0 € K(e, M) and all n,

0,2 n
PG,Q);(j y’)(A(n)) < Cop".

P £ Pl (BM)
=BGy TB@)I(B(n—1))]

E GG [E [I(B(n))I(B(n — 1))|Gu-1yr, .-, G1, Glp_1y - G1]]
= B2 B T({80# 8 (=1 <k <))
|Gty - G1, Gy - G1 ] I(B(n — 1))
EYZ E [1 ({S; 48 (n—1)r<k< m})
|Gluyrs Gl ] I(B(n = 1))]
(B1)].

Il

_ gtz [ 0.2
- E(ng)v(]vyil) _[(B(n o 1))PG<7171)T7G/<”71)7«

Here equality a follows by conditional expectation, while, equality b follows by Markovian

property. For any pair of initial conditions (7,y), (j,y’) and for all Z € B(0,¢) and all
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0 € K(e, M), with p; given by Lemma 7.6,

0.2 ¢ oy _ 4 _ ptz r -4
P(i,g);(j,y;) ({ﬁk 7Sk =12, ,r}) =1 P(i,g);(j,y’) (Ukzl {ﬁk = §k})
/

IN
—_
gy,
. |
S
(=
;E\
/N
—
[Ty
N
I
1925
I
—
N———

This also shows that, p; < (1 — p1). Hence, for any pair of initial conditions (7,y), (j,%’)
and for all Z € B(0,€) and all §,€ K (e, M)

INA
—~
—_
|
D
=

IA
—
|
s
=
s

7

Therefore, p, < (1 — p;)". Thus for any general n,

PEZ . (AM)<(A—p) W

(%y%(]ﬂi’)

Lemma 7.3 For any 0,Z, for any pair of initial conditions (j,y'), (i,y) and for any
n > Nf + N + Ny,

0.2 & -3 ¢ g 1) =
P(J'@’);(i,y) ({ﬁrﬁl =Sn15n ﬁ”}> =0
Proof : Note that,

0.2 C _ o a & _ 0,2 G _ o 2 A
P(]al/)v(lvg) ({ﬁnfl - ﬁn_luﬁn 7£ ﬁn}> - P(J7y7/)7(27g) ({ﬁnfl - ﬁn_ly Sn 7é Sn}> .

For any n > Ny + Np + N, on {Snfl = S/

En—1

}, the equalizer output/ decoder input will
be same once the channel and equalizer are fixed and hence the probability of the next

decision being different (based on different initial conditions) is zero. W

Lemma 7.4 There exists a constant Cy such that for alln, for all initial conditions (i,y),
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<Q0>ZO) € R(Gv M) X B(anl);

n 2
Eiy6,.2, {I(m +1 < 7) (P — PlZn®) My (G| } < Csp™? (1 + \QF) :

Proof : By direct calculations we get (in all {G,,} represents the Markov chain for the

first channel equalizer pair, while {G’,} represents the same for the second pair),

Ei,y;go,go {I(m +1<7) |(PQm+1va+1n L ) ngmH(GmH)‘Z}

0 i1:Z i1 BmrZ 2
= Ei’y?eo’zo{l(m +1 S T) ‘Egzlil o "‘{Hlﬁmﬂ(G”) - HlQerl (G;L)} ‘ }

IN

~m—+1 m 15 m’Zm 2
Eivg;QQ,Zo {](m + 1 S T)EG —:1 i |H1Qm+1(GTb) - HlQm+1 (G;’L)‘ }

IN

2
CEiyE?Qong {I<m + 1 S T) ‘(Qm+1ﬂzm+1> - (Qm7zm)|
EQm+17Zm+l;Qm7Zm (1 + ‘Mn|4)}

Gerl

CEi7y§Q07ZO {[(m +1 S 7—) ‘(Qm-i—lﬂzm—&-l) - (QmaZm)P <1 + }Mm+1|4>}
< (1 Jylh).

IN

The second inequality follows using upper bound (7.10) (on {m + 1 < 7} the channel
equalizer trajectory {0, Z; tk<m+1 is in a compact set ), while the last inequality follows

as in Lemma 7.5 (by just repeating the steps as in Lemma 7.5). W

Lemma 7.5 For any given €,€', M, there exists a constant Cg > 0 such that for all initial

conditions (i,y), (8o, Zy) € (K(e, M) x B(0,¢)) and for any q > 0,
Eryoyzy {10m 41 € 1) [ Zod) = B Z) (1 | Lal)} < Con® (14 Jy").
Proof : By Chebyshev’s inequality,

Ei,g;@l {[(m +1<7) ‘(Qm—l-l?Zm—H) - (Qm7zm)|2 (1 + |Qm+1|q)}
1/2
< (Bugoz [1m+1 £ 7)[@rirs Zwr) = O Z,)['))

< ,;,0,Z [[ m+1 §7—) <1+‘Qm+1|2q>}>1/2
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1/2
S Cl (1 + ‘y‘q> (Ei’Q§Q7Z {I<m + 1 S T) |:|Zm+1 - Zm|4 + ‘Qm—‘rl - Qm|4:| })
1/2

IA

¢ (1+[y[) {(Ei,y;(?,Z [I(m+1<7)[Zpn1 — Zm|4})

41\ 1/2
+<Ei7g;Q,Z |:I(m+1§7’) ‘Qm+1_Qm| ]) }
By the upper bound (6) of Chapter 4,
Eiy0.2 [I(m+1<7)|Zns1 — Zm|4] < Nu,

where N < oo is a positive constant. We have the following also because, 0,, ., —0,, =

MH(Gm)a

Ei,g;Q,Z {I<m + 1 é 7—) ‘(Qm—&—hzm—&—l) - (Qm7zm)|2 (1 + |Qm+1’q)}

S C// (1 + }gllJ) (M0.5+M2)' [

Lemma 7.6 Given €, M, € there exists a p1 > 0 such that for any pair of initial con-

ditions (j,y'), (i,y) for all n > Ny + N, for all § € K(e, M) and for all Z € B(0,€¢') we

have,
0,2 oo o
FGyytig(En=84) 2 p1 > 0.
Proof : Let
N Np—1 N,
MnI inf Z Z@lSl -+ Z Gblél.
ZeB(0,¢),0€K (e,M),5€5Nb sesNL = =1

VA ¢ & .- .. & .
Note that PGvg’); (i) (S,, = S,,) represents the probability of the decisions S, with channel
~t
equalizer pair 0, Z equal to the decisions, S, , of the same channel equalizer pair when the

system is started with the initial condition (j,y'), (i,y) respectively. Hence,

[
I
[
T
\Y

0.2 N1 )
PGvQ’);(i,y)<mlio {8,1=8,_,=1})
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0.2 t
= P(Jy 7y)( {9 Nt > M}>
= P (N {0 N > =M}
The last equality follows for all n > Ny + N,. The event in the last probability is a

finite intersection of inverse images of non-empty open sets and one can easily see that

its probability is strictly positive for every § € K(e, M) as,

_Mn
{9t Nk> M } Dﬁl 0:0,#0 {Tbkl> Qlef}.

Furthermore, the map 6 — P < {Qt et > —M, }) is continuous (by bounded con-
vergence theorem and by almost sure continuity of the indicator function). Hence one
can get a p; > 0 such that the Lemma follows (as continuous maps take compact sets to

compact sets and since maximum /minimum are attained in a compact set). W

Appendix C

In this section we provide the statements of the Propositions of [4] that we used in
Appendix A. In all these {Gx} is a general Markov chain whose state has a discrete
component and a continuous component as in the case of our DFE example. We are
using the same notations as defined in Section 7.1. We state the required propositions of
[4] in our setup.

To begin with, we state the Proposition 2, p. 253, [4]. The following definitions are

used. For any given function, g on SV x S™ x RN/, for any p > 0 we set,

l9(i,y)]
Lt [y
o = sup 9(i,y) — g(i, y))]
Py =y Uy )
Li(p) = {g;lglp < oo},

Np(g) = sup {Ilgllcpi ol }

9l = SUp 7
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Proposition 7.1 (Proposition 2, p. 253, [4]) : Suppose that there exist positive
constants Ky, q, p and 0 < p < 1 such that for all g € Li(p), y € RN, (4,9), ¥ -

|Pg(i,y) — P'g(G,y)| < Kip"No(g) (1+|y[" + ||,

sup / Pl dyli ) [u]” < n(1+|4]).
Vi

Then there ezists a constant Ko depending only on Ky, u, p, and for all g € Li(p) a

number I'g such that for all Y,
(i) [P g(i,y) — Tg| < KaNy(9)p" (1 + |y|*) and

(i) v="72",50(P"g — g) satisfies (I — P)v=g—Tyg.

The assumptions for Proposition 4, p. 257, [4] given in p.256 are,

X.1 For all p € N, there exists a constant C' > 0 such that :

sup Eiy [U,[" < C (1+ [y|*) .

X.2 There exist positive constants Ki, p; < 1 such that,

swp By (160~ Gul?) < Kat (14 |uf” + [yT")

ivjvl’

X.3 There exist positive constants K, s1, po < 1 such that,
N A / S S
Piyijy <(§k75k—1) # (Sk k-1 ), k=0,1,--- ,n) < Kopy (1+ [y +[¥/]™) -

X.4 There exist r € N, K3 € Ry, 0 < p3 < 1 such that for all n > r, (4,%), (4,%):

!/ A A /

Pi,y;j,y; ((ﬁn—lv gn*Q) = (gizfla gn72 )7 (§n7 Snfl) 7£ (§;L7 Snfl ))
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Proposition 7.2 (Proposition 4, p. 257, [4]) : If the process (Cn)nz(]é(Gn;G/n)nzo
satisfies X.1 to X.4; then for all p > 0, there exist positive constants K, q, p < 1,
depending only on K, s;, pi, such that for all g € Li(p), n, (3,y), (J,y) -

iy (9(Gn) — 9(GL)| < KNy(g)p" (1+ [y* + [¥/[) -

In particular, if each of the processes {G,} and {G]} is a Markov chain with transition

function P, then for all g € Li(p) we have,

|P"g(i,y) — P"g(5.4)| < KN, (9)p" (L+ |y|" + |y]") -



CHAPTER 7. LMS-DFE VERSUS DFE-WF FOR A WIRELESS CHANNEL 179

Channel Trajectory
0.6 : ‘

Actual Trajectory
ODE

0.21 1

-0.4
0

5000 10000 15000

Feedforward filter trajectory Feedforward filter trajectory
15 : ; 0.6

kit —LMs

TIMS e - : —1Lms

O T I e e e S e e L e e o S o

—LMS 1t T e Bl -.-.ODE
—LMvs — ODE
‘‘‘‘‘ ODE R —_DFE
- - ODE WM—MMM 03 ] . _IDFE
* WF

* WF

5000 10000 15000

0 5000 10000 15000

Feedback filter trajectory
0.26 : :

"o 5000 10000 15000

BER Versus Time MSE Versus Time
0.24f g
0.8 '/\\~-‘¢~\ ‘__...\,,
—"" s
PR - -- IDFE
o7y 777 LMS —
1 . * WF

0.6 1
e
1 *

* *
et TR e e R R g g KT R R OK R

o 5000 10000 15000 (o] 5000 10000 15000

Figure 7.2: A Stable channel with d; = 0.4995, dy = 0.5, 4 = le * and mean
= ¢[0.26, 0.34, 0.25, 0.064, —0.13, —0.19, —0.16, 0, 0.064, 0.064].
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Figure 7.3: A Marginally stable channel with d; = 1.9999998, dy = —1, = le~" and
mean = ¢[0.26, 0.34, 0.25, 0.064, —0.13, —0.19, —0.16, 0, 0.064, 0.064].
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Figure 7.4: A Stable channel with mean a constant multiple of [0.41, .82, .41], d; = 0.4995,
dy = 0.5 and g = 0.0005 .
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Chapter 8

Conclusions

In this thesis we attempted to address various issues related to an equalizer working in
a wireless environment. Our goal was to obtain an optimal wireless equalizer for a given
wireless scenario. We considered a slow fading channel. We considered two notions of
optimality in this regard.

Traditionally the equalizers were designed to optimize the MSE (the BW lost due to
training sequence is not considered). This approach was well suited for time invariant
(e.g., wireline) channels. One could send required amount of training sequence in the
beginning, obtain a 'good’ equalizer and then switch over to the data transmission mode.
However with time varying nature of the wireless channels, training sequence needs to be
sent frequently and the optimality of the above approach is questionable. This was the
first issue considered in our thesis.

With the advent of wireless communications, people started using the information
theoretic measures (which consider the BW lost due to training) to optimize the wireless
components. We used this notion of optimality in the first part of our thesis to come up
with the best (blind, semi-blind or training based) equalizer for a given wireless scenario.

Any practical system uses training algorithms and they are still optimal as long as the
criterion for optimality is MSE. Some of these equalizers were well understood for a fixed
channel (some long-standing issues for a fixed channel are also addressed in this thesis).

However, the time varying wireless channels bring in the requirement for understanding

184
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the theoretical tracking behavior (e.g., the study of how well a training equalizer tracks
the time varying optimal equalizer). In the second part of the thesis we considered the

tracking behavior of the MSE optimal training equalizers.

Blind /Semi-blind versus Training equalizers

We compared blind/semi-blind equalizers with training based algorithms in Chapter 3.
The difficulty is in comparing the loss in accuracy of the blind algorithms with that of
loss in data rate in training based methods. As mentioned above, information capacity
is the most appropriate measure for this comparison. Defining a ’‘composite’ channel for
each equalizer, we compared the three algorithms based on the capacity of this channel.
We obtained easily computable tight lower bounds on this capacity.

Via some examples, using the above measure, we observed that the semi-blind /blind
methods perform superior to training methods in LOS conditions (=50 to 70% improve-
ment in transmit power) even when they have not converged to the equilibrium point.
But for Rayleigh fading, the semi-blind methods are worse than the training based and
the blind methods become completely useless. We also obtained the optimum number of
training symbols (for training and semi-blind equalizers).

We modified the semi-blind algorithm, where the step size is adapted with respect to
the training based channel estimate. The modified-semi-blind algorithm shows significant
SNR improvement of 30%,20% and 8.6% at low K-factors with K = 0.9, 0.1 and 0
(Rayleigh channel) respectively over the training method. One may achieve better results
by further investigation.

We finally conclude that a semi-blind algorithm can easily outperform the training

based equalizers for any wireless scenario (slow fading channel).

Training Equalizers

Training based equalizers are most commonly used even for a wireless system. They are

still optimal as long one just considers the performance of the equalizer as a standalone
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component. Hence it is important to understand their (tracking) performance in a wireless
environment. Also, some of the training equalizers (e.g. MMSE DFE) are not well
understood theoretically even when working with a time invariant channel. The second

part of our thesis concentrates on these issues.

Fixed Channel

For a fixed channel using implicit function theorem, we obtained the existence of DD-
attractors (decision directed attractors) close to the WF at high SNRs (Chapter 5). We
used similar techniques and compared the LMS-DFE attractors with that of the DFE
Wiener filters at high SNRs (Chapter 6). Our conclusions for a fixed channel can be

summarized as:

e A decision directed LMS linear equalizer converges close to the WF whenever the
SNR is high and when it is properly initialized (using training sequence). Hence,
we conclude that a DD-LMS-LE can be used to obtain the WF under high SNR
conditions (after using a small amount of training sequence to ’open the eye’).

However, at low SNRs, the DD attractors are away from the WF.

e A training based LMS decision feedback equalizer converges close to the WF at high
SNRs. Thus, we conclude that at least under high SNR, LMS can be used to obtain
the optimal DFE, i.e., the DFE Wiener filter. We also show that the 'Optimal’
DFE obtained by ignoring the decision errors can perform much worse than the
LMS DFE (and DFE-WF) even under high SNR (even after designing the former

with perfect channel estimate).

Wireless Channel

The tracking behavior of a wireless component (e.g., channel estimator) is obtained till
now, by theoretically modeling the wireless channel either as a first order AR process (e.g.,
Random Walk model) or as a deterministic periodic process. Block fading model is also

used to study a slow fading channel. However, an AR(2) process models a fading channel



CHAPTER 8. CONCLUSIONS 187

better and is sufficient most of the times while considering the receiver design. We used
an AR(2) process to model the wireless channel while studying the tracking performance
of various equalizers.

We first obtained an ODE approximation for an AR(2) process (Chapter 2). Using
this, we showed that an AR(2) process can be approximated with an exponential, co-
sine, polynomial, hyperbolic or an exponentially raising/decaying cosine or hyperbolic
waveforms.

We then obtained an ODE approximation for a general system, whose components
may depend on two previous values (like in an AR(2) process). Using this, we obtained
the ODE approximation for an LMS based LE, DD-LE or DFE while tracking an AR(2)
process. Using this ODE approximation (also using the fixed channel analysis) we con-

cluded the following :

e A training based LMS-LE tracks the instantaneous WF (Chapter 4).

— The error between the instantaneous WF and the LMS trajectory is shown
to reduce polynomially/exponentially to zero with time for stable/unstable

channels.

— The error remains bounded for a marginally stable channel. Via, some exam-
ples, we show that the LMS-LE tracks even a marginally stable channel quite
reasonably (the error does not tend to zero but remains bounded).

— For stable channels, the MSE of an LMS-LE converges to the instantaneous
MMSE exponentially.

e A decision directed LMS-LE can be used to track the instantaneous WF only under
high SNR conditions, after proper initialization using training sequence (Chapter
5).

— A decision directed LMS linear equalizer stays close to the instantaneous WF
whenever the SNR is high and when it is properly initialized.

— At low SNRs, the DD attractors are constantly away from the instantaneous

WF (as in case of the fixed channel).
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e A training based LMS decision feedback equalizer can be used to track the DFE-WF
(Chapter 7).

— It stays close to the instantaneous WF at all time, after an initial transience,

at high SNR (actually at all practical SNRs).

— The performance of an LMS-DFE (the BER and the MSE) is close to that of

the DFE-WF at all time once again after the initial transience.

— Further the BER and MSE performance of an ’Optimal’ DFE obtained by ig-
noring the decision errors stays constantly inferior to that of the LMS DFE
(and DFE-WF) at all time, after an initial transient period (even after design-

ing the former with perfect channel estimate).

New Results

In achieving the above results, we obtained new general results, which can be useful in
other applications.

In Appendix I, we obtained an ODE approximation for an adaptive system whose
components may depend on two previous values (Theorems A.1 and A.2 of Appendix I).
This is the first time that such an ODE approximation is obtained. Unlike the avail-
able ODE approximations, a second order ODE also approximates the adaptive system
depending on the system parameters.

In Chapter 6, we obtain differentiability of the stationary density of a Markov Chain
with respect to a parameter (which parameterizes the Markov chain) in Ly norm (Theorem
6.2). We used Implicit function theorem to obtain this. In recent years a great deal of
attention has been devoted to the computation of derivatives of performance indicators in
stochastic systems under stationarity. The differentiability of the stationary density (in
Ls norm) allows the computation of derivatives of performance indicators that satisfy the
hypothesis of Lemma 6.2 of Chapter 6. Moreover, the computation of derivatives allows
one to take an additional step and develop optimization procedures for the performance

indicator of interest (e.g., the MSE optimal DFE).
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Future Directions

We compared the blind /semi-blind, CMA, algorithm with training based algorithm using
Information theoretic arguments in Chapter 3. One can try comparing the DD-LMS with
blind /semi-blind CMA (also with training equalizer) using capacity as measure. Using
this one can try understanding when a DD-LMS is better than a CMA. We are currently
working towards this problem.

We considered a block-fading model for the wireless channel, while comparing the
three equalizers. This model only covers a slow fading channel. One can instead compare
the three algorithms after modeling the wireless channel as an AR(2) process.

We obtained an ODE approximation for AR(2) process. Here we assumed the AR
parameters to be fixed. A more general model is obtained by assuming some dynamics for
the AR parameters also. We will attempt getting an ODE approximation for this model
and use it for obtaining a better theoretical tracking performance. Further, we suggested
an ODE approximation for AR(p) process. A higher order AR process better approximates
the wireless channel and hence one can attempt obtaining an ODE approximation for
higher order AR processes.

We showed that the error between the LMS-LE and the instantaneous WF converges
to zero for stable/unstable channels. We also showed that the LMS-LE tracks the WF
for a marginally stable channel (only via some examples, theoretically we could just say
that the error remains bounded). One can try to bring in the concept of degree of
non-stationarity ([36]) in this regard and obtain a better understanding of the tracking
performance. We are currently working towards this.

For an LMS-DFE and DD-LMS-LE tracking an AR(2) process, we obtained an ODE
approximation and used it to draw some interesting conclusions via examples. One can
try concluding the same directly using the ODEs like in the case of an LMS-LE.

One could try extending the DD-LMS-LE result to a DFE (i.e., one can try under-
standing the relation between DD-LMS-DFE attractors and the DFE-WFs).

The ODE approximation we obtained were for finite time intervals. It would be good

to obtain these for the infinite time intervals.
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For comparing blind/semi-blind and training equalizers we considered MIMO fading
channels. Our results for LMS equalizers should also be extended to MIMO systems. We

are currently working on this problem.



Appendix I : ODE approximation of

a General System

We consider the following general system,

Zi1r = (1 —do)Zy + doZy—1 + pH(Zk, Wy), (1)

Ovir = Or + pH(Zk, 0k, Giia), (2)

where equation (1) satisfies all the conditions in A.1-A.3 of Chapter 2 and the equation
(2) satisfies the assumptions B.1-B.4 given in the next para. We will show that the above

equations can be approximated by the solution of the ODE’s,

(1+dy) Z (1) = h(Z(t), itdye(=1,1],
d*Z(t) .
St = W2, it =1,
d Ciz(t) +m Z (t) = h(Z(t)), ifdyiscloseto —1, (3)
B(t) = m(Z(t),60). (4)

where the function h, is defined in the assumptions given below and h(Z) = E[H(Z, W),
with n; = %. We use this result to obtain the ODE approximation for an LMS (LE,
DDLE or DFE) tracking an AR(2) process.

We make the following assumptions, which are similar to that in [4]. Let D be an

191
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open subset of R,

B.1 There exists a family {Pzy} of transition probabilities Pz (G, A) such that, for any

Borel subset A we have
P[Gn—i-l € Alfn] - PZn,Gn (Gn7 A)

where Fy20 (00, Zo, Z1, Wi, Wa, - -+, Wiy, Go, G1, - -, G). This in turn implies that
the tuple (Gg, Ok, Zk, Z—_1) forms a Markov chain.

B.2 For any compact subset @) of D, there exist constants C1, ¢; such that for all (Z,0) €

D we have

|H(Z,0,G)| < Ci(1+|G|™).

B.3 There exists a function hy on D, and for each 6,7 € D a function vz4(.) such that

(a) hy is locally Lipschitz on D.
(b) (I = Foz)ve,z(G) = Hi(0,2,G) — (0, Z).
(c) For all compact subsets Q of D, there exist constants Cj,Cy,q3,qs and A €
[0.5, 1], such that for all 6, 2,6, Z" € Q
L |vez(G)| < Cs3(1 +|G|%),
ii. |Po,zv6,2(G) — Py zvy 7 (G)| < Ca(1+G|*) [(0,2) — (¢, Z')

A

B.4 For any compact set () in D and for any ¢ > 0, there exists a p,(Q)) < oo, such that
for all n,G, A= (Z,0) € R?

Ega{l(0k 2 € Qk <n) (1 +[Gnia])} < pg(Q) (1 +[G]),

where E 4 represents the expectation taken with Gy, 0y, Zy,= G, Z, 6.

Let Z(t,to, Z),0(t, to, 0) represent the solutions of the ODE’s (3), (4) with initial con-
ditions Z(ty) = Z, 0(ty) = 6. For second order ODEs, the additional initial condition is
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given by 7 (to) = 0. Let ) and Q) be any two compact subsets of D, such that Q1 C Qs

and we can choose a T' > 0 such that, there exist an §y > 0 satisfying
d((Z(t,0,2),6(,0,0)),Q3) = do, (5)

for all (Z,0) € @, and all t, 0 <t <T.
We prove Theorem A.1, following the approach used in [4] and using the ODE ap-

proximations of Chapter 2.

Theorem A.1 Assume, E|H(Z,W)[* < Cy(Q) for all Z in any given compact set Q) of
D. Also assume A.1-A.3 of Chapter 2 and B.1-B./J. Furthermore, pick compact sets Q)1
Q2, and positive constants T, 0y satisfying (5). Then for all § < &y and for any initial
condition G, with Z_y = Zy = Z, 7 (ty) = 0 (whenever Z(.,.,.) is solution of a second
order ODE), and 0y = 6,

PG’,Z,G sup |(Zkan) - (Z(kuav O’ Z),Q(k:u, 07 9))| Z 5 —0
1siks|
as ;1 — 0 uniformly for all Z,0 € Q1. If Z(.,.,.) is solution of a first order ODE then

a =1 and otherwise 1/2.

Proof : For dy € (—1,1], the proof is presented in Appendix II.

With dy = —1, following the steps as in the above case and using Theorem 2.2 of
Chapter 2, we can show that the general system ((1), (2)) is approximated by the ODEs
((3), (4)) (we are not repeating those steps here).

With dy close to —1, the theorem follows by following the steps as in the case of
dy € (—1,1] and using Theorem 2.3 of Chapter 2. W

Now we replace the assumption B.3.c.ii with the following
B.3.cii’: EG7A{{P6k=Zk7V9k7Zk=(Gk> - P9k,Zk,V9k—17Zk—17(Gk)‘2 I(k < T(Q))} <Cy (1 + |G|q4> :u)\'
This result is used for approximating an LMS-DFE in Chapter 7.
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Theorem A.2 Assume, E|H(Z,W)|* < C1(Q) for all Z in any given compact set Q
of D. Also assume A.1-A.3 of Chapter 2 and B.1-B.4 after replacing the assumption
B.3.c.ii with B.3.c.id. Furthermore, pick compact sets Q1, QQo, and positive constants T,
do satisfying (5). Then for all 6 < §y and for any initial condition G, with Z_y = Zy = Z,

Z (ty) =0 (whenever Z(.,.,.) is solution of a second order ODE), and 0y = 6,

PG,Z,@ sup |(Zk7Qk) - (Z<k:ua7 Oa Z)aQ(k:u’ O) 8)>| Z 5 —0
ks £
as p — 0 uniformly for all Z,0 € Q1. If Z(.,.,.) is solution of a first order ODE then

a =1 and otherwise 1/2.

Proof: This theorem is similar to Theorem A.1. The only change being that assumption
B.3(c)ii is replaced with B.3(c)ii’.

Only the proof of Lemma A.1, of Appendix II changes because of the change in the
above assumption. Here equation (9) is directly given by the new Assumption B.3.c.ii’

and hence the statement of Lemma A.1 gets modified as,
EU? < Kp*(1+]GJ%).

This does not alter the proof of the theorem. W

Appendix 11

Proof of Theorem A.1:

If the adaptation (1) does not contain the term Zj_;, then we can combine the two
adaptations as a single vector and consider the single adaptation and provide convergence
to a combined ODE. Here things are not straight forward as the equation (1) contains
Zy—1. But by modifying the proof given in Benveniste et al. [1] at a few places, we will

show that the equations (1), (2) can be approximated by the solution of the required
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system of the ODE’s. The proof also uses the intermediate results given in Theorem 2.1
of Chapter 2.

The expectations are with respect to G, Z, # and we use a simpler notation F in place
of Eg 7.

All the terms like €, ay, 7 etc, used in Theorem 2.1 will also be used here once again
for the AR process with the same meaning and the equivalent terms for the equalizer are
defined as €1y, aq, 71 ete.

Define 1, = inf{n < HJ : (On, Zy) € Q5}, t, = nu. Let 6(t) denote solution 6(t, 0, 0)
with Z(0) = Z. Then from equation (4), using Taylor series expansion and assumption

B.3 a,

O(tit1) = 0(t) + pha(Z(tr), 0(tr)) — g,

where |aqy| < Byp?, for some finite constant Bi(Q). Define the error process,

1>

en—i-l - en - ,uhl(Zn; en)
= M [HI(ZTH 6n7 Gn+1) - hl(Zna HTL)] :

€1n

Then for any k < 7,

O, —0(ty) = Or—1 — O(th—1) + 1 [P1( 211, O0p—1) — ha(Z(tk-1), 0(tk-1))]

+E€1g—1 T Q1p—1-

Replacing 61 — 6(tx—1) by the previous equation again and continuing we get,

k—1

Qk — Q(tk) = 90 — 0(0) + % Z [hl(Zz; 91) - hl(Z(ti)7 0(150)}

1=0

k—1
+ E €15 + Q14
i=0
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Using assumption B.3 and the bound on ayy, we get on the set 1 < k < 14,

k—1 k—1
61 — 0(ti)| < uB2 Y (6 Zi) — (0(t:), Z(t:)| + | Y exi| + kB,
i=0 i=0

where once again the constant By depends upon (). All the constants introduced hence-

forth will depend upon the compact set ()5, but we will not mention that repeatedly. Now
combining with step (2.16) of Theorem 2.1, for any 2 < k < % on the set 1 <k < 1,

(O, Zi) — (0(tk), Z(te))| = |0k — O(te)| + |21 — Z(th)]|
< Kq|(61, Z1) — (0(t1), Z(t1))| + Ka| (02, Z2) — (0(t2), Z(ts))]

+uBs Y (0, Z;) — (0(t:), Z(t:))| + U + Uy + K3pT,

=2
where K3 max{liaérz,,uBg}, K, = max{lil;,uBQ}, K3 max{%,Bl}, By =
max{%lﬂr(ff;)

, Ba} (a1,a9, L1(Q2), L and U are defined in step (2.16) of Theorem 2.1) and
U, is defined by,

U, sup 1{m < 7}

m<ZL

m—1
E €1
i=0

Using the upper bound (2.13) of Theorem 2.1,

(01, Z1) — (0(t1), Z(t1))] 01 —0(t1)| + |21 — Z(th)]

S [LMl
Using Lemma 2.1 on the set {1 < k < 7} for any k, with 1 <k <L

_Ea

(05, Z6) — (0(t) Z(t))| < [U + Uy + KT + pdy el Kt
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Hence,

sup |0k, Zi) — (O(te), Z(t))[? < 4U* +UT + K3p°T? + p° M|
<71
62{K1+K2+T33}‘

We will show below in Lemma A.1 that EUf < K,/u(1 + |G|*). Thus, using the bound

obtained on U in Theorem 2.1,

E | sup [0k, Z) — (0(t1), Z(tx))]?| < By/p(1+|G)®),

1<k<t

where constant B depends upon ()o,ds,T. Then the theorem follows by Chebyshev’s
inequality for all § < dp (Once again the logic applied in the last step of Theorem 2.1 has
to be used here). W

Lemma A.1 There exist constants K, s such that, EU} < K\/u(1 + |G|®).

Proof : This almost follows from Proposition 7, p.228 of [4], when 6 is replaced with (6, Z)
and their assumptions are replaced with Assumptions B.1-B.4 and when 7, = p for all £.
The only change that needs to be made is in proving Lemma 3 on page 225 in [4], where
we need to get a bound on E|Z, — Zp_1|*.

Towards this end, define the adaptive equation,

H(lec—h Wk)

Z/;:Zl:;—1+# 1+ dy

Y

using same W}, as in (1), such that its trajectory converges to the ODE (3). Then for any

k<7’1,

| Zk — Zjo—1]

IN

|Zk = 2| + 12, = Zys| + | Zier = 24|
< |Zk = Z(t)| + 12 — Z(t)| + |2y — Z|

+ | Zior = Z(to)| + 12y — Z(tr)).

Therefore, using the steps as in Theorem 2.1 and using, the extra assumption E|H (Z, W)|* <



Appendix I : ODE approximation of a General System 198

C1(Q2) for all Z € @)y, the Lemma A.2 and the fact that Z,; can also be approximated
with the same ODE solution Z(t;) we get,

E[1{k < n}Zx — Ze_1]'] < Np. (6)

In the steps to follow, we use the notations and constants in [1], except that, we use eﬁ?

in place of e,(f) (defined on page 222 of [4]) and (#, Z) in place of 6. Let ¢(.) be a C?
function of # into R with bounded second derivatives (We will be using ¢(.) as one of the

co-ordinate functions for 6). With vy 4 (G) = ¢ (0) Py zv9.2(G),

A
€§?c) = p [w%,zk,(Gk) - w9k717zk717<Gk>]
= NQS,(QK’) [Pek»Zkvl/eImZk»(Gk) - P9k—17Zk—17V9k—1,Zk—1,(Gk’)}

11 (6 00) = 6 01)) Poy 0,121, (G)

Lemma 3 of [4] is proved if we show that, for some positive constants K "and s, and for
2 , ’
all m, Ec,z0 { S0 e < KL+ |G
Towards this end, we will first get an upper bound for the second term of eﬁ) on the

set {k < 71}. Choose M, < oo such that supg |¢" (6)| < M. Then,

¢ (O) — ¢ (Br_1)| < Ma|fy — 0.

From equation (2), using B.2
|0k — Or—1]* < Nap®(1+ |Gi[*™), (7)
where N3 depends upon C;. Using B.3 and B.4 on the set {k < 7},

|P9k—laZk—laV9k—17Zk—17(Gk)| = |EGk,Zk—1,9k—1 (VZk—L@k—l(Gl)) |
C3EGk’9k—1yzk—1:(1 + |G1|q3)

< gy (Q2) (1 + [Ge[™).

IN
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Therefore using B.4 again,

2

EG,Z,G ) ]-{k < ’7_1} <¢l(9k) - ¢l(9k,1)) Pkal,qu,Vkal,Zk,l,(Gk)
< PMEN3Ciptg,(Q2) Bz | 1{k < 7} (1 + |Gy +2)]

< Nyl(1+1G)), (8)

for appropriate constants Ny, s;. Once again, using assumption B.3 and equation (7), we

have

2
‘P9k7zkvyek,zk7(Gk) - P9k—17Zk—17V9k—17Zk—17(Gk)|

< CH(Ok, Zi,) — (Oh—1, Z1,) (1 + |Gi[*™)

< CENgp (1 + |G %0) 4 CF| Zy, — Zy—a | (14 |G ™).
Using Cauchy Schwartz inequality and since 4\ < 4,

(Eazo [ Wk < 1} Z — Zia |21+ |G )])?

IN

E[ Wk <n}|Zy — Zia [ E.zol 1{k < mi}(1+ |Gl*")]

< N:E[ L{k < 1i}|Z — Zpa[')(1 + |GI"*) < Nap(1 + |G['%).
Therefore,
Eczo | {k < 1} Zk — Zia | (1 + |Gi[*™)] < Noy/p(1 + |G,
Thus as 2\ > 1,

Ea,z0 [ Wk <7} | Py, 2,v9,.2.,(Gr) — Pek_l,zk_l,Vek_l,Zk_l,(Gk)|2]
< Npy/u(1+ |GPata). (9)
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Using (8), (9) we finally get for any m < %,

mATL—1 2
Ec 70 { > e |}

k=1

IN

m 2
Egz0 {Z €@ 1{k < ﬁ}}

k=1

< miE@Zﬁ {167 1{k < 71}}2

k=1
< m’u’\/p Ns(1+1G|*)

< NPl +[GP) < KL+ (G,

where the constant s = max{2q: + 2q4,2q1 + 2q3}. W

Lemma A.2 For some constant N < 0o,
EU* < Np.

Proof: For proving the lemma, we need to deviate from Step 2 of Theorem 2.1 only
at the point, where Doob’s martingale inequality is applied to K. We neglect constants
(1 — [—dg}Hl) in the following arguments to simplify the steps. The same logic holds
even if the constants are included and only the constant will vary.

We once again apply Doob’s martingale inequality and obtain,

E {sup |Kk|4} < Ny sup B[,
k<m

k<m

for some constant N;. Thus we have,

ElU* < Nysup E|K|*

k<ZT
—p

k-1

N sup ZE\ 1{i < 7}el*

T
k=i i=1

Il=

k—1
+ N, sup Z E[l{j<7’,i<7’}|ei’2’6j‘2}

T
k< ji=1,j#i
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k-1
+ N3 sup Z E[1{j <7i<r}el e ]
RS Gi=L i
k—1
+ N, sup Z E[1{j <7',i<7‘,l<7‘}|ei|2ejrel}
RS L= A A
k-1

+ N5 sup Z E[1{j <ti<7l<7}e e ¢
R L= A Ai

b ~ ~ ~
< NPT + Nopi®T? + Nyp®T? + NypT? + NopT?

where the equality a follows, as for any j; # jo # js # J4 just like in Step 2 of Theorem
2.1,

E [ 1{ji<mjo<mjs<7,is< T}eflebegeﬂ} =0.

Inequality b holds by Assumption A.2 and because E|H(Z, W)|* < C1(Q,) for all Z € Q.
n
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